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5.6 Implicit differentiation, related
rates and limits
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Objective

Build the skills to answer exam questions on further differentiation
first principles, implicit differentiation, related rates, more derivatives and L’ Hopltal S
rule.

You must be able to:

fle+h) - f(z)
h
« differentiate implicitly and find gradients of curves such as 2% + 2y +y?> =7

o differentiate from first principles, f'(z) = lim,_

¢ solve related-rates problems with the chain rule
« differentiate tan x, sec x, arcsin x, arctan x, a*, and use L'Ho6pital’s rule

1 Key knowledge and worked examples

B Further differentiation

f(z) tanz secx arcsinz  arctanz a” log, x
1 1 1
() sec’z secxtany ————r P lna
f'(z) sec’z secxtanz — 112 “he g
c e . . d, , dy d
Implicit: differentiate every term with respect to x; —(y*) = 2y—= and —(zy) =
dz dz dz
+ azd—y
Y dx’
v dvV dr

Related rates: link the rates with the chain rule, e.g. C—.

dt dr dt
if M gives % (or 2) at a, then lim fz) _
9(z)

L’Hopital’s rule:

again if needed.
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sin 3x 3cos3x
Worked example. lim = lim =3
x—0 x x—0

Answer shapes: in a rates question, list the rate you know, the rate you want and
the formula that links them.

2 Practice

2.1 Differentiate f(x) = 22 from first principles. 2]

T 1 .
2.3 Find lim ———— 3
z—0
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3 Exam-style questions

3.1 A spherical balloon is blown up so that its volume increases at 50 cm® s7'. (V = 3
S = 4mr?.)

(a) Find the rate at which the radius increases when r = 10 cm.

4

AN el

(b) Find the rate at which the surface area increases at that moment.
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3.2 More derivatives.

(a) Differentiate arctan(2z).

(b) Differentiate 3°.

. . . d 1
(¢) y = arcsinz for —1 < 2 < 1. By writing siny = z, show that Y _

der /1 — 22

arcsin @
arctan x

(d) Differentiate sec z, using secx = (cosx)~".
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