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Vector geometry proofs

Objective

Prove midpoint, parallel and ratio facts by writing one vector two independent ways,
including unknown ratios solved by equating coefficients (objective Higher 5.1 G).

1 Key knowledge and worked examples

The method. Name a target vector, express it along TWO different routes, and
equate. Parallel follows from PQ = ¢ RS (scalar multiple); a midpoint from AM =

%z@ . Never assume a midpoint the question has not given: write "\ times” and solve
for A by equating the a and b coefficients.

Worke_d}proof. OABC pﬂlelegram, O—1>4 =a, O? = ¢, M the midpoint of diagonal
OB. OM = i(a+c) and AM = (c —a) = %ﬁ the diagonals bisect each other.

2 Practice

2.1 In triangle OAB, &i =aand O? =b; M is the midpoint of AB. Find m

)

2.2 State the condition on vectors u and v for their directions to be parallel. 1]

2.3 P divides @ = 4a + 6b in the ratio 1 : 2 from O. Find O—P> 2]

2.4 )ﬁ/} =3a—Db and ﬁ = 9a — 3b. What does this prove about X, Y, Z?

o

3 Exam-style questions

3.1 (Original.) OABC is a parallelogram with OA =aand OC = c. (a) Write OB and
AC in terms of a and ¢. (b) M is the midpoint of OB; prove that M is also the midpoint
of AC. (5]

3.2 (Edexcel JMA1 2HR June 2024 Q25 family, adapted.) The point P satisfies O¢ =
Sa+2b (the paper’i);zrt (i)). The point B satisfies OB = 2a+ b, and M is the midpoint
of OB. (a) Find OM in terms of a and b. (b) Show that OM = gO? (the paper’s k),
and state what this proves about the points O, M and P. 4]

3.3 (Original.) In triangle ORS, T is the midpoint of OR and U is the midpoint of
RS. Prove that TU = %(ﬁ and state what this proves about the segment joining two
midpoints. 4]



Solutions

s
2.1 OM = 1(a+b).
2.2 u = cv for a nonzero scalar c.
2.3 OP = L(4a + 6b).
—
2.4 ﬁ = 3XY: parallel with XZ =3 x XY, so X, Y, Z are collinear.

&(a)(ﬁ:aJrcﬁ;)uteO%i)%B);@cha(routeA%O%C). (b)
OM = L(a+c), so AM = AO+OM = —a+ (a+c) = 1(c—a) = LAC: M is the

2
midpoint of AC too.
3.2 () Midpoint: OM = L (2a+ 2b) = a+2b. (b) 20P = 2 (3a+ 2b) = a+2b = OM.

v  Since OM is a scalar multiple of OP, the points O, M and P are collinear, with M
five eighths of the way from O to P — exactly the paper’s k = g.

3.3 With OF = r and 08 = s, therouteT'— O — R — U gives TU = —3r4r+i(s—r) =

f%r +r— %r + %s = %s = %O? So TU is parallel to OS and half its length: the segment
joining two midpoints is parallel to and half the third side.

Local review guidance: two route expressions for the same vector stated before equating;
coefficients collected on a and b separately; conclusions state BOTH the parallel fact and
the ratio. This is authored classroom guidance.




