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Mathematical Methods for ME

Calculus: the trace is a dictionary
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Displacement 4 m but distance 12 m: v changes sign at t = 1 and 3.
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Mathematical Methods for ME

Vector calculus: count what leaves

isotherms of T= x2 + 2y2 + 3z2

gradient (2x, 4y):
uphill, across

Fields: T rises at 7.483 K/m; q = -40 grad T

F = (x2, y2, z2)

surface flux: 16 + 16 + 16 = 48
divergence: 2(x+y+z) dV = 48

Flux 48, counted two ways

16

16 16

∇T gives 7.483 K/m; flux 48 by surface = 48 by divergence.
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Mathematical Methods for ME

The project sheet, reproducible

1 Motion Displacement 4 m, distance 12 m; fillet volume π × 17.067 = 53.62
cm3.

2 Algebra Truss joint (2.857, 3.571) kN; eigenvalues 1, 3 with modes (1, 1), (1,
−1); condition numbers 3 and 250,008.

3 Engine ω_n = 5, ζ = 0.2, ω_d = 4.899; first minimum −0.527; M(1) = 2.5,
peak 2.552 at r = 0.959. Euler ÷2, trapezoid ÷4, Simpson ÷15.9. Flux 48 = 48;
circulation 2π; ∇2T = 12. u_c = 0.0042, U = 0.008, A = 490.9 ± 0.3 mm2.
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University Mechanical Engineering

Exercise 2.1

Worked example 1: eigenvalues. A =

(
4 1
2 3

)
.

1. Rule: det(A− λI) = (4− λ)(3− λ)− 2 = 0.
2. λ2 − 7λ+ 10 = 0, so λ = 5 or λ = 2.
3. λ = 5: −v1 + v2 = 0, so v⃗ = (1, 1). λ = 2: 2v1 + v2 = 0, so v⃗ = (1,−2).
4. Result: λ1 = 5, (1, 1); λ2 = 2, (1,−2). Check: the eigenvalues add to the trace,

4 + 3 = 7.

Worked example 2: a 2 × 2 solve.
(
3 1
1 2

)
x⃗ =

(
9
8

)
: det = 5, so x⃗ =

1
5

(
2 −1
−1 3

)(
9
8

)
= (2, 3).

Answer shapes: give eigenvalues with their eigenvectors, and say what each means
physically.

2 Practice
2.1 At a truss joint, 0.6F1 − 0.8F2 = 0 and 0.8F1 +0.6F2 = 10 (kN). Solve for F1 and F2

with the inverse matrix. [3]

10 kN

F1

F2

2.2 Solve by elimination: x+ y + z = 6, 2x− y + z = 3, x+ 2y − z = 2. [4]

(x, y, z)
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University Mechanical Engineering

Exercise 2.1

Worked example 1: eigenvalues. A =
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4 1
2 3

)
.

1. Rule: det(A− λI) = (4− λ)(3− λ)− 2 = 0.
2. λ2 − 7λ+ 10 = 0, so λ = 5 or λ = 2.
3. λ = 5: −v1 + v2 = 0, so v⃗ = (1, 1). λ = 2: 2v1 + v2 = 0, so v⃗ = (1,−2).
4. Result: λ1 = 5, (1, 1); λ2 = 2, (1,−2). Check: the eigenvalues add to the trace,

4 + 3 = 7.

Worked example 2: a 2 × 2 solve.
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3 1
1 2

)
x⃗ =

(
9
8

)
: det = 5, so x⃗ =

1
5

(
2 −1
−1 3

)(
9
8

)
= (2, 3).

Answer shapes: give eigenvalues with their eigenvectors, and say what each means
physically.

2 Practice
2.1 At a truss joint, 0.6F1 − 0.8F2 = 0 and 0.8F1 +0.6F2 = 10 (kN). Solve for F1 and F2

with the inverse matrix. [3]

10 kN

F1

F2

2.2 Solve by elimination: x+ y + z = 6, 2x− y + z = 3, x+ 2y − z = 2. [4]

(x, y, z)
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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exercises.lol exercises.com.cn

exercises.lol exercises.com.cn



University Mechanical Engineering

Exercise 2.2

Worked example 1: eigenvalues. A =

(
4 1
2 3

)
.

