UNIVERSITY MECHANICAL ENGINEERING  EXERCISE SHEET

1.8 Centroids and distributed loads
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Objective

Replace distributed loads by their resultants at the correct locations, locate centroids
of composite areas, and close the course’s loop: distributions — resultants — free-body
diagrams — the three equilibrium equations.

1 Key knowledge and worked examples

B A distributed load is one resultant in disguise

A distributed load (N/m) acts everywhere along its length, but equilib-
rium only ever sees its resultant : total magnitude acting at the centroid
of the distribution.

« Rectangle (uniform w over L): R = wL at L/2.

o Triangle (peak wqg at one end, zero at the other): R = wyL/2 at L/3 from the peak
end.

The replacement is exact, not an approximation.

Each shape becomes one arrow: total at the balance point
Uniform: rectangle Triangular: peak wo

R =wLatL/2 R = wol/2
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area = wL - centroid at mid-length at L/3 from the peak end

B Worked example: the triangular load

A load rising from zero to 6 kN/m over 4 m: R = 6 x 4/2 = 12kN acting at 4/3
= 1.333 m from the high end. On a beam supported at both ends, the two moment
equations then behave exactly as for a point load.

Two loads share a beam? Replace each by its own resultant and add the moments
— the linearity of equilibrium does the rest.

B Centroids by composite areas

A composite area’s centroid:
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Cut the shape into rectangles, take moments of area about any convenient axis, and

divide by the total area. The check: the centroid must lie inside the shape’s convex
hull, on the side of the bigger area.

2 Practice

2.1 A uniform 3 kN/m load covers a 5 m span. Give the resultant and its position. |2

2.2 A triangular load peaks at 4 kN/m and falls to zero over 6 m. Give the resultant and
its distance from the peak end. 3]



2.3 A 6 m simply supported beam carries a uniform 2 kN/m over its full length plus
a triangular load rising from 0 to 3 kN/m over the same span (peak at the right end).
Find both reactions, taking moments about the left support, and verify about the right
support. [6]

3 Exam-style questions

3.1 A T-section has a flange 120 mm wide x 20 mm deep on top of a web 20 mm wide
x 80 mm deep, both measured from the top of the flange.

Divide the section into two rectangles and compute the centroid height from the top.
State the check you would run on the answer before trusting it. 6]

3.2 An 8 m simply supported beam (pin at A, roller at B) carries a uniform 2.5 kN/m
over its full length and a 20 kN point load 3 m from A.

Replace the distributed load by its resultant, then find both reactions from moments and
the vertical equation, and verify by moments about B. State why the replacement is exact
rather than approximate. 6]



Solutions
2.1

e R=3x5=15kN.
o At the midpoint, 2.5 m from either end.

2.2

e R=4x6/2=12kN.
o Centroid of a triangle: L/3 = 2 m from the peak end.
o (The centroid sits toward the heavy end — 2 m from the peak, 4 m from the zero end.)

2.3

e Uniform: R; =2 x 6 = 12kN at 3 m from the left.

o Triangle: Ry =3 x6/2=9kN at L/3 = 2 m from the peak (right) end, i.e. 4 m from
the left.

e Moments about A: Rp x6=12x3+9%x4=72— R =12kN.

e Vertical: Ry =21 —12=9kN.

e Check about B: 9x6=54=12%x34+9x2. vV

o Areas: flange A; = 120 x 20 = 2400mm?, centroid 10 mm from the top; web A, =
20 x 80 = 1600mm?, centroid 20 + 40 = 60 mm from the top.

+ Moment of areas: (2400 x 10 + 1600 x 60)/4000 = 120000/4000.

e The centroid is 30 mm from the top.

o Check: 30 mm lies inside the flange (0-20 mm is flange; 30 mm is 10 mm into the
web) and is pulled toward the larger flange area — consistent; also recompute about
the bottom axis and confirm the same point.

o Resultant: R = 2.5 x 8 = 20kN at the midpoint, 4 m from A.

e Moments about A: Rp x 8 =20 x 3+ 20 x 4 = 140 — Rp = 17.5kN.
e Vertical: Ry =40 — 17.5 = 22.5kN.

e Check about B: 22.5 x 8 =180 =20 x 5+ 20 x 4. V'

o The replacement is exact because a distributed load’s effect on equilibrium is the
integral of w dx and w - xdx — precisely the resultant’s magnitude and moment.




