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1 - Pure Mathematics 1

Pearson Edexcel - International A-Level - Pure Mathematics

Pure Mathematics 1: the toolkit every later unit uses

Pure Mathematics 1 (P1) is the first compulsory unit of both International AS and
International A Level Mathematics, and of International A Level Pure Mathematics.
This reference covers every P1 topic in the Edexcel IAL specification (Issue 3, April
2019): algebra and functions, coordinate geometry, trigonometry, differentiation and

integration.

o The P1 paper (WMA11/01) lasts 1 hour 30 minutes with 75 marks, and you
must answer all questions. Recent papers have ten questions from 5 to 11 marks

each.
e A calculator

may be used, but not one with symbolic algebra, symbolic

differentiation or integration, or retrievable stored formulae.

The yellow booklet Mathematical Formulae and Statistical Tables is provided. The
formulae in the “you must know” table below do not appear in that booklet, so

memorise them.

o Give inexact answers to 3 significant figures unless told otherwise. When a

4

question says
alone scores nothing.

‘you must show all stages of your working”, a calculator answer

Formulae you must know for P1 (from the specification’s assessment information):

Formula Use
—b+ b2 — 4ac
T = —y roots of
a ar’+br+c=0
a b c

sinA sinB sinC

a? =02+ 2 — 2bccos A

area = %ab sin C'

arc length s = 70, sector area = %TQQ

sine rule
cosine rule
area of a triangle

0 in radians

power rule for
differentiation

power rule for
integration

Pearson Edexcel - International A-Level

- Pure Mathematics o 11

- Pure Mathematics 1 @



Algebra and functions
B Indices and surds
The laws of indices hold for all rational exponents:

CLm % an — aern CLm - an — amfn (am>n — amn

Fractional powers are roots: a™/™ = /a™, so a'/? = \/a and a'® = ¥a. A negative
power means reciprocal: a=! = 1/a. Questions usually ask you to write an answer in
the form kz™ with k and n fully simplified constants.

Worked example — three index manipulations (adapted from Edexcel TAL
4

40
WMAT11 June 2025 Q1). Given p = Y and q=—

, write each expression in the
16 3T

form kz™.

(a) pz.

o Known: p =24 /16, and a power 1 means square root.
4 vzl :r;2

l
p2 R

16

« Check: squaring the answer, (2?/4)% = 174/16 =p.
(b) (pg)~".

« Known: multiply before inverting, using z* - x7! = 23.

xt 40 402° 528

PI=16"3:~ 418 6

o Check: (pq) X (pq)~! = CLARSN I

(©) )" 2
(mf=<%3 :%5

o Check: 52 = 25, 6% = 36, (2%)? = 2, and the constants are already fully simplified.

A surd is an exact root such as v/2. Keep answers exact unless asked for decimals:
examiners penalise rounded decimals where a surd is expected. To rationalise the
denominator , multiply numerator and denominator by a term that
removes the root:

with a rational denominator.

Worked example — rationalising. Write

12
+2
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V2 -1
V2 -1

o Known: (14++v2)(vV2—-1)=+v2-1+2—+2=1, so multiply by

12 ><\/5—1_ 12(v2-1)
1+v2 7 vV2-1 (1+vV2)(V2-1)

o Check by calculator: 12/(1 + 1.4142...) = 4.9706... and 12v/2 — 12 = 4.9706. ..

12(vV2 —1) = 12v2 — 12

v
B Quadratics: discriminant and completing the square
A quadratic function has the form y = ax?+bx+c; its graph is a parabola
opening up (a > 0) or down (a < 0). The discriminant A = b? — 4ac counts
the roots:

o A > 0: two distinct real roots — the curve cuts the x-axis twice;
o A = 0: one repeated root — the curve touches the x-axis;
o A < 0: no real roots — the curve never meets the x-axis.

N4

b? — dac >0 b? —4ac=0 b? —4ac <0
two distinct roots one repeated root no real roots

The discriminant counts intersections with the x-axis.

b\’ b
Completing the square rewrites ax®+br+cas a (x + 2—) + (c — 4—) , which
a a

2

gives the turning point 5 T directly. Solve quadratics by factorisation, the
a a

formula, completing the square, or a calculator — but "show all stages” questions reject
calculator-only working.

Worked example — a hidden quadratic (adapted from Edexcel IAL WMA11 June
2025 Q10). The equation (k — 1)a% + 42% + (k — 4) = 0, where k is a constant.

(a) For k = 4.5, find the exact solutions.

o Known: with k = 4.5 the equation is 3.52% + 423 + 0.5 = 0; multiply by 2 to clear

decimals:
72 +82° +1=0

o Why substitute: 2° = (23)?, so this is a quadratic in 3. Substitute z = z*:
722 482+1=0 = (Tz2+1)(24+1)=0 = z2=—% orz=-1
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3 _ 3

or x° = —1, so

Ji_ VT
7

e Return to z: x %

T=—1/z= or r=-—1

7
. . _ U g 18 _1_38 _
o Check: z=—1gives 7T—8+1=0v;z=—zgives7T-jg—=+1=z-2+1=0V
(b) Find the set of values of k for which the equation has no real roots.
o Known: treat the equation as a quadratic in ® witha =k — 1, b =4, c = k — 4.
No real roots needs a negative discriminant:

b — 4ac =16 — 4(k — 1)(k — 4) = 16 — 4(k* — 5k +4) = —4k* + 20k = 4k(5 — k)

k(5 —k) <0 = k<Oork>5

(
o Check: at k = —1: 4(—1)(6) = —24 <0 Vv;at k =6: 4(6)(—1) = —24 <0 V/; at
k=3:4(3)(2) =24 > 0 v (two real roots there).

B Simultaneous equations and inequalities

Solve simultaneous equations analytically by substitution . Te-
arrange the linear equation, substitute into the other, solve, then substitute back. A
line meeting a curve gives a quadratic whose roots are the intersection x-coordinates
— this is the "geometrical interpretation of algebraic solutions” the specification asks
for.

Worked example — line meets cubic-squared curve (adapted from Edexcel IAL
WMAT11 June 2025 Q7). C: y = 0.22%(x —4) and Cy: y = 1.22(8 — ) intersect where

0.22%(x — 4) = 1.22(8 — )

« Expand both sides: 0.22% — 0.82%2 = 9.6z — 1.222.

o Collect terms: 0.223 + 0.42? — 9.6z = 0, then divide by 0.2: 23 + 22% — 48z = 0.

o Factorise: z(z? +2x — 48) = x(x + 8)(x — 6) = 0, so z = 0, —8, 6.

 Substitute back into Cy: (0,0), (—8,—153.6), (6,14.4).

o Check with C: 0.2(=8)?(—12) = 0.2-64-(—12) = —153.6 v" and 0.2(36)(2) = 14.4
v

Inequalities follow the same algebra, but the answer is a range:

o Solve ax+b > cx+d by collecting = (the inequality sign survives adding/subtracting,
and survives dividing by a positive number; dividing by a negative flips the sign).

e Solve px? + qx + r < 0 by sketching: the solution is where the parabola is on or
below the axis, between the roots.

« "Curve below line” inequalities such as pz? + qz + r < ax + b mean: where is the
curve’s height less than the line’s height? Find intersections first.

o When sketching the solution region, use a dotted line for strict < or > boundaries
and a solid line for < or >.
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Worked example. Solve 22 < 3z + 10.

+ Rearrange: 22 — 3z — 10 < 0, and factorise: (z —5)(z +2) < 0.
» The parabola y = (z — 5)(z + 2) opens upward, so it is below zero between its
roots:
—2<r<d

o Check: z =0 gives 0 < 10 v'; x = 6 gives 36 < 28 X (correctly excluded).

B Polynomials: expanding and factorising

Expand brackets and collect like terms; factorise by taking out common factors and
by grouping. Cubics factorise fully once one root is spotted: z3 + 42? + 3z = x(z? +
4r 4+ 3) = z(x + 1)(x + 3). The notation f(x) names the function, so f(2) means
"substitute x = 2"

B Sketching graphs and transformations

Sketch (do not plot) these families: quadratics and simple cubics such as

k

y = x° — 4x; reciprocal functions y=—and y = — (v # 0), which
x x

have an asymptote — a line the curve approaches but never touches; and the

trigonometric graphs below. Mark intercepts and turning points.

Intersections answer equations: the curves y = f(z) and y = g(x) meet where f(z) =
g(x).

One transformation at a time, applied to y = f(x):

New equation What it does to the graph

y=af(x) stretch parallel to the y-axis, scale factor a
y=f(zr)+a translation by (2) (moves up by a)
y=f(z+a) translation by <—Oa) (moves left by a)
) 1
y = f(ax) stretch parallel to the z-axis, scale factor —
a
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stretch, y-axis, factor 2 translation (0 1): up 1

y=flz+1) y = f(2x)
A A

~ ~
L N PR N
N N
d d
N N
4 AN s AN
’ 4
Al > Al >

translation (—1 0): left 1 stretch, z-axis, factor

Name the direction, the type and the scale factor (or vector).
Worked example — describe two transformations (adapted from Edexcel AL
WMAT11 June 2025 Q9).

o y =12z from y = \/x: write V2x = f(2x), so this is a stretch parallel to the

z-axis with scale factor %

o y=12—/z from y = —\/x: write 12—/ = —/r + 12, a translation by (102>
(up by 12).
o Check with a point: y = \/x passes (4,2); after the first transformation the curve

passes (2,2) (halved z), and y = v/2 x 2 = 2 . After the second, y = —/4+12 =
10, so (4, 10) lies on it v'.

Coordinate geometry in the (x, y) plane

A line through (z1,y;) with gradient m has equation y — y; = m(x — z1); the form

ax + by + ¢ = 0 hides the gradient in —%. Two points give the gradient: m = 270
T2 — I

e Parallel lines share their gradient: m; = ms.

e Perpendicular lines have gradients multiplying to —1: myms = —1.

Worked example — perpendicular through the origin (adapted from Edexcel
TAL WMAT11 June 2025 Q5). The line [; has equation = — 2y + 25 = 0; Il passes
through the origin and is perpendicular to [;.

(a) Equation of [5.
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N[ —=

o Known: rearrange l1: 2y = x + 25, s0 y = %m + % and m; =
= -2

N |—=

o Why: perpendicular gradients multiply to —1, so mgo = —1 +
y—0=-2(x—-0) = y=—2x
(b) {; and [y intersect at P.
e Substitute y = —2z into x — 2y + 25 = 0O:
r—2(-22)425=0 = br+25=0 = z=-5, y=-2(=5)=10

e P=(-5,10). Check in l;: =5 —-20+25=0 v
(c) Shortest distance from [; to the origin, as a simplified surd.

o The shortest distance is |OP| along the perpendicular:

|OP| = /(=5 — 0)2 + (10 — 0)2 = v/25 + 100 = V125 = 5v/5
o Check: v/125 =+1/25 x 5 =55~ 11.18 v

Trigonometry

B The sine rule, cosine rule and area of a triangle

In triangle ABC' with sides a, b, ¢ opposite angles A, B, C"

a b c
sinA sinB sinC
Use the sine rule for pairs (side, opposite angle); the cosine rule when no pair is

opposite. The sine rule has an ambiguous case : sinf = sin(180° — ), so
an angle and its supplement can both fit — check which the diagram allows.

a’> =0+ —2bccos A area = %ab sin '

B Radian measure, arc length and sector area

One radian is the angle subtended by an arc equal in length to the radius; 180° = 7
radians. With 6 in radians:

arc length s = r6 sector area = %7"29

The arc length is s = rf and the sector area is %7’20.

