GAC MATHEMATICS  EXERCISE SHEET

3.1 Differentiate functions and clas-
sify local behaviour

Name: __ Class: ____ Date: Total: 24 marks

KEY WORDS derivative 54§  chain rule 552750 o stationary point 44 4

Objective

Differentiate functions and classify local behaviour. Original GAC004-aligned practice,
not an official assessment. Show the method as well as the result. All applied scenarios
are invented classroom problems.

1 Key knowledge and worked examples

B Key knowledge: a derivative exists only when the limiting slope exists

A derivative F4f is a limiting rate of change, f'(z) = limy,_o[f(z + h) — f(x)]/h, when
that limit exists. For a differentiable curve it is the tangent gradient. A sharp corner can
prevent differentiability. A dot over a variable normally denotes a time derivative, not
an arbitrary derivative with respect to x.

Use the power, product, quotient and chain rule %z 35N for the function’s form
and domain. The quotient rule needs a nonzero denominator; trigonometric derivative
rules here use radians. A stationary point %¥ 5 has derivative zero. A positive second
derivative at it gives a local minimum and a negative one a local maximum; a zero second
derivative leaves that test inconclusive. Check derivative signs or other evidence.

B Worked example: a tangent slope differs from a secant slope

Known: f(z) = 22 The secant between x equal to 1 and 2 has slope 3, but the
derivative at x equal to 1 is 2.

f) = fla) _4-1

sec — =3
. b—a  2-1
2
f(z) = lim (z+h) = lim(2z + h) =2z
h—0 h—0

Mean = /(1) = 2(1) = 2

The average slope over a finite interval need not equal the instantaneous slope at
either endpoint.



2 Practice 3 Exam-style questions

3.1 Use difference quotients to examine f(z) = |z| at x equal to 0. (a) Find the right-
hand and left-hand limiting slopes. (b) Decide whether a derivative exists at 0. (¢) Give
the derivative for x greater than 0 and x less than 0. 6]

)

2.1 Differentiate y = 423 — 622 + 5.

)

2.2 Differentiate y = (2x + 1)3.

2.3 Differentiate y = 2% sin z, where x is in radians. 3

2.4 For y = (2z + 1)/(x — 1), state the excluded x-value and find the derivative. (3]




3.2 For f(z) = 2® — 622 + 97 + 1, find and classify both stationary points. State all
intervals on which the function is strictly increasing or strictly decreasing. 8]




Solutions
2.1

Apply the power rule term by term; a constant has derivative zero.

d
Y1222 122
dz

Correct derivative.
2.2

Use the chain rule, including inner derivative 2.

d

Y 3220 +1)2(2) = 6(2a + 1)?
dx

Correct derivative.

2.3

Use the product rule.

Yy =uv+uw

y =2xsinz + 22 cosx

Correct first product contribution. Correct second contribution and their sum.

2.4

Exclude # = 1 because the denominator is zero. Use the quotient rule.

;v —w
-T2
;2 —-1)—Q2r+1) -3
B R S

Correct derivative on the stated domain.

3.1

At zero, the difference quotient is |h|/h. For h > 0 it equals 1, so the right-hand limit is
1. For h < 0 it equals negative 1, so the left-hand limit is negative 1. The two one-sided
limits differ, so no derivative exists at zero. For positive x, f'(x) = 1. For negative x,

f(z) = —1. The function itself is still continuous at zero.
3.2

Differentiate.

fl(z)=32* - 120+ 9 =3(x — 1)(x — 3)

Correct factorisation. Stationary x-values are 1 and 3.

F)=1-6+9+1=75

fB)=27-54+2T+1=1

Points (1,5) and (3,1). Use the second derivative to classify them.

f'(z) =6z —12

At 1 it is negative 6, giving a local maximum; at 3 it is 6, giving a local minimum. Both
classifications correct. The first derivative is positive for z < 1 and = > 3, so increasing
on those intervals. It is negative for 1 < x < 3, so decreasing there.