1. Rule: det(A− λI) = (4− λ)(3− λ)− 2 = 0.
2. λ2 − 7λ+ 10 = 0, so λ = 5 or λ = 2.
3. λ = 5: −v1 + v2 = 0, so v⃗ = (1, 1). λ = 2: 2v1 + v2 = 0, so v⃗ = (1,−2).
4. Result: λ1 = 5, (1, 1); λ2 = 2, (1,−2). Check: the eigenvalues add to the trace,

4 + 3 = 7.

Worked example 2: a 2 × 2 solve.
(
3 1
1 2

)
x⃗ =

(
9
8

)
: det = 5, so x⃗ =

1
5

(
2 −1
−1 3

)(
9
8

)
= (2, 3).

Answer shapes: give eigenvalues with their eigenvectors, and say what each means
physically.

2 Practice
2.1 At a truss joint, 0.6F1 − 0.8F2 = 0 and 0.8F1 +0.6F2 = 10 (kN). Solve for F1 and F2

with the inverse matrix. [3]

10 kN

F1

F2

2.2 Solve by elimination: x+ y + z = 6, 2x− y + z = 3, x+ 2y − z = 2. [4]

(x, y, z)
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University Mechanical Engineering

Exercise 2.2

Worked example 1: eigenvalues. A =
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4 1
2 3

)
.

1. Rule: det(A− λI) = (4− λ)(3− λ)− 2 = 0.
2. λ2 − 7λ+ 10 = 0, so λ = 5 or λ = 2.
3. λ = 5: −v1 + v2 = 0, so v⃗ = (1, 1). λ = 2: 2v1 + v2 = 0, so v⃗ = (1,−2).
4. Result: λ1 = 5, (1, 1); λ2 = 2, (1,−2). Check: the eigenvalues add to the trace,

4 + 3 = 7.

Worked example 2: a 2 × 2 solve.
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3 1
1 2

)
x⃗ =

(
9
8

)
: det = 5, so x⃗ =

1
5

(
2 −1
−1 3

)(
9
8

)
= (2, 3).

Answer shapes: give eigenvalues with their eigenvectors, and say what each means
physically.

2 Practice
2.1 At a truss joint, 0.6F1 − 0.8F2 = 0 and 0.8F1 +0.6F2 = 10 (kN). Solve for F1 and F2

with the inverse matrix. [3]

10 kN

F1

F2

2.2 Solve by elimination: x+ y + z = 6, 2x− y + z = 3, x+ 2y − z = 2. [4]

(x, y, z)
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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University Mechanical Engineering

Exercise 2.3

2.3 The system x + y = 2, x + 1.001y = 2.001 has the solution (1, 1). The right-hand
side 2.001 is a measurement; it is changed to 2.002. Solve again, and explain the result
using detA. [3]

x

y

(1, 1)

2.4 At a point in a bracket, σx = 50 MPa, σy = −30 MPa and τ = 30 MPa. Find the
principal stresses as the eigenvalues of the stress matrix, and the angle θp of the first
principal direction from x, using tan 2θp =

2τ

σx − σy

. [3]

5050

30

30

τ = 30

stresses in MPax

y

3 Exam-style questions
3.1 Two carts, each of mass m = 2.0 kg, are joined to a wall and to each other by springs
of stiffness k = 800 N/m: wall, spring, cart 1, spring, cart 2. The stiffness matrix is

K =

(
2k −k
−k k

)
.

Find the two natural frequencies in Hz and the mode shapes x2/x1. Describe how the
carts move in each mode. [6]

m m

k k
x1 x2
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University Mechanical Engineering

Exercise 2.3

2.3 The system x + y = 2, x + 1.001y = 2.001 has the solution (1, 1). The right-hand
side 2.001 is a measurement; it is changed to 2.002. Solve again, and explain the result
using detA. [3]

x

y

(1, 1)

2.4 At a point in a bracket, σx = 50 MPa, σy = −30 MPa and τ = 30 MPa. Find the
principal stresses as the eigenvalues of the stress matrix, and the angle θp of the first
principal direction from x, using tan 2θp =

2τ

σx − σy

. [3]

5050

30

30

τ = 30

stresses in MPax

y

3 Exam-style questions
3.1 Two carts, each of mass m = 2.0 kg, are joined to a wall and to each other by springs
of stiffness k = 800 N/m: wall, spring, cart 1, spring, cart 2. The stiffness matrix is

K =

(
2k −k
−k k

)
.