A major sector is the larger share of the circle: angle 2r — 6 when the minor angle
is 6.
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1,2
sector area = =r-0
5=rf 2

r
0 in radians

C a B

Sine rule pairs each side

with its opposite angle:
a b

c
sinA = sinB = sinC

Quote the formula first — the method mark follows the formula.

Worked example — a helipad from a major sector and a triangle (adapted
from Edexcel IAL WMA11 June 2025 Q6). A landing pad is the major sector AOB
of a circle centre O joined to triangle AOC: AO = OB =15 m, BC' =2 m, CBO is
a straight line, and angle ACO = 0.6 radians.

(a) Show angle COA = 1.847 radians to 3 decimal places.

e Known: OC = OB+ BC = 15+ 2 = 17 m; in triangle AOC, side AO = 15 is
opposite the given angle 0.6, and side OC' = 17 is opposite angle C'AO.
« Sine rule (quote it first):

i 107’40 - 8“12'6 — sinCAO = ”Si—;‘% —0.6399... —> CAO = 0.6944 .. .

COA=71—-0.6—-0.6944... =1.8471...=1.847 (3d.p.)
o Check: angles sum to 7: 0.6 4+ 0.6944 + 1.8471 ~ 3.1416 v/
(b) Total area of the pad.

o Major sector angle: 2m — 1.847 = 4.436 radians.
sector = 1170 = 1 x 15° x 4.436 = 499.1 m* (awrt 499)

triangle = %absinC = % x 15 x 17 x sin 1.847 = 122.7 m?
total = 499.1 + 122.7 = 622 m” (3 s.f.)
o Check: sin1.847 = sin(7m — 1.847) = sin 1.2946 = 0.962 v/
(c) Perimeter of the pad.
e The boundary is the major arc AB plus sides AC and BC.

arc =10 = 15 x 4.436 = 66.5 m
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 Cosine rule for AC' (quote it first):
AC? = 152 + 177 — 2(15)(17) cos 1.847 = 225 + 289 + 139.9 = 653.9 = AC = 25.6 m

perimeter = 66.5 + 25.6 +2 = 94.1 m (3 s.f.)
o Check: cos1.847 < 0 (the angle is obtuse), so the —2bccos A term adds v/

B Sine, cosine and tangent graphs

y = sinx and y = cosx repeat every 2w (360°); y = tan x repeats every 7 (180°) with
asymptotes at x = 90°+180°n. Know the symmetries: cos is even, sin(180°—x) = sin z,
and tanx = sinz/cosx. Curves such as y = 3sinz, y = sin2z and y = sin (:v + %)
follow from the transformation rules above. Solve equations graphically by counting
intersections in a given interval.

Yy
y A ‘
A y=sinz : |
77777777777777777777777777 period 27 \
yam
- A— 1 >
\\/ |
|
l
|
90 180 270 360 !
Y
A Yy =CcosT .
period 27
-\\/ >

Count periods first, then solutions per period.

Worked example — counting solutions (adapted from Edexcel IAL WMA11 June

2025 Q4). For y = 4 cosz with x in degrees: how many solutions does 5 + 4cosz = 1

have for —720° < 2 < 720°7

e Rearrange: 4cosx = —4, so cosx = —1, giving x = 180° + 360°n.

o In —720° < x < 720° x = —540°, —180°,180°,540° — 4 solutions.

o Check: cos(£180°) = —1 v/, and 5+ 4(—1) = 1 . The interval is half-open, so
x = —720° (where cos = 1) is excluded correctly.
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Differentiation

d
The derivative fl(x) = d_y is the gradient of the tangent to
x

y = f(x) at a point — the limit of the chord gradients as the two points merge. It is
the rate of change of y with respect to x. The second derivative
f"(x) differentiates again. (The chain rule is not required in P1.)

Differentiate term by term with the power rule, expanding products and splitting
fractions first:

d 322 +5 d .
Y= Qe 48 e—1) =22 1305 = P our3  y=2CT2_3 52 o W g,
dz x? dz
f{ tangent: y —y1 = f'fx
normal: y — y; = ff,éfj)(;r — 1)
- > T
T

Tangent gradient = f'(x1); normal gradient = —1/ f'(z1).

Worked example — gradient condition on a curve (adapted from Edexcel TAL
WMAI11 June 2025 Q2). C: y = 22%? — 42 + 3; the point P on C has 2-coordinate
2% and the gradient at P is 16. Find k.

d
« Differentiate (powers drop by one): d—y =2 2232 — 4 =537 — 4.
T

« Set the gradient to 16 at x = 2*:

5(2M)P2 —4=16 = (2" =4=2" = 2 =2 — F -9 — | =1

o Check: 2%/3 =2.5198... and 5(2.5198)%2 —4 = 5(4.0) —4 = 16 v/

Worked example — tangent, normal work and second derivative (adapted
from Edexcel AL WMA11 June 2025 Q8). A curve has f'(z) = 3/z + k2? and passes
through P(4,12); the tangent at P is y = 10z + c.

(a) Show k = 1 and find .
o Known: the tangent’s gradient equals f’(4):

f(4)=3VA+16k =6+ 16k =10 = k=1
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« The tangent passes through (4,12): 12 =10(4) + ¢ = ¢ = —28.
« Check: f'(4)=6+16-1=10v and 10(4) —28 =12 v/
(b) f"(z) at P.

f//(x) = %xfl/Q +2kx = % —|—% —_— f//(4) — % +2 _ %

2V4
Integration
. : e dy
Integration reverses differentiation: if i ™ (n # —1), then
x
xn—i—l
= [ 2"dxr = +c
Y / n+1
The constant of integration c is required — every vertical shift shares the

same derivative. Raise each power by one, divide by the new power, and integrate
term by term after expanding. Given f’(x) and one point on the curve, find ¢ and
recover y = f(z) exactly.

t‘ 4. power down, multiply

b dx

d
Yy dx
d
Yy dz

| dx: power up,
divide, add +c

Each integral climbs one rung and picks up an arbitrary constant: [ 6dz = 6z + ¢, not just 6z.

Differentiation slides down; integration climbs back up, plus c.

Worked example — expand before integrating (adapted from Edexcel TAL

3 2
WMA11 June 2025 Q3). Find / Gk )
3V

« Expand the numerator: (z + 3)? = 22 + 62 + 9; the denominator is 3z'/2.

 Divide term by term (powers of x subtract):

x’ — 1,3/2 6z 12 9 — 3 1/2
3rl/2 3 3x1/2 3x1/2
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« Integrate each term (power up one, divide by the new power):
/ (32%2 + 222 4 307 ?) do = 1 - 2272 2. 2272 1 3. 221 4 ¢

2 4
= Ex5/2+§x3/2+6\/5+c

o Check by differentiating: 2 - 22%% = 1232 v 4.3 =2 v, 6-1 =3 v — the

integrand returns exactly.

Worked example — recover f(z) from f'(x) and a point (adapted from Edexcel
TAL WMA11 June 2025 Q8, continued). With & = }t, so f'(x) = 322 + %Lxg, and
P(4,12) on the curve:

3

f(w)=/(3x1/2+ix2)dx=3-§x3/2+§-§x3+d:2x3/2+f—2+d
e Substitute P: 2(4)3/2+%+d: 12, and 4%/2 = &:
x> 28
16+¥+d=12 = d=-%2 = f(g;):2x3/2+ﬁ_§

« Check: f(4) =16+ 1 — 22 =16 — 4 = 12 v, and differentiating the answer gives
f(x) =322+ 2 5o f/(4) =6 +4 =10 v (the tangent gradient from before).
Checklist before you call this unit done

« Manipulate ™", negative powers and surds exactly, and rationalise denominators.

e Read b — 4ac three ways, complete the square, and solve hidden quadratics by
substitution.

e Solve linear—quadratic simultaneous equations by substitution and interpret them
as intersections.

 Solve and sketch linear and quadratic inequalities with correct dotted/solid bound-
aries.

» Sketch cubics, reciprocals (with asymptotes) and transformed curves, naming di-
rection, type and scale factor of each single transformation.

o Write line equations in both forms; use m;ms = —1 for perpendiculars.

e Quote sine rule, cosine rule and %ab sin C'; handle the ambiguous case and major
sectors in radians.

o Count trigonometric-graph solutions over an interval before listing them.
o Differentiate and integrate ™ term by term, after expanding; always add +-c.
o Turn f'(x) plus one point into f(z), and check by substituting the point back.
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2 - Pure Mathematics 2

Pearson Edexcel - International A-Level - Pure Mathematics

Pure Mathematics 2: building on the P1 toolkit

Pure Mathematics 2 (P2) is the second compulsory unit of International AS Math-
ematics and International AS Pure Mathematics, and of both International A Level
routes. This reference covers every P2 topic in the Edexcel TAL specification (Issue 3,
April 2019): proof, the factor and remainder theorems, circle geometry, sequences and
series, exponentials and logarithms, trigonometric identities and equations, stationary
points, and integration including areas and the trapezium rule.

o The P2 paper (WMA12/01) lasts 1 hour 30 minutes with 75 marks. A knowl-
edge of P1 and its formulae is assumed and may be tested on the P2 paper.

e The same calculator and yellow Mathematical Formulae and Statistical Tables rules
apply as for P1. The formulae below do not appear in the booklet — memorise
them.

o “Show all stages of your working” questions reject calculator-only answers; give
inexact answers to 3 significant figures unless told otherwise.

Formulae you must know for P2 (from the specification’s assessment information):

Formula Use
x
log, x + log, y = log,(xy), log, x — log, y = log, —, laws of logarithms
Yy
klog, x = log, (x*)
sin 6
tanf = ,sin?0 4 cos?0 =1 trigonometric
Ccos . o
identities
b
area under a curve = / ydx (y>0) definite integral as
a an area
Proof
A proof proceeds from given assumptions through logical steps to a conclusion.
P2 uses three methods:
e Proof by exhaustion . split the possibilities into cases and check every
case.
e Disproof by counterexample : one example that breaks the claim dis-
proves it.
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o Algebraic proof: start from what is given, manipulate identities (not equations to
solve), and end with the target statement.

Worked example — exhaustion (adapted from Edexcel IAL WMA12 June 2025

Q10). Prove that for all positive integers m that are not multiples of 3, the value of

m? + 3m + 2 is always a multiple of 3.

o Factorise first: m? +3m +2 = (m+ 1)(m + 2).

o A positive integer not divisible by 3 is either m = 3¢+ 1 or m = 3¢ + 2 — those are
all the cases, so exhausting them proves the claim.

o Casem=3q¢+1: (m+1)(m+2)=(3¢+2)(3¢+3) =3(3¢+2)(¢g+1) — amultiple
of 3.

o Casem=3¢+2: (m+1)(m+2)=(3¢+3)(3¢+4) =3(¢g+1)(3¢+4) — a multiple
of 3.

« Both cases give a multiple of 3, so 3 | m* + 3m + 2 whenever 34 m. B

o Checkk m=1:6=3x2v;m=2:12=3x4v;m=4:30v;m=>5:42 V.

Worked example — counterexample. Disprove: "n? —n+1 is prime for all positive

integers n.”

e One counterexample is enough. Try n =5: 25 — 5+ 1 = 21 = 3 x 7, which is not
prime.

e The claim is false. Check n = 1,2,3,4 give 1,3,7,13 — the pattern holds at first,
which is exactly why a counterexample, not more examples, settles the question.

