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Objective

Compute gradient, divergence and curl in Cartesian coordinates, use £ = —VV, and
verify field results by a small-step line integral.

1 Key knowledge and worked examples

B Three operators on fields

A vector field assigns a vector to each point; a scalar field a number. Three operators
connect them:

o Gradient VV (scalar — vector): points up the steepest slope; the electric
field is £ = —VV.
« Divergence V- F (vector — scalar): net outflow per unit volume; for electric

fields, the charge density.

« Curl V x F (vector — vector): circulation per unit area; zero for electro-
statics, the mechanism of induction where it is not.

For F = (P, Q, R) in Cartesian coordinates: V- F = JP/0x + 0Q/0y+ 0R/0z, and
VV = (0V /0x,0V [0y, 0V /0z).

Read a field at a glance: outflow means divergence, swirl means curl
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B Worked example: field from potential
V(z,y) = 3%y volts.

o VV = (6zy,32?); at (1, 2): VV =(12,3),s0 £ = —(12,3) V/m.

« Check by a small step: move 6 = (0.01,0) from (1, 2); V changes by ~ 0V /0z -
ox =12x0.01=0.12V,and —F-6 =12x0.01 =0.12 V v". The field-times-step
predicts the potential drop — that IS the gradient.

B Reading the two theorems

The divergence theorem converts a volume integral of V- F' into a closed-
surface flux; Stokes’ theorem converts a surface integral of V x F
into a loop circulation. Maxwell’s equations are these two statements with physics
poured in — Gauss’s law is the divergence theorem; Faraday’s law is Stokes.

2 Practice

2.1 For V = 522 compute VV and E, and evaluate both at z = 2. 3]

2.2 For F' = (3z,2y,0): compute V - F' at (1, 1, 0) and say whether the point is a
source or a sink. 3]

2.3 State the curl of any electrostatic field, and the physical law that changes this where
magnetic fields vary. 2]
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3 Exam-style questions
3.1 A potential is V(x, y) = 10x - 5y volts.

Compute E, state its magnitude and direction, and verify by computing the change in V
along the step (0.2, -0.1) from the origin two ways: directly from V, and from —FE-¢. [6]

3.2 The field F = (2zy, z?,0) is claimed to be conservative (curl-free).

Compute V x I to verify the claim. Then compute the line integral of F along the straight
path from (0,0) to (1,1) parameterised as (t, t), and confirm the same value along
the path (¢,t%) — path independence being the signature of a conservative field. (7]
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