Find the two natural frequencies in Hz and the mode shapes x2/x1. Describe how the
carts move in each mode. [6]

m m

k k
x1 x2
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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University Mechanical Engineering

Exercise 2.4

2.3 The system x + y = 2, x + 1.001y = 2.001 has the solution (1, 1). The right-hand
side 2.001 is a measurement; it is changed to 2.002. Solve again, and explain the result
using detA. [3]

x

y

(1, 1)

2.4 At a point in a bracket, σx = 50 MPa, σy = −30 MPa and τ = 30 MPa. Find the
principal stresses as the eigenvalues of the stress matrix, and the angle θp of the first
principal direction from x, using tan 2θp =

2τ

σx − σy

. [3]

5050

30

30

τ = 30

stresses in MPax

y

3 Exam-style questions
3.1 Two carts, each of mass m = 2.0 kg, are joined to a wall and to each other by springs
of stiffness k = 800 N/m: wall, spring, cart 1, spring, cart 2. The stiffness matrix is

K =

(
2k −k
−k k

)
.

Find the two natural frequencies in Hz and the mode shapes x2/x1. Describe how the
carts move in each mode. [6]

m m

k k
x1 x2
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University Mechanical Engineering

Exercise 2.4

2.3 The system x + y = 2, x + 1.001y = 2.001 has the solution (1, 1). The right-hand
side 2.001 is a measurement; it is changed to 2.002. Solve again, and explain the result
using detA. [3]

x

y

(1, 1)

2.4 At a point in a bracket, σx = 50 MPa, σy = −30 MPa and τ = 30 MPa. Find the
principal stresses as the eigenvalues of the stress matrix, and the angle θp of the first
principal direction from x, using tan 2θp =

2τ

σx − σy

. [3]

5050

30

30

τ = 30

stresses in MPax

y

3 Exam-style questions
3.1 Two carts, each of mass m = 2.0 kg, are joined to a wall and to each other by springs
of stiffness k = 800 N/m: wall, spring, cart 1, spring, cart 2. The stiffness matrix is

K =

(
2k −k
−k k

)
.

Find the two natural frequencies in Hz and the mode shapes x2/x1. Describe how the
carts move in each mode. [6]

m m

k k
x1 x2
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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University Mechanical Engineering

Exercise 3.1

2.3 The system x + y = 2, x + 1.001y = 2.001 has the solution (1, 1). The right-hand
side 2.001 is a measurement; it is changed to 2.002. Solve again, and explain the result
using detA. [3]

x

y

(1, 1)

2.4 At a point in a bracket, σx = 50 MPa, σy = −30 MPa and τ = 30 MPa. Find the
principal stresses as the eigenvalues of the stress matrix, and the angle θp of the first
principal direction from x, using tan 2θp =

2τ

σx − σy

. [3]

5050

30

30

τ = 30

stresses in MPax

y

3 Exam-style questions
3.1 Two carts, each of mass m = 2.0 kg, are joined to a wall and to each other by springs
of stiffness k = 800 N/m: wall, spring, cart 1, spring, cart 2. The stiffness matrix is

K =

(
2k −k
−k k

)
.