Algebra: the factor and remainder theorems

For a polynomial f(z):

» Factor theorem : (z —b) is a factor of f(x) exactly when f(b) = 0. For
divisors of the form (az — b): if f(2) = 0 then (az — b) is a factor.

« Remainder theorem : dividing f(z) by (ax —b) leaves remainder f(2).

e Algebraic division by (ax £ b) gives a quotient  and a remainder;

the degree drops by one: f(z) = (ax — b) X (quotient) + remainder.

Worked example — both theorems at once (adapted from Edexcel AL WMA12
June 2025 Q4). f(z) = ax® + bz* + 5z — 3, where (z + 3) is a factor of f(z) and
dividing f(z) by (2x — 1) leaves remainder 7.

(a) Show that b = 3a + 2.
» Factor theorem: f(—3) =0:

a(—27) +b(9) +5(—3) —3=0 = —27a+9b—18 =0 = b=3a+2

(b) Find a and b.
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« Remainder theorem with (2z —1): f(3) =T:

a b 5 a b

o Substitute b = 3a + 2: a 4+ 6a + 4 = 60, so a = 8 and b = 26.

o Check: f(z) = 82 + 262> + 5z — 3; f(—3) = —216+234 —15—-3 = 0 v and
) =1+65+25-3="71.

(¢) Quotient and remainder when f(z) is divided by (z — 2).

o Divide 82 + 2622 + 5x — 3 by (x — 2): quotient 8z2 + 42x + 89, remainder 175.

 Check by rebuilding: (z — 2)(82% + 42x + 89) + 175 = 823 + 422% + 89z — 162% —
84x — 178 + 175 = 8z% + 262® + 5x — 3 v'. The remainder also equals f(2) =
64+ 1044+10 -3 =175 V.

Coordinate geometry of the circle

A circle centre (a,b) radius r has equation

(z—a)*+(y—b)* =1

Given the expanded form z* + y* + fz + gy + ¢ = 0, complete the square to recover

2 2 . . .
centre (—%, —%) and r? = f% — c. Three circle properties are examined:

o the angle in a semicircle is a right angle;
o the perpendicular from the centre to a chord  bisects the chord;
e a tangent is perpendicular to the radius at the point of contact.

cgntre (a, b)

Tangent | radius at the contact point; the
perpendicular from the centre to a chord
bisects it; the angle in a semicircle is 90.

Radius L tangent; centre-to-chord perpendicular bisects the chord.

Worked example — diameter endpoints (adapted from Edexcel AL WMA12 June
2025 Q2). The line joining (—2,5) and (4, 15) is a diameter of circle C.
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(a) Equation of C.
e The centre is the midpoint: (#, %) = (1, 10).
o The diameter squared: d? = (4 — (—2))* + (15 — 5)? = 36 + 100 = 136, so r* =
136 + 4 = 34.
(x—1)°+ (y—10)*> = 34

« Check: both endpoints satisfy the equation: (—3)*+(—5)% = 34 v’ and 3*+5% = 34
v

(b) Exact coordinates of the point on C' nearest the z-axis.

o The nearest point lies on the vertical radius: same z as the centre, r below it:
(1, 10 — v34)

e Check: (1 —1)?+ (10 — /34 —10)* = 34 v/, and no smaller y is possible since the
centre sits 10 > /34 above the axis.

Sequences and series

A sequence may be given by a formula for the nth term or by a relation
ZTn+1 = f(x,). Describe it as increasing , decreasing or periodic
(from its terms, not its formula).

Arithmetic sequences . constant difference d.

an:a—i—(n—l)d Sn:g(2a+(n—1)d) Zr:n(n—i-l)

The proof of the sum formula (write S,, forwards and backwards, add) should be
known, as should ¥ notation.

Geometric sequences : constant ratio r.
. a(l —rm") a
n=ar" Sp = Seo = <1
¢ a 1—r 1—r (I )

The sum formula’s proof (telescoping S, — rS,,) should be known. Use logarithms
to solve for n when a term value is given.

Binomial expansion for a positive integer n:

(a+bx)" = a” + (T) a" ! (b) + (Z) a"2(bx)? + -+ (o), (”) - !
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0 1 2 3 4 ) 6

Each bar is r = 0.8 times the
one before. With |r| < 1 the
bars shrink fast enough that the
total settles at a finite limit.

[r| < 1 means the terms shrink; the sum settles at Soo.

Worked example — geometric series with logs (adapted from Edexcel TAL
WMA12 June 2025 Q7). A geometric series begins 10 + 8 + 6.4 + - - -

(a) Sum to infinity.
e a=10,7r=8/10=10.8, and |r| < 1:

a 10
l1—r 1-08
(b) The kth term is less than 0.0005 — find the smallest k, by algebra.
o The kth term is 10(0.8)%!:

Seo = 50

10(0.8)* ' < 0.0005 = (0.8)** < 0.00005

o Take logs (the log of a number below 1 is negative — keep the inequality direction
when dividing by it):
log 0.00005

k—1)log0.8 < log0.00005 = k — 1 >
(k= 1)log ©8 10g 0.8

=44.38...

e So k > 45.38 and the smallest integer is k = 46.
« Check: 10(0.8)% = 0.00045 ... < 0.0005 v" but 10(0.8)** = 0.00056 > 0.0005 v .

Worked example — maximum arithmetic sum (adapted from the same question).
An arithmetic series begins 850 4 843 4+ 836 + - -+ (d = —7). Its greatest partial sum:

o Terms stay positive until u,, = 850 — 7(n — 1) > 0, so n < 122.4; the 122nd term
is 850 — 7(121) = 3 > 0 and the 123rd is —4 < 0.

122
Siz2 =~ (2(850) + 121(=7)) = 61(1700 — 847) = 61 x 853 = 52033
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e Check: adding a negative 123rd term would reduce the sum, so S99 is the maximum

v

Exponentials and logarithms

y=a" (a >0, a# 1) passes through (0,1) and grows without bound for @ > 1. The
logarithm log, x inverts it: log, x = y means a¥ = z. Know:

log, = + log, y = log,(xy) log, © — log, y = log, z klog, = = log, (z*) log,a=1
Y

and logai = —log, z. Solve a® = b with x = log, b (a change of base may be used).
Always check candidates against the domain . logs need positive arguments.

Worked example — a log equation (adapted from Edexcel IAL WMA12 June 2025
11
Q6). Solve 2log,(4 — ) = 3 + log, (:c —; )

o Bring everything to one log per side:

r+11

log, (4 — z)? = log, 8 + log2< > = log, (4(x + 11))

Equal logs give equal arguments:
(A—2)?=4(z+11) = 2*—8r+16=4dx+44 = 2°— 120 —28 =0

(x—14)(z+2)=0 = =14 orx=-2

Domain check: 4 — z > 0 needs z < 4, so x = 14 is rejected. x = —2.
Check: LHS = 2log, 6; RHS = 3 +log,(4.5) = log,(8 x 4.5) = log, 36 = 21log, 6 v".

Worked example — exact intersection in log; form (same question). The curves
y = 3> and y = 6 x 3% meet at P; write P as (logz a,b).

e Set equal and substitute u = 3*:
3:3%=6-3" = 3=6u = u=2 = 3" =2 = z=logy?2

y=6x3"=6x2=12
o P=(logy2, 12), 50 a =2, b=12. Check: 3219832+l = 3.32lgs2 = 3.4 =12 /.
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Trigonometric identities and equations

Two identities convert between sine, cosine and tangent:

tanf = sin? @ + cos’6 =1

Solve trigonometric equations in a given interval by reducing to one
function (often a hidden quadratic), then reading the second solution from the graph’s
symmetry. State the interval, work in its units (degrees or radians), and reject values
outside.

Worked example — radians and exact fractions (adapted from Edexcel IAL

WMAT12 June 2025 Q8). Solve 3tan(2x + g) — V3for0<z<n.

1
e Divide by 3: tan (Z:U + %) = —, and tan % =

1

T m s T km
2 —=—+4krt = 2t =—+kt = r=—+ —
T+ 5 6 + KT T 30 + KT T 60 + 5
29 59
e m0<x<m 1:26—; (kzl)andx:6—(;r(k:2).
e Check: atx:%)—g: 2x+§:% andtan%”:taun%’:\/ig V.
Worked example — hidden quadratic in cosine (same question). Solve

Hsinftanf = cosf + 4 for 0 < 8 < 360°.
» Replace tanf = sin/ cos € and multiply through by cos 6:

5sin® 6

=cosf+4 = 5sin’6 = cos®H + 4cosh
cos 6

o Usesin®f =1— cos®6:
5(1 — cos? ) = cos® 0 +4cos = 6cos’ +4cosf —5=0

e Quadratic formula in cos0:

—4+16+120 —2++/34
12 N 6

cosf =
e The — root is below —1 (reject); cosd = 0.6385 gives 6 = 50.3° and, from cosine’s

symmetry, § = 360° — 50.3° = 309.7°.
e Check: cos50.3° = 0.638 v'; both angles lie in the interval v".
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Differentiation: stationary points

d
Stationary points have d_y = 0. Classify with the sign of the derivative:
x
o derivative changes + to —: maximum ;

o derivative changes — to +: minimum ;
o the second derivative helps: f”(x) > 0 at the point confirms a minimum, f”(x) < 0
a maximum.

A function is increasing where f'(z) > 0 and decreasing where f'(x) < 0. Practical
problems — least material, least cost — translate into minimising an expression in one
variable.

A stationary: ¥/ = 0, tangent horizontal

, maximum
Yy > (—)—Q‘— y SA
/_\\
|
| U/ .
/ e

minimum

Stationary means the tangent is horizontal; the sign change classifies it.

Worked example — a modelling minimum (adapted from Edexcel AL WMA12
June 2025 Q9). An open trough has right-triangle ends with legs 3z and 2z (metres),
rectangular sides 3z x L and 2z x L, and capacity 12 m3. The metal area is S m?.

2
(a) Show S = 622 + £

4
« Volume: cross-section x length = £(3z)(2z) x L = 32?L =12, s0 L = —-
x

o Surface: two triangles plus the two rectangles:

4 20
S =2 x 3(32)(2x) + 3zL 4 22L = 63" + 5z - — = 62" + —
T T
(b) Minimum S by calculus.
ds 20 5
—=122-==0 = 122°=20 = 1’ =- = 1 =1.1856...
dx x? 3
= 6(1.1856)> =8.43 4+ 16.87 = 25.3 m? (1 d.p.
S = 6(1.1856) + T geg = 043 41687 =253 m (1d.p.)
(¢) Justify the minimum.
d>S 40

—— =12+—=>0 for all z > 0
X x
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o Positive second derivative everywhere on the domain: the stationary point is a
minimum v'.

e Check: at z = 1.1856, £5 = 124+ 40/(5/3) =12+ 24 =136 > 0 V.

y dz2 T
Integration: areas and the trapezium rule
Evaluate definite integrals with the fundamental theorem:
b
/ ydr = F(b) — F(a) where F'(z) =y
The definite integral is the area under the curve for y > 0. For a region

bounded by a curve and a line, integrate (line — curve) between their intersections, or
subtract the two areas — always draw a sketch to decide which way round.

Y Y
gurve A strips of width h

Yo Yn

fh(line — curve) dx

a

Area between = [ (line — curve); the trapezium rule estimates [curve with straight
Strips.

Worked example — area between curve and line (adapted from Edexcel AL
16

WMA12 June 2025 Q3). C: y = 3z + — — 8 (v > 0) with P(1,11) and Q(4,5) on C;
x

find the area between C and the line segment PQ).

1
e Line PQ: gradient =1 —2,s0y—11=-2(x—1) = y=—-2x+13.

o Check : —84+13=5 V.
4

o Area under the line: / (22 +13)dz = [—2” + 13lel =36 —12 = 24.
1

4
« Area under the curve: / (3 + 16272 = 8) do = [327 — 1 — 895]1l = (24 -4 -
1
32) — (£ — 16 — 8) = 10.5.
e Region area: 24 — 10.5 = 13.5 square units.

o Check: the line is above the curve throughout (at z = 2: line 9, curve 3(2)+4—8 =
2), so subtracting curve from line is the right way round v'.
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The trapezium rule approximates an area with n strips of width h:

2

b
h h
/ ydm%5[%(yo+yn)+y1+yz+---+yn_1} or [yo+yn+ 2yt + Yuo)]

More strips (or a straighter curve) improve the estimate; a curve that bends upwards
(convex, U-shaped like x?) leaves every chord above it, so the rule overestimates,
while a curve that bends downwards (concave, like y/x or a circle arc) leaves chords
below it, so the rule underestimates.

3
1
Worked example — trapezium rule with a table. Estimate / — dx with 4 strips.
1

T

1

Four strips over [1, 3] give h = 0.5 and five values of y = —: at x = 1, 1.5, 2, 2.5, 3
x

the values are 1, 0.6667, 0.5, 0.4, 0.3333.

31 0.5
/ Zdr ~ - [1+0.3333 + 2(0.6667 + 0.5 + 0.4)] = 0.25 x 4.4667 = 1.12
1 i

The true value is In3 = 1.099 (3 s.f.). The estimate is an overestimate: y = 1/x
is convex (it bends upwards), so every straight strip sits above the curve v'.

Checklist before you call this unit done

Structure a proof; use exhaustion over complete cases; disprove with one coun-
terexample.

Apply the factor and remainder theorems, including (az — b) divisors, and carry
out algebraic division with quotient and remainder.

Find a circle’s centre and radius from either form; use the three circle properties.

Use a,, S, and S, for arithmetic and geometric series (both sum-formula proofs),
> notation, and logs to find n.

Expand (a + bx)™ with binomial coefficients, and match given coefficients.

Solve log equations with the three laws, checking domains; give intersections exactly
as (log, b, ¢) when asked.

Reduce trigonometric equations with tan = sin / cos and sin? + cos? = 1; solve in
degrees or radians as given, listing all interval solutions.

Find and classify stationary points; justify with a sign change or second derivative;
set up modelling minima in one variable.

Evaluate definite integrals; find areas under curves and between curve and line;
apply the trapezium rule from a table and state the direction of its error.
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3 . Pure Mathematics 3

Pearson Edexcel - International A-Level - Pure Mathematics

Pure Mathematics 3: functions, identities and calculus at
speed

Pure Mathematics 3 (P3) extends P1 and P2: rational functions and inverses, the
modulus, combined transformations, reciprocal trigonometric functions and harmonic
form, log-graph model fitting, the full differentiation rules, integration by recognition,
and numerical methods. P1 and P2 knowledge is assumed and may be tested on the
WMA13/01 paper (1 hour 30 minutes, 75 marks; same calculator and formula-booklet
rules).

Formulae you must know for P3 (not in the booklet):

Family Formulae
compound  sin(A + B) = sin A cos B £ cos Asin B;
angle tan A + tan B

cos(A =+ B) = cos A cos B Fsin Asin B; tan(A+ B) = I+ tan Atan B

2tan A
double sin 24 = 2sin A cos A; cos 24 = cos® A —sin® A; tan24 = ———
1—tan A
angle
reciprocal  sec? A =1+ tan? A; cosec? A =1+ cot? A
identities
derivatives  sinkx — kcoskx; cos kx — —ksin kz; tan kz — ksec? kx;
et — ke Inx — %; a® — a®lna
integrals [coskx = ¢sinka; [sinks = —coska; [ = Lk [ 1 =1n|z|
Algebra: rational expressions and functions
Simplify rational expressions by factorising and cancelling; algebraic
division serves denominators up to quadratics. Only cancel factors, never terms.
A function is a one-one or many-one mapping; its domain is the
allowed inputs and its range the outputs. The composition fg means
"do g first, then f”. The inverse S~ undoes f (it exists where f is one-one),

and f~1f(z) = ff'(x) = z; the graph of f~! reflects the graph of f in y = z.
Worked example — inverse and composition (adapted from Edexcel IAL WMA13
2z
J 2025 Q1). = > 0.
une QY. fla)=5—7 22
(a) Range of f.
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« Atz =0: f(0) =0; as & — oo f(x) — 2 from below, and f is increasing (larger

x gives larger f(x)).
0< fx) <

win

(b) Find f~(z).

o Lety= Y and solve for z:
3z +1
y(3x+1):2x:>3xy+y=2x:>x(3y—2):—y———>x:2yg
)
o,z
o) =5—-
2¢/(2 -3 2
o Check: f(2f3x)— z/( ?) ‘ x V.

T 32/(2—32)+1 3x+2-3z
(c) Solve f~1(z) = f(x).

T B 2x
2—3r 3r+1

— z(3z+1)=222—-32z) = z(3z+1-4+62) =0

3
e Check: fH)=2L2=1=r1(1 .

2 3 3

The modulus function and combined transformations

The modulus |z| is « for # > 0 and —x for x < 0: y = |ax + b| is the line
y = ax + b with its negative part reflected above the axis. Given y = f(x), sketch
y = |f(x)| (reflect any below-axis part) and y = f(|z|) (keep the right half, reflect it
left). Solve modulus equations graphically or by cases, testing each solution.
Combined transformations apply the P1 rules together, for example
y = 2f(3x) or y = f(—x) + 1: stretches multiply, translations then shift; the order
given in the syllabus is y = af(z), y = f(z)+a, y = f(xr +a), y = f(ax) combined in
one expression (y = f(ax + b) as such is not required).
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Y
A
y|= 2/ (3x)
y = f(x)
: > T
_4
second intersection at (6, 11), off-screen a-stretch x %, then y-stretch x2

The V meets the line at the marked point; the second intersection (6, 11) lies
off-screen. Combine transformations one factor at a time.

Worked example — modulus equation (specification’s own example). Solve |2z —
1| =z +5.

. CaseQx—lZO(xZ%): 2r—1l=x+45 = x:6\/(satisﬁesx2%).

e Case20—1<0: —2z—1)=2+5 = —Bv=4 = z=—-3V (<3).
« Both solutions are = 6 and = —3. Check: [2(6) — 1] = 11 = 6+ 5 Vv

|—4-1=Y=-1+5V.

Further trigonometry: sec, cosec, cot and harmonic form

The reciprocal functions

1 1 1 cos
cosecl = —

sec = =
cos 6 sin tand sin 0

with identities sec? = 1 + tan?6 and cosec’ = 1 + cot?f. Their graphs have

asymptotes where the denominator function is zero. The inverse functions
arcsin, arccos, arctan need restricted domains : arcsin : [—1,1] —
[—5, 5], arccos : [~1,1] — [0, 7], arctan : R — (=73, 7).
Harmonic form : acosf + bsinf = Rcos(f — a) with R = va?+ b? and
tan o« = — — one number, one angle, ready to maximise or solve.

a
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Yy =secx Yy = cosecx y = cotx
A

acosf + bsinf = Rcos(f — «) with tana = 9: one
a

amplitude R and one phase shift « replace both terms.

Harmonic form packs a cos 6 + b sin 0 into one cosine of a shifted angle.
Worked example — harmonic form (adapted from Edexcel IAL WMA13 June 2025
Q2). Express f(x) = Tcosz — 24sinx in the form Rcos(z + o), R > 0,0 < a < 27.

o« R=+/T?+242 = /625 = 25.
o Expand Rcos(z + ) = Rcoszcosa — Rsinxsina and match: 25cosa = 7 and

25sina = 24, so tana = % and

a=1.287(3d.p.) f(z) = 25 cos(x + 1.287)

o Check: 25cos(0+ 1.287) = 25(0.28) = 7.0 v/ and —25sin(1.287) = —24.0 v".

Worked example — identity proof (adapted from Edexcel IAL WMA13 June 2025
Jtanz — tan®z

Q8a). Prove tan 3z =

1—3tanz
o Write 3x = 2z 4+ x and use the compound angle formula:
tan 2x + tanx 2tanz 2t
tan 3x = tan2x = = t=tanx
1 —tan2zxtanz’ 1—tan’z 1—1¢2 ( )
e Substitute:
2t
+t 2t 4+t(1—t? 3t — 3
tan 3z = 1= — = + 1 ) = ]
1 — 12_'5t2 (1—¢t2)—2t2 1-—3t?

o Check at v = ¢ (t = \/Lg) numerator \% - ﬁg = %; denominator 1 —1 =0 —

and tan% is undefined v consistent.
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Exponentials, logarithms and log-graph models

y = e passes through (0, 1) and grows without bound; In z is its inverse with domain

x > 0 and the y-axis as asymptote. Solve e®**® = p by taking In, and In(ax + b) = ¢
by exponentiating.
Log-graph models . for y = az™, taking logs gives logy = nlogx + loga

— plot logy against logx for a straight line with gradient n and intercept loga. For
y = kb”, plot logy against x: gradient log b, intercept log k.

Worked example — recover a power law (adapted from Edexcel TAL WMA13
June 2025 Q3). A log,,y-log,,  line passes through (—3.5,0) and (0, —2). Express y
as pxd.

0—(-2) 4

——; intercept —2:

. dient: ———~ =
Gradien 350 -

o Convert: y = 10*%10&0 =2 _ 102 x—4/7’ SO

1

Y= — g7

o Check with a point on the line: logyz =0 =2z =1, logjyy = -2 =y = v

and the formula gives y = ﬁ 1= 1—(1)0 v

Worked example — exponential decay model (adapted from Edexcel TAL
WMA13 June 2025 Q6). A processor cools as 6 = 21 + Ae ¥ (6 in °C, ¢ in minutes),
starting at 75 °C, reaching 25 °C after 5 minutes; find A, k, and the time when the
temperature falls at 9 °C per minute.

e Att=0:75=21+ A, so A= 54.
o Att=5:25=21+54e % = e Ph=4_—2.

L
100

—bSk=InZ = k=:In% =0.521 (3s.f)

do
« Rate: — = —54ke™**; set equal to —9:

dt
_ 9 9 In(28.13/9)
kt
= = T=——"-——"-=219 (2d.p.
Bix 0521 2813 0.521 9(2dp)
e The initial value is 75 °C and the long-run floor is 21 °C.

o Check: at T = 2.19, § = 21 + 54e 0521219 = 21 4 54(0.320) = 38.3 °C, falling at
28.13 x 0.320 = 9.0 °C/min v'. The model’s floor is 21 °C (room temperature) —
sensible for large t.
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Differentiation: rules, implicit and models

Differentiate sin kxz, coskz, tankx (— ksec? kx), e, Inkz (— %), plus sums and
differences.

Three rules extend the reach: the product rule , the quotient rule
and the chain rule

w\’  u'v—uw d dy du
product: (uwv) =u'v+ww’  quotient: (—) = chain: <4 =24 &
v v? dr  du dx

secx — secxtanz, cosecx — —cosecxcotx, cotx — —cosec’z follow from the

d d
quotient rule. Implicit differentiation uses d_y =1+ d_x when z is
T Y

given in terms of y.

Worked example — product and chain together (from the specification’s own
examples). Differentiate e~ sin 3z (adapted from Edexcel JAL WMA13 June 2025

Q7).