Find the two natural frequencies in Hz and the mode shapes x2/x1. Describe how the
carts move in each mode. [6]

m m

k k
x1 x2

University Mechanical Engineering • 2.2 Linear algebra 3
exercises.lol exercises.com.cn

exercises.lol exercises.com.cn



University Mechanical Engineering

Exercise 3.1

2.3 The system x + y = 2, x + 1.001y = 2.001 has the solution (1, 1). The right-hand
side 2.001 is a measurement; it is changed to 2.002. Solve again, and explain the result
using detA. [3]

x

y

(1, 1)

2.4 At a point in a bracket, σx = 50 MPa, σy = −30 MPa and τ = 30 MPa. Find the
principal stresses as the eigenvalues of the stress matrix, and the angle θp of the first
principal direction from x, using tan 2θp =

2τ

σx − σy

. [3]
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τ = 30

stresses in MPax
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3 Exam-style questions
3.1 Two carts, each of mass m = 2.0 kg, are joined to a wall and to each other by springs
of stiffness k = 800 N/m: wall, spring, cart 1, spring, cart 2. The stiffness matrix is

K =

(
2k −k
−k k

)
.

Find the two natural frequencies in Hz and the mode shapes x2/x1. Describe how the
carts move in each mode. [6]

m m

k k
x1 x2
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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University Mechanical Engineering

Exercise 3.2

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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Exercise 3.2

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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Exercise 3.3 (a)

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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Exercise 3.3 (a)

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]

University Mechanical Engineering • 2.2 Linear algebra 4
exercises.lol exercises.com.cn

Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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Exercise 3.3 (b)

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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Exercise 3.3 (b)

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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Exercise 3.3 (c)

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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Exercise 3.3 (c)

3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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3.2 A sensor gives the vector v⃗ = (3, 4) in the x, y basis. Write v⃗ in the basis b⃗1 = (1, 1),
b⃗2 = (1,−1). Then explain why the basis ê1 = 1√

2
(1, 1), ê2 = 1√

2
(1,−1) is easier to

use. [4]

x

y

b⃗1

b⃗2

v⃗ = (3, 4)

3.3 Two equal bars meet at a joint C and carry a vertical load P = 10 kN. Each bar makes
an angle θ with the horizontal. Joint equilibrium gives

(
cos θ − cos θ
sin θ sin θ

)(
F1

F2

)
=

(
0
P

)
.

(a) Find det of the matrix, and F1 = F2 for θ = 30◦. [3]

A B
C

P

θ

(b) Find the bar forces for θ = 2.0◦, and det. [2]

(c) The angle is measured as 2.1◦ instead of 2.0◦. Find the percentage change in the bar
force, and give a design rule for θ. [3]
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1

det = 0.36 + 0.64 = 1; F⃗ =

(
0.6 0.8
−0.8 0.6

)(
0
10

)
= (8.0, 6.0) kN

2.2

R2 − 2R1: −3y − z = −9; R3 −R1: y − 2z = −4

from these: y = 2, z = 3; then x = 6− 2− 3 = 1: (x, y, z) = (1, 2, 3)

2.3

0.001y = 0.002, so y = 2, x = 0: the answer is (0, 2)

a 0.05% change in the data moved x from 1 to 0; detA = 0.001 is tiny: the lines are
almost parallel, the system is ill-conditioned 病态

2.4

λ2 − 20λ− 2400 = 0; λ = 10± 50: 60 MPa and −40 MPa; tan 2θp = 0.75, θp = 18.4◦

3.1
K

m
=

(
800 −400
−400 400

)
; λ2 − 1200λ+ 160 000 = 0

ω2 = 152.8 and 1047 rad2/s2; f =
ω

2π
= 1.97 Hz and 5.15 Hz

mode 1: x2/x1 = 1.62: both carts move the same way, cart 2 further; mode 2: x2/x1 =
−0.62: they move in opposite directions

3.2

a+ b = 3, a− b = 4: a = 3.5, b = −0.5

ê1, ê2 are orthonormal (perpendicular, length 1), so each coefficient is a dot product:
v⃗ · ê1 = 7/

√
2, with no equations to solve

3.3

(a) det = 2 sin θ cos θ = sin 2θ = 0.866; F1 = F2 =
P

2 sin θ
= 10 kN

(b) F =
10

2 sin 2.0◦
= 143 kN; det = sin 4◦ = 0.070

(c) F =
10

2 sin 2.1◦
= 136 kN, a change of 4.8% for a 5% angle error; the system is

ill-conditioned when θ is small, so keep θ well away from 0 (for example above 15◦)
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