« Product rule with u = e=** (chain: v/ = —2ze™*") and v = sin 3z (v/ = 3 cos 3x):
dy 22 . 2 —z2 .
e = —2xe " sindxr +3e " cos3r =c¢ (3 cos 3x — 2x sin 395)
x

o Check at x = 0: derivative = 1 x (3 —0) = 3, and near 0 the curve behaves like
sin 3z with gradient 3 v.

Integration: standard forms and recognition

Integrate the standard forms directly, and use recognition forms (spotting
f’ inside the integral):

f’(x) = Inl|f(x c "(x T nx:.],’— . o B
[ —mr@ive [ r@@E) e =t e @)

Trig identities convert sin® x, cos? z, tan® x into integrable forms (cos 24 = 1—2sin? A,
cos2A = 2cos® A — 1; tan? = sec? —1).

Worked example — identity first (adapted from Edexcel IAL WMA13 June 2025
Q5). Find /sin2 3z dz.

» Double angle with A = 3z: cos6z = 1 — 2sin” 3z, so sin®3z = (1 —
cos 6):
in 6
/sin23mdx = %/(1 —cos6z)dr = 5 (v — +sin6z) + ¢ = g — SH112:B c
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o Check by differentiating: % — % = %(1 — cos 61) = sin?3z V.
6x
3r2 +4

« The numerator is the derivative of the denominator (f’ = 6z, f = 3z% + 4):

dz.

Worked example — recognition. Find /

6x
/3x2+4d9£:ln|3x2+4]+c

d 6
o Check: . In(32? +4) = SxQ—ﬁ—él v'. The powered form works the same way: with
u =322+ 4 and du = 62 dx,

2 5
/x(3x2+4)4dx:%/u4du:%+c

3z?% 4 4)°
30

5(32% + 4)* - 6z
30

and differentiating gives =x(3r? +4)* V.

Numerical methods: sign changes and iteration

« Sign change . if f is continuous on [a, b] and f(a)f(b) < 0, a root lies between
a and b. Halve the interval to pin a root to any accuracy.

o Iteration . a rearrangement x,.; = f(z,) from a start value converges to a
fixed point (or not — always check against a sign-change bound).

Worked example — locate and iterate (adapted from Edexcel IAL WMA13 June
2025 Q7). The stationary point of y = e~*" sin 3z near = = 0.4 satisfies z = £ arctan 2

3 2z°
(a) With z; = 0.4:

zy = % arctan(gx) = 3 arctan(3.75) = 0.4367 xy = 0.4307 (4 d.p.)

o Check the iteration converges: |r3 — x5| small and the values settle toward 0.43 v.
(b) Show the root is 0.430 to 3 decimal places: define g(x) = x — 5 arctan &= (or
the derivative expression from the worked example above):

9(0.4295) = —1.1x 107* <0 ¢(0.4305) = +6.4 x 107° > 0

e g is continuous, and the sign change between 0.4295 and 0.4305 brackets a root, so
the root is 0.430 to 3 d.p. v'.

Checklist before you call this unit done

o Simplify rational expressions; factorise before cancelling; divide by linear or
quadratic divisors.

o Work with domain, range, composition and inverses; verify inverses by composing
to .
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o Sketch and solve modulus equations by cases with checks; combine two transfor-
mations on one graph.

o Use sec, cosec, cot and their identities; know the inverse-function restricted do-
mains.

o Convert acosf + bsinf to Rcos(f £ «); read off maxima and solve.

e Prove compound and double angle identities; use them forwards and backwards.

o Solve e = p and In(az + b) = ¢; recover y = ax™ and y = kb® from log plots.

« Differentiate with product, quotient and chain rules, including sec / cosec / cot; use
dy __ . dz

dx S ody’

o Model grov?ifth and decay; interpret the initial value and long-run floor; critique the
model.

« Integrate standard forms; spot [ f’/f and [ f/'(f)™; use identities on squared trig
functions.

o Locate roots by sign change with a continuity statement; run and check an iteration.
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4 - Pure Mathematics 4

Pearson Edexcel - International A-Level - Pure Mathematics

Pure Mathematics 4: proof, parametrics and the full calculus

Pure Mathematics 4 (P4) is the final compulsory pure unit of International A Level
Mathematics and International A Level Pure Mathematics. P1-P3 are assumed and
may be tested on the WMA14/01 paper (1 hour 30 minutes, 75 marks; same calcula-
tor and formula-booklet rules). This reference covers proof by contradiction, partial
fractions, parametric equations, the general binomial series, implicit and parametric
differentiation, differential equations, the extended integration methods, volumes of
revolution, and vectors.

Must-know for P4 (not in the booklet):

Family Formulae

-1 —1(n—-2
binomial (14 z)" =1+ nz+ n(n2| )xQ + nin 3)'(n )x3 + -+, valid |z| < 1 for any
series rational n ' .

b
d
volume of V = ﬂ'/ y* dz about the z-axis (parametric: 7 f yQ—x dt)
a

revolution dt
T
PR dal — 2T 2. s a 1B =
vectors column form |y | = zi+ yj+ zk; |a| = /a? + a3 + a3; unit vector Tl AB=b-—a
a
z

Proof by contradiction

(Assume the claim is false)
no — contradiction: l ‘)
check the algebra

follow the consequences
logically

/@:bfa

yes A

impossible statement?

Angle from the scalar

roduct: cosf = @ﬁ
p scosf = [AB[AC]
V/2 irrational and the infinity of primes both run this loop
Proof by contradiction assumes the opposite of the claim, derives an im-
possibility, and concludes the original claim. Two classics must be known:
Worked example — /2 is irrational. (A number is irrational when no
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fraction g equals it.) Suppose instead /2 = § in lowest terms (p, ¢ coprime integers,

q#0).

e Squaring: 2 = 7;—2 = p? = 2¢?, so p? is even, so p is even: write p = 2.

e Then 412 = 2¢> = ¢®> = 212, so ¢ is even too.

e Both p and ¢ even contradicts %’ being in lowest terms. W

Worked example — there are infinitely many primes. Suppose finitely many:
Pl Dk

o Consider N = pips---pr + 1. Dividing N by any p; leaves remainder 1.

e So N is either prime itself or has a prime factor not in the list — either way a prime
outside {p1, ..., pr}, contradicting the assumption. H

Worked example — a trigonometric contradiction (adapted from Edexcel IAL
WMA14 June 2025 Q10). Prove that [sinx 4 cosx| < 1 for all 90° < x < 180°.

e Suppose not: some z in the range has |[sinz + cosx| > 1. Squaring (both sides
non-negative):
(sinx+cosx)2 >1 = sin?z + 2sinz cos z + cos® x >1 — 1+sin2x>1 — sin2x >0

o But 90° < x < 180° gives 180° < 2z < 360°, where sin 2x < 0 — a contradiction.
e S0 no such z exists and [sinx + cos z| < 1 throughout the range. B

o Check at x = 135°: ]‘/75 - */75\ =0<1v;atxz=100% ]0.985—0.174| = 0.811 < 1
v

Partial fractions

Decompose rational functions into partial fractions . Denominators
stay at repeated linear complexity: (ax + b)(cz + d)(ex + f) or (ax + b)(cz + d)? with
the repeated factor (cz + d) split across powers; quadratic factors are not
required. Improper fractions (numerator degree > denominator’s) divide
first.
. or + 1
Worked example — distinct factors. Decompose (from the P2 sheet
(x+2)(x—1)
family):
or +1 3 n 2
(z+2)(z—1) z+2 x-1
« Checkat z=0: LHS =4 =—-3; RHS=3%-2=—1 /.
322+ 7x+6
Worked example — repeated factor. Decompose ST v+
x(z+1)2
e Set up with the repeated factor split across both powers:
32+ Tr+6 A B C

z(r +1)? _;+IB+1+($—|—1)2
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Multiply through: 3z 4+ 7z + 6 = A(z + 1)? + Bx(x + 1) + Cxz.
AMrz=0:6=A Atz=-1:3-74+6=2=-C=C=-2.
Compare 2%: 3=A+ B = B = —3.

32 +Tx+6 6 3 2
r(z+1)?2 oz x+1  (v+1)?2

Checkat z =1: LHS =2 =4, RHS =6—-3 — ;=4 .

Parametric equations

A normal at P

tangent at P

> T
squares mark parameter values
Parametric gradient: d—y _ dy/dt,
& “dx  dx/dt’

the normal takes its negative reciprocal.

Parametric equations give both coordinates through a parameter t: x =
f(t), y = g(t). Convert to Cartesian form by making ¢ the subject of one
equation and substituting into the other (or by exploiting an identity). Never forget
the excluded values of x where the parameter map breaks.

| Worked example. A curve has v = 2t, y = ¢t — 1. Find the Cartesian equation.

. Fromm:2t:t:g,so

T\ 2 T
—(Z) —1=2—1
Y <2> 1
o Check at t = 3: (z,y) = (6,8); Cartesian: 36/4 —1 =28 V.
Worked example — parametric point and normal (verified facts from Edexcel
TAL WMA14 June 2025 Q5). A parametric curve passes through P(—7,—-3) at t = 2
dy _ dy/ dt)

L dy
with yri —% there (from —= dr ~ dujdi
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o Normal gradient: —

| Ot

T/g):
y+3=32x+7 = bz —4y+23=0

e Check: 5(=7) —4(—3)+23=—35+ 12423 =0 v.

The binomial series for any rational n

For any rational nand |z| < 1:

(n—1)$2+n(n—l)(n—Z)x:,,_'_”.

n__ n
(1+2)"=1+nx+ 5 3

Factor first: (a+bz)" = a™ (1 + gx)n, valid for |z < |%|. Decompose rational functions
into partial fractions, then expand each piece. Powers do not terminate unless n is a
positive integer.

Worked example (adapted from Edexcel IAL WMA14 June 2025 Q8). Expand
V4 + z to three non-zero terms.

e Factor: Vi+z=2(1+ %)1/2, valid |z| < 4, with n = 3:

z\ 1/2 1 =z l(—l) T\ 2 T x?
1 _) =14+—-.= u(_) =14 - — 4 ...
(+4 +2 4+ 2 4 + +8 128+
2
r oz
VA4 —oL T .
+x +4 64+

o+ Check at x = 1: series gives 2 + 0.25 — 0.0156 = 2.234; true v/5 = 2.2361... v

(two terms already accurate to 2 d.p.).

Implicit and parametric differentiation

Implicit differentiation differentiates both sides with respect to =z,
treating y as a function of x: d—y2 = 2yd—y, and products such as xy need the product
x x
d dy dy
le: — = —=. Th lve for —.
rule: — (xy) =y + z en solve for —~
dy dy/dt

Parametric differentiation: —= = .
de  dzx/dt

Worked example — an implicit tangent (adapted from Edexcel IAL WMA14 June
2025 Q1). The curve 2y* — 6zy + Te' ™2 = 27 passes through the point (1, 4). Find
the tangent there.

« Differentiate term by term:

dy dy 1o dy 6y + 14e! =22
4y 6y —6rY et g — YT
Vi Y ¢ dx 4y — 6z
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o At (%,4): el=1 =1, so
dy 24+14 38

de ~ 16—3 13

o Tangent: y—4:%(x—%) = 38z — 13y +33 =0.

« Check: 38 (5) —13(4) +33=19—-52+33=0 V.

Differential equations and connected rates

Form an equation from a rate description, then solve separable equa-
tions:

P 1w — [ [ @

Use a boundary condition for the particular solution . Connected rates of
change the chai 1 V. _dV dr
n use the chain rule: — = — . —.
8 it~ dr dt

Worked example — a melting sphere (Edexcel IAL WMA14 June 2025 Q2). A

av
sphere of radius r cm has volume V' = $77% and melts with — = k (constant, in cm?

dt
dr 1
d). Show — x —.
per second). Show o X3

o Differentiate the volume link: o = 4772,

,
% d

e Chain rule: k = — = 47r7“2—r, SO
dt dt

dr k ko1

dt ~ Anrz 4x r2

e The constant 4& multiplies %: the rate of decrease of the radius is inversely
proportional to 2. W

o Interpretation: small spheres vanish disproportionately fast — the last millimetre
melts quickest.

Worked example — a separable equation (adapted from Edexcel IAL WMA14

d
June 2025 Q3). Solve yd—y = 3sec2rtan 2z, given y =4 at v = %.
x
e Separate: /ydy = /3SGC 2z tan 2z dz (the right side integrates to %sec 2z, re-

versing 7 See 22 = 2sec 2z tan 2x):
x

2
3
gzﬁse(jQq;—i—c — y2:386021‘+0
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« Substitute (%,4): 16 = 3sec +C =3(2) 4+ C, so C = 10:
y* = 3sec2x + 10

o Check: 3(2)+10=16=42 .

Integration: substitution, parts and partial fractions

e Substitution (usually given): rewrite the integral in u, adjust dz via
Z—Z, integrate, substitute back. It is the chain rule reversed.

o Integration by parts ; /u@dx = uv — /v@dx — the product rule

dx dx

reversed. Know / Inxzdr = zlnz — x + ¢ and repeated parts for [ z?e*dz-type
integrals.

o Partial fractions turn a rational integrand into sums of p— (integrating to
logs) and ﬁ (to powers).

Worked example — parts with a repeat in sight. Find / e’ cos z dx (needed for

volumes of revolution with trig curves).

e Parts with u = e”, g—; = cos x:

/e”‘“cosxdx:e‘”sinx—/e”‘“sinxdw

z  dv
’ dx

o Parts again on the new integral (u = e =sinx):
=e"sinx + e” cosx — /excosxdx
o The original integral reappears; collect it:

2/excosxdx:ex(sinx+cosx)+c — /excosxdw:%ex(sinijcos:U)—l—c

« Check by differentiating: e”(sinz + cosz) + se”(cosz — sinz) = e” cosz v'.
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Volumes of revolution and parametric areas

44+ x
—— 1st order

=== 2nd order_

—

rotate about the x-axis

valid for |z| < 4

Rotating the region under y = f(z) > 0 about the z-axis sweeps a solid whose volume
is

the volume of revolution

b
V_ﬂ'/ y* dx

Square the function before integrating, use identities to handle sin?/cos?, and split

x
by linearity. With parametric equations, replace y? dx by y2$ dt between parameter

. dx
values; areas under parametric curves use y— dt.

dt
Worked example — volume with an identity (structure adapted from Edexcel

TAL WMA14 June 2025 Q9). The region under y = 3coszx for 0 < z < g rotates
about the z-axis; find the exact volume.

w/2 /2
V:7T/ 90082$dx:97r/ %(1+Cos2:v)d$:—{x+
0 0

o Check: the average of cos?z over a half-turn is %, so V =~ 91 X % X 5 = L
exactly.
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Vectors

A vector has magnitude and direction, written a = a;i+asj+ask or as a column.
The magnitude is |a] = y/a? + a3 + a3; the unit vector in the direction
of ais a/|al.

Addition and scalar multiplication have geometric meanings (translations, scaling,
parallel when one is a multiple of the other).

The scalar product a-b = a1by + asby + azbs gives angles through cos . The
position vector of B relative to Ais AB=b — a.

Worked example — a 45° triangle (Edexcel AL WMA14 June 2025 Q6, fully
verified). A =1+ 2j — 3k, B =5i+ 2j+k, C = 3i+ oj + 5k, and angle BAC = 45°.

4 2
AB= (o ,SO’E’:\/S_Q;./@: a—2
4 8

Scalar product: 1@ . fﬁ =8+ 0+ 32 = 40.

o . o 1.
Angle condition with cos45° = ok

40 1 40v2  40v2
V32,/68 + (a —2)2 V2 V32 42
(a—2)%=100—68 =32 — a=2+4V2

Check: |/ﬁ”z@| cos45° = /32 x 10 x \% = 4y/2 x 10 x \/LE = 40 v matches the
scalar product.

10

— 68+ (o —2)% =

Checklist before you call this unit done

o Structure contradiction proofs (y2, primes) with the assumption stated and the
contradiction named.

o Decompose into partial fractions including repeated linear factors; divide improper
fractions first; verify by a substituted value.

o Convert parametric <+ Cartesian with excluded values; find parametric tangents
and normals via dy/dx = (dy/dt)/(dx/dt).

« Expand (a+ bx)" for rational n with the validity condition; combine expansions of
partial fractions.

« Differentiate implicitly (product rule on mixed terms) and parametrically; form
differential equations from connected rates.

« Solve separable equations with a boundary condition; check the particular solution.
o Integrate by substitution, parts (including repeats, Inz), and partial fractions.

« Compute volumes of revolution 7 [ y*dz and parametric areas via dz/dt.

o Use vectors: magnitude, unit vectors, position vectors; scalar-product angles.
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Further Pure Mathematics 1

Pearson Edexcel - International A-Level - Pure Mathematics

Further Pure Mathematics 1: complex numbers, matrices and
proof

Further Pure Mathematics 1 (FP1, paper WFMO01/01, 1 hour 30 minutes, 75 marks)
is compulsory for International AS and A Level Further Mathematics and for Inter-
national AS and A Level Pure Mathematics. P1-P2 are assumed and may be tested,
including sign-change location of roots, rotating shapes about the origin, and divid-
ing a cubic or quartic by a quadratic. This reference covers complex numbers, roots
of quadratic equations, numerical methods, the parabola and rectangular hyperbola,
matrix algebra, transformations, finite series and proof by induction.

Must-know for FP1 (not in the booklet):

Family Formulae

b
quadratic  for az?® + bx + ¢ =0 with roots o, B: a + 3= ——, af = <
a a
roots

n

series Zr = in(n+1)

r=1
complex  z=a+bi, |z| =Va?+ b2 Z=a—bi, |z122] = |21]] 22]
numbers
conics parabola y? = 4ax (parametric x = at?, y = 2at); rectangular hyperbola
zy = ¢ (parametric z = ct, y = ¢)
1 _
matrices  det (a b) =ad—be, M= < d b), (AB)"' =B !A™!
c d ad —bc \—¢ a

Complex numbers

A complex number is z = a + bi with i> = —1; a is the real part , b
the imaginary part . The conjugate Z = a — bi reverses the sign
of the imaginary part, and 2z = a’ + b* = |z|*> — the trick that makes a quotient
real: ? = % Two complex numbers are equal only when both real and imaginary
2 2

parts match. The polar form z = r(cosf + isinf) pairs the modulus  r with the
argument 6; multiplying complex numbers multiplies their moduli (|z122| =
|21]]22]).-

Worked example — a real sum pins the imaginary part. z; = r(cos %r +4 sin %)
with 7 > 0, and 2z, has modulus 5. Since |z129| = |z1]|22] = br = 15, we get r = 3.
So z; = 3(—‘/7?: — %z) = —%ﬁ — %Z If 21 + 2o is real, its imaginary part is zero, so
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2o =a+ %z‘; then a? + % = 25 gives a = i@ ~ +4.77. Both z, = @ + %z and its
reflection in the imaginary axis work.

On an Argand diagram (Argand diagram) plot z = a + bi as the point
(a,b): addition is vector addition, the conjugate reflects in the real axis, and |z| is the

distance from the origin.

A 21+ 20 =2+4 A

| 21] 713 b=2
0
> Re
> Re =3

|2| = Va2 +b2, tanf =

Zo=—1—29 71 =3—-2

conjugates reflect in the Re axis

Complex roots of polynomials

For a quadratic with real coefficients and negative discriminant, complete the square:
2?2 — 62+ 13 = (r — 3)? +4 = 0 gives x = 3 & 2i. The roots are a conjugate pair —
and this survives degree: if f(z;) = 0 for real coefficients, then f(z;) =0 too. So
a real cubic has either three real roots or one real root plus one conjugate pair, and
(z — 2z1)(z — z1) = 22 — 2Re(21)z + |21]? is a real quadratic factor. Divide it out to
reach the rest.

Worked example — a quartic with a given complex root (WFMO01 June 2025
Q7). f(z) = Pz* =362 + Q2? + 192z + 68 has root 3+ 5i, so 3 — 5i is also a root and

2?2 — 62+ 34 is a factor (sum 6, product 9 + 25 = 34).

Writing f(2) = (22 — 62 + 34)(Pz? + bz + ¢) and comparing: 34c = 68 so ¢ = 2; —6c+
34b =192 so 34b = 204, b = 6; then b — 6P = —36 gives P =7 and ¢ — 6b+ 34P = ()
gives ) = 204. (Check against f(3+5i) = 0: the real equation 644 P+ 16Q +7772-type
balance holds since 644(7)+16(204) — 7772 = 0.) The other roots solve 7z2+6z+2 = 0:

 —6+£436-56 —6+2iV5 —3+iV5
B 14 IV

z
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Without a calculator: only b* — 4ac < 0 arithmetic and the conjugate fact are used.

Roots of quadratic equations

For az? +bx + ¢ = 0 with roots , B: a+ 8 = —2 and a8 = <. Symmetric expressions
in v, B then need no individual roots: a? + 3% = (a+ 8)* —2af, & + 33 = (a+ 8)* —
3af(a + B), and é + % = ";—Jf To build a new quadratic, express the new sum and
product in terms of the old ones; the equation is 22 — (sum)z + product = 0.

Worked example — new roots without solving (WFMO01 June 2025 Q6).
f(x) =32 + kxz — 5 has roots a, 3, so a3 = —%. If o+ =9ap, then —§ = —15, so
k =45 and a + 3 = —15. For roots a? + 3 and o + (%

sum = o’ + 2 + o+ f = (a+ f)* =208 + (a+ ) =225 + P — 15 = G2

product = (&’ + %) + aff + (af)? = —3450 — 2 + 22 = 31340,

Lo _ : 640 31040 _
The new equation is 92° — 1920z — 31040 = 0 (multiply z* — %%z — 252 = 0 by 9).

Numerical solution of equations

Three iterative locators, all needing f continuous on the interval: interval bisection
halves an interval carrying a sign change; linear interpolation

b—
chords from (a, f(a)) to (b, f(b)) and takes the chord’s zero  ~ a — W; the
— fla
Newton—Raphson method - (formula given in the booklet) iterates

Tl = Ty — f(zn)

! " f(@n)
Worked example — bisection and interpolation (WFMO01 June 2025 Q3).
(i) f(z) = 2% 4+ 5 — 87 has a single root « in [0,1]: f(0) =4 > 0, f(0.5) = 5.25 —
825 = _175.77 < 0, so halve: f(0.25) = 5.0625 — 82 = —8.392 < 0. The sign
change sits in [0,0.25]. (i) g(z) = 3% — 3cosz (radians): g(4) = 2.396 > 0 and
g(5) = —0.502 < 0, and ¢ is continuous, so a root 3 lies in [4,5]. Interpolating once:

. Show every evaluation — “calculator-only” answers score nothing.

2.396
N4+ ——————— = 4827 (4s.f).
P4t 53060500~ H8FT (sl
Newton—Raphson (original example). Solve 2° — 2z — 5 = 0 from zy = 2:

f(2) =—1, f/(z) =32z* =20 f/(2) =10 and 1 = 2 — 3 = 2.1; then f(2.1) = 0.061,
f(2.1) = 11.23, 25 = 2.0946. The iterates home in on the true root 2.0946. .. (check:
2.0946° — 2(2.0946) — 5 ~ 40.0005).
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Parabola and rectangular hyperbola

The parabola y? = 4ax has parametric form x = at?, y = 2at; the rectan-
gular hyperbola 2y = hasx = ct, y = ¢. Tangents and normals
come from differentiating the Cartesian equation (parametric differentiation is not re-
quired): y? = 4ax gives g—z = 2;“ = % at parameter ¢, and xy = ¢? gives y = % SO
dy __ c?

__1 —
== =—patz=ct
Worked example — normal to a hyperbola (WFMO01 June 2025 Q4). For
zy =81 at P(9¢,3): g—g = —%} = —, so the normal has gradient ¢*:

y— 2=z -9t) = ty=~+2+9(1-1t".

At the y-axis, A = (0, M) With ¢t = 4: P = (3,27) and A = (0, %), so triangle
OPA has area 3 x 3 x 5 = 40.

The parabola is the locus of points equidistant from the focus (a,0) and the
directrix x = —a. Distances, not algebra, unlock the geometry questions.
Worked example — focus-directrix distances (WFMO01 June 2025 Q9). P lies
on the parabola 5 units from the focus, so P is also 5 units from the directrix (PF =
PM =5, with PM perpendicular to the directrix). Points @), R on the directrix satisfy
PQ = PR = 10. Each right triangle PQM gives QM = /102 — 52 = /75 = 5/3,
and M lies between @ and R, so QR = 10+/3.

M PM

PF

T normal at 1

directrix x

focus (a,0)

y* = 4daz: locus with PF = PM dy 1
atrz =ct: — = ——
dx 2
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Matrix algebra

Matrices add entry-wise (same shape), scale entry-wise, and multiply row-by-column
((AB)ir = >_; AijBjx; AB # BA in general). For 2 x 2 matrices det M = ad — bc:

1 —
zero means singular (no inverse); otherwise M~! = d =0 , and
ad —bc \—c a

MM~! = 1. Inverses reverse order: (AB)™! = B7'A~! — undo the last transformation
first.

Worked example — an inverse that must stay consistent (WFMO01 June 2025

Q1l). M= (il)) _a5> with a # —3:

M= i ()

10 2a
6 —2
and every other entry confirms it, so a = —

i M =2M+8I = _
Given +8 ( ~(5+30)

) , compare entries: = 6 gives 543a = 3,

[\

Transformations using matrices

A 2 x2 matrix M transforms column vectors by y = Mx; its columns are the images
of i and j — read any transformation straight off the matrix. The standard results:

Transformation Matrix

reflection in the
T-axis

reflection in the
y-axis

[y=-—x
cosf —sin@)

tati le 6 .
rotation, angle sinf  cosf

anticlockwise
about O

stretch, factor k
parallel to the
T-axis

(
(
refiction iny =
(
(

IS (1)) (swap for the y-axis)

k0
enlargement, scale 0k
factor k about O

For combinations, AB means "apply B first, then A”. The inverse transformation
undoes it, and |det M| is the area scale factor : areas multiply by the
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determinant (negative determinants add a reflection).

Worked example — describing and combining (WFMO01 June 2025 Q2).
P = _01 (1) maps i — (0,—1)T and j — (1,0)": a quarter-turn clockwise (270°
anticlockwise) about O. Q = 5I is an enlargement, scale factor 5, centre O. Reflection
_01 _01 , 50 A =R(4,3)" = (=3,-4). If Q follows P and maps
Bto A, then B=P1Q'A=P!. %(—3, —4)" = 1(4,-3)" = (0.8,-0.6) - P’s own
inverse is its transpose, so this is arithmetic only.

iny=—xis R=

Yy Yy

/ areas scale by | det M|

/
(¢ /
j — column 2 (2,1) PR e \
< 4 0
N 4
N /
x Y4 x

i— column 1

2 1
M = (1 2>.<:o|umns

are the images of i, j rotation by 6: <

cosf —sin 0)

sinf  cos6

Series

With 3" 7 = gn(n+ 1) (and Y 7% = gn(n + 1)(2n + 1) from the booklet), any
polynomial summand splits into standard pieces — including sums to an even limit 2n
(substitute k¥ = 2n into the standard formulae) and shifted sums like >~ (r + 1)2.
Worked example — a sum to 2n (WFMO01 June 2025 Q8a). Show 32" (272 —
1) = 3n(n+1)(an +b):

2n(2n+1)(4n+1) —6n  2n(8n® +6n—2)  4n(4n®+3n —1)

2n

2n)(2n + 1)(4n + 1)
2312 —on—2. —2n=
21:7 " 6 " 3 3 3 ’

and 4n° +3n — 1 = (n+1)(4n — 1), so the sum is n(n +1)(4n —1): a =4, b= —1.
(Check n=1: 1+7=8and 3-1-2-3=38.)
Proof by mathematical induction

Induction proves a statement P(n) for all positive integers in three
moves: verify P(1); assume P(k); deduce P(k + 1) from it — then close with "true for
n = 1, and truth for n = k implies truth for n = k£ + 1, so by induction true for all
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positive integers n”. The closing sentence is part of the proof. Four assessed families:
summation formulae, divisibility, sequences given by a recurrence, and matrix powers.

Worked example — a summation (WFMO1 June 2025 Q8b). Prove ) "_, r(3r—
2)2=1n*(n+1)(9n—7). Forn=1: LHS=1-1*=1and RHS=1-1-2-2=1 -
true. Assume true for n = k; the (k + 1)th term is (k + 1)(3k + 1)2, so

> r(Br—2)? =k + 1)(% = 7) + (k+ )3k + 1)* = $(k + 1) [k*(9% — 7) + 4(3k + 1)?].

r=1

Expand the bracket: 9k% — Tk? + 36k% + 24k +4 = 9k + 29k% + 24k + 4. The target for
n==k+1is 3(k+1)*(k +2)(9% + 2), and its bracket (k + 1)(k + 2)(9% + 2) expands
as (k? + 3k + 2)(9 + 2) = 9k3 + 29k* + 24k + 4 — identical. So the statement holds
for n = k 4+ 1, and by induction for all positive integers n.

Divisibility (original example). Prove n? + 2n is divisible by 3. For n = 1: 3.
Assume k3+2k = 3m; then (k+1)3+2(k+1) = (K*+2k)+3k*+3k+3 = 3(m+k*+k+1),
still a multiple of 3. By induction, true for all n.

Matrix powers (original example). Prove ((1) 1) = (é Tf) True for n =

k41
1 1 (1 k 11y (1 k+1 )
1. If true for k, then (0 1) = (0 1) (O 1) = (0 1 ), completing the

induction.

Checklist before you call this unit done

o Work with a + bi and r(cosf + isinf): modulus, argument, conjugate; quotients
made real.

o Use conjugate pairs to factor cubics and quartics with real coefficients; find all
roots without a calculator.

o Convert symmetric expressions via o +  and «f3; form new quadratics for trans-
formed roots.

o Locate roots by bisection and linear interpolation with every evaluation shown;
iterate Newton-Raphson from a given start.

o Use y? = 4ax and zy = ¢* parametrics; tangents/normals via Cartesian differenti-
ation; focus-directrix distances.

o Invert 2 x 2 matrices (and (AB)™' = B~'A~!); solve matrix equations entry by
entry.

o Identify reflections, rotations, stretches, enlargements from matrices; combine in
the right order; use | det | as the area scale factor.

e Sum series to n and 2n with the standard formulae; prove series, divisibility, re-
currence and matrix results by induction with a closing statement.
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Further Pure Mathematics 2

Pearson Edexcel - International A-Level - Pure Mathematics

Further Pure Mathematics 2: inequalities, further complex
numbers and differential equations

Further Pure Mathematics 2 (FP2, paper WFM02/01, 1 hour 30 minutes, 75 marks,
first assessment June 2020) builds directly on P1-P4 and FP1 and counts one sixth of
an International Advanced Level. Every unit is equally weighted, so FP2 material can
also surface inside Further Mathematics. P1-P4 assumed content stays live: partial
fractions, parametric and implicit differentiation, integration by parts and substitu-
tion, and the whole FP1 complex-number and proof toolkit. This reference covers
modulus inequalities, the method of differences, Euler’s relation and de Moivre’s the-
orem, loci and z—w transformations, first and second order differential equations,
Maclaurin and Taylor series, and polar coordinates.

Must-know for FP2 (assumed, not re-taught):

Family Formulae

modulus |z| = 2 for > 0 and —x for x < 0; |2| = Va? + b2,
|[2120] = |21][22], arg(z122) = arg z1 + arg 2o

sums Sor=an(n+1), > r? > r® (booklet)

algebra partial fractions, e.g. ﬁ = % — T—i—% (P4)

calculus product, quotient and chain rules; integration by

substitution, parts, partial fractions (P4)

differential equations  separation of variables; exponential growth/decay
y = Aet (P4)

Inequalities involving the modulus sign

Two safe moves and one banned move. Safe: split into cases from the definition of the
modulus (|f| = f where f > 0, —f where f < 0), and square both sides of |A| > |B|
to get A2 > B?. Banned: multiplying or dividing by an expression whose sign you
have not fixed — case-split on that sign instead, and intersect each case with its own
domain.

Worked example — one branch dies (specimen style). Solve |z —1| > 2(z+1).
Where 7% > 1: 2> —2x—3 > 0, s0 (x —3)(z+1) > 0, giving z > 3 or x < —1; keeping
onlyz < —loraxz>1leaves x < —1 or x > 3. Where 22 < 1: 1 —22 > 22+ 2 becomes
(z+1)* < 0 — impossible. The solution is # < —1 or x > 3. A dead branch is a result,
not a mistake: report it.
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Worked example — modulus on both sides (WFMO02 June 2025 Q8). The

1
curve C has equation y = 2] f4 and the line | has equation y = z — 2.
x
1o : : L : :
(a) Solve x — 2 > EEwE The denominator is always positive, so multiply straight
x

through. For x > 0: (z —2)(z +4) > 15z gives 2> — 132 — 8 > 0, so = > %ﬁ (the
other root is negative). For z < 0: (z — 2)(4 — x) > 15z gives —2% — 92 — 8 > 0, i.e.
(x+1)(x+8) <0,s0 -8 <x < —1. Together: -8 <z < —1oraz > %.
15z

(b) Solve |z — 2| > |
(x —2)(Jz| +4) > 152 — part (a) — or (v — 2)(|z| +4) < —15z. The new branch: for
x>0, 224+ 17Tr —8<0gives 0 <z < @; for x < 0, 22 — 21z + 8 > 0 holds for
every x < 0. So the answer is x < @ orr > %ﬁ. The "hence” is real: half of
part (b) is part (a)’s answer.

Squaring (both sides non-negative) turns this into

Y Yy
y=15
*************************************** 134201 ~ 134++/201
C:y= \LI\ZL § :
|z <2| %
z[+4
Ly=x-2
x x
V32117
2
moduli of both sides: z <
32;17 T > 13+%/ﬁ
=
shade where | is above C: —8 <
r < —lorx > @
The method of differences
The method of differences sums a series by splitting the summand (usually
via partial fractions ) so that each term cancels part of a later one — the

middle collapses and only the first and last fragments survive. Write out r =1, r = 2,
r=mn — 1, r = n explicitly and watch what cancels; that display earns the marks.

Worked example — telescoping to a closed form (WFMO02 June 2025 Q5).

- 1 n
Show = . Split:
rzl(r—i-l)(r—i-Q) 2(n+2) P
1 1 1
(r+D(r+2) r+1 r+2
The sum is (% — %) + (% — }L) +--+ (#1 — #2) everything from % to #1 cancels,
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leaving % — n+r2 = m (Check n = 1: both sides %) This is also how inequality
follow-ups are set: " > 0.49 needs n > 98, so the smallest is n = 99 — the
2(n+2)

algebra, not a table of values.

Euler’s relation and de Moivre’s theorem

Euler’s relation e = cos@ + isinf turns the polar form into an expo-

nential: z = re??, and 2" = r"e" becomes pure arithmetic. Read off the companions
1, . ,

cosf = (¢ 4+ ¢7) and sinf = — (e — e7"). De Moivre’s theorem

(cos @ +isin )" = cosnf + isinnd follows, and is provable for every positive integer n
by induction: true for n = 1; if true for k, multiplying (cos k0 + ¢ sin k6)(cos 6 + i sin )
and expanding with the addition formulae gives cos(k + 1) + isin(k + 1)0. For neg-
ative n, take reciprocals and note cos(—nf) + isin(—nf) has modulus 1 and the right
argument.

Worked example — a multiple-angle identity (WFMO02 June 2025 Q9). Ex-
pand the imaginary part of (cos® + isin#)® by the binomial theorem:

Im = 5¢*s — 10c?s® + 5°  (c = cosf, s = sinf).

De Moivre says this equals sin56. Substituting ¢* = 1 — s%: 5s(1 — s%)2 — 10s*(1 —
s?) + s = 16s°> — 20s® + 5s, so

sin 50 = 16sin® 6 — 20 sin® A + 5sin 6.

Setting 50 = 7 gives 16s* —20s? +5 = 0, so s? = 5if and sin T = \/5 VG _ \/10 2v5

35” , and mdeed sin 3% .- is the larger root

Worked example — fifth roots (WFMO2 June 2025 Q1). Solve 2° = —2v/2 —
2v/6i. Modulus /8 + 24 = /32 = 4\/5; the argument is —%’r (third quadrant, tan =
\/3) So

— take the smaller root because sm I < sin

2= (4V2)1/5 il=2m /151 2mkf5) — (/3 i(FHHEY) g =0,1,2,3,4,

7'('

five roots spaced apart on the circle |z| = /2. Use the nth-root pattern
r el0+2mk)/n never decimal approximations.

Loci, regions and z—w transformations

Locus toolkit in the Argand diagram: |z — a| = b is a circle (centre a, radius b);
|z—a| = |z—b| is the perpendicular bisector of a and b; |z—a| = k|z—1|
with k # 1 is a circle (square both sides and collect terms); arg(z —a) = § is a half-line
from a. Regions replace = by < or >: test one convenient point (the origin rarely lies
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az+b

on the locus). For Mdbius transformations w = ot never try to
cz
substitute point-by-point: make z the subject first, then take moduli (or arguments)
of both sides. A circle through the pole z = —‘El maps to a straight line; a circle not
through the pole maps to a circle.
i
Worked example — image of a circle (WFMO02 June 2025 Q3). w = i+ '
z
(z # —1) maps P, where |z| = 1, to a line l. Making z the subject: z(w +1i) = 9i — w,
9 —
s02=2"" Then |z| = 1 forces
w

19i —w| = w+i| = ¥+ @w-9 =uv*+(v+1)? = 81 —-18v=2v+1,

so 20v = 80 and 1 is v = 4 — the perpendicular bisector of 97 and —i, exactly as the
equal-moduli reading predicts. Spot-check with the endpoints of the vertical diameter:
z=1+5+4iand z = —i — —5 + 44; both land on v = 4.

A9
x
7 N
d Ay
,l d AN
Y / \equal
A Y \\
N
7 AN
L7 vF4 N
AN . 4 .
N ,
AN //
N 7
. 7 equal
> T > U
Ay d
z = —1\(pole) S
—1
lw — 9] = |w + 4
-1t the bisector of 97 and —i

circle through the pole — a line

First order differential equations

d
Separable equations are assumed. The new standard form is d_y + Py =@ with P,Q
x

edex

functions of z: multiply by the integrating factor , chosen so the

d
left side becomes T (yef P dm), then integrate once. For a given substitution (say
x

2
z = f(y)), compute . by the chain rule, rewrite the equation in z and z, solve
T

the (now linear or separable) equation, and substitute back — the question names the
target form, so end in it.
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d
Worked example — integrating factor warm-up. d—y + 2y = e ef2dr — o2
T

d
SO d—(yez"”) =e® and ye*® = e+ C,ie. y=e %+ Ce ™22,
x
Worked example — a substitution then an integrating factor (WFMO02 June

d
2025 Q6). Equation (I) is Qd—y +ycotz+y tanwsecr =0on 0 <z < I.
T

dz d d dz
(a) With z = &, = = —2y’3—y, so 22 — —y?—=. Substituting and dividing by y?:
p V7 dx dx dz dx
= +y 2cotx +tanzsecr = 0, i.e.
dz
dz
— — zcotx = tan x sec II).
5 —2cote nxsecx (II)
: : : — [cotzdx d
(b) The integrating factor is e = ¢scx, SO d—(z cscx) = cscrtanxsecr =
x
1
5 = sec’ z. Hence zcscx = tanx + C, giving 2 = sinz tanz + C'sinx and
cos? x
v = !
sinztanx + C'sinz’

1922%55022\?:%-\/%+%,f0rcing0:m. At v = I:

1

(c)

At x
2
z:%g-\/g+ﬁ§'£:%+i:§,soy2:4andy:j:—. Both signs are answers

2 7 \/?

=3E

— 42, not y, was determined.

Second order differential equations

d? d
For ad—z - bd—y + cy = f(x), the general solution is CF + PI: the complementary
x T

function solves the homogeneous equation via the auxiliary equation
am? 4+ bm + ¢ = 0; the particular integral is any single solution of the
full equation.

Auxiliary equation Complementary function

distinct real roots my # my y = Ae™* 4+ Be™®

repeated root m y=(A+ Bx)e™

complex roots p =+ ¢i y = eP*(Acos qr + Bsinqr)
Right-hand side f(z) Trial PI
kep* el if p is a root, use AzeP” (again if repeated)
a + bx(+ca?) A + px(+vr?) — every degree present
M COS W + N Sin wx Acoswx + psinwx
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Given initial or boundary conditions, find the constants last, from the full general
solution.

Worked example — resonance, then conditions (WFMO02 June 2025 Q4).
2

Given that y = \ze3® is a particular integral of 4% — 11% — 3y = 78e*
(a) ¥ = Ae®*(1 + 3z) and y” = Ae®* (6 + 9z), so the left side is Ae®* (24 + 36z — 11 —
33x — Sx) = 13)\e*. Matching 78¢3* gives A = 6. (The plain trial \e3* would give
0 - €3 — hence the extra x.)

(b) Auxiliary equation 4m? — 11m — 3 = (4m + 1)(m — 3) = 0, so m = —1 or 3:
y = Ae*/* 4 Be’® + 6xe’®.

(c) W1t3h y=3%andy =0atz=0: A+B =13 and ——+3B+6 = 0. Solving, A = 6,
B = SO

y = 6e "/t — 363 4 6e”

Maclaurin and Taylor series

= £(n)((
Zf (0)

The Maclaurin series of f is ' " — differentiate as many
n!
n=0
times as the question asks (third and higher derivatives are examinable in their
own right) The Taylor series about x = a replaces x by the offset:

Z ‘( )(x — a)". For a differential equation, differentiate the equation itself to
n!

Chmb the derivative ladder: y(a) and 7/(a) feed the equation for 3”(a), then the
derivative of the equation for ¥ (a), and so on — never re-derive, differentiate.

Worked example — a series solution about a non-zero centre (WFMO02 June
2

d dy
2025 Q2). Given oY Y — 5y = e?*/? withy =2 and y = —1 at z = 3:
dz? dx

at © = 3 3 = 4y + 5y + €23 = —4 410 + e¥? = 6 + €?/3, so the quadratic
term is 1(6 + €*?)(z — 3)? = (3 4 1€*/3)(x — 3)?. Differentiating the equation, y"” =
4y" + 5y + 220 so at x = 3: Y = 4(6 + €*/?) — 5 + 23 =19 4+ £e2/3 and the
cubic term is #y”(z — 3)®. The series is

y=2—(z—3)+ (3+3¥%) (z =3 + (2 + 8e*?) (2 — 3)%.

Polar coordinates and areas

In polar coordinates a point is (r,0) with » > 0 measured from the initial
line (the positive z-axis, 6 anticlockwise). Convert with z = rcosf, y = rsin6,
r? = 2% + y?: for example r = 4 cos 0 gives 72> = 4rcos 0, i.e. 2>+ y?> = 4x — the circle

(r — 2)* + y* = 4. Know the sketch staples: r = 2acosf (circle on the initial line
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through the pole), r = k6 (spiral), r = a(1 + cos ) (cardioid ), m = acos 20
(four petals), r* = a? cos 20 (lemniscate , existing only where cos 260 > 0). The

area swept from # = « to 3 is % / r? df; tangents parallel to the initial line occur
(0%

dy dr
where 0= @sm9—|—rcosé’ = 0.
Worked example — exact areas. The whole lemniscate r? = 8cos20: by sym-
metry the right loop is 5 fw/ 8cos20df = 4[ sin 29] ) = 4, so both loops enclose
—7/4

total area 8. The cardioid r = 2(1+cos6): 1 [T 4(1+cos6)?d) =2 7 (1+2cosf+
cos?0)df = 2(2m + 0 + m) = 6, since [ cos2 0di = .

(’\_/ r?2 = a® cos 26:

= a(1+cos#): cardioid lemniscate,
sector %TQ do

r = 2acos0: circle
on the initial line

Checklist before you call this unit done

 Solve modulus inequalities by case split and by squaring; handle |z| inside denom-
inators; report dead branches; reuse an earlier part when "hence” appears.

o Sum finite series by partial fractions and cancellation, writing the r =1,2,n—1,n
lines; close the follow-up inequality by algebra.

« Use ¢ the exponential forms of cos and sin, and de Moivre (proved for integer
n) to expand multiple angles and powers, and to find all nth roots in exact polar
form.

o Sketch circles, bisectors, Apollonius circles and argument half-lines; test regions;
make z the subject of a Mobius transformation and equate moduli or arguments.

e Solve j—g + Py = @ with an integrating factor; execute given substitutions and
answer in the form demanded, minding + from 2.

e Solve second order equations via auxiliary equation and trial PI (including the
multiply-by-z resonance), then fit initial conditions.

e Build Maclaurin and Taylor series, including series solutions of differential equa-
tions by differentiating the equation.

» Sketch polar staples, convert to and from Cartesian, and evaluate exact areas with
1 f r? df
5 .
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Further Pure Mathematics 3

Pearson Edexcel - International A-Level - Pure Mathematics

Further Pure Mathematics 3: hyperbolic functions, conics,
vectors and matrices

Further Pure Mathematics 3 (FP3, paper WFM03/01, 1 hour 30 minutes, 75 marks,
first assessment June 2020) is the last pure unit: P1-P4 and FP1 are assumed and
may be tested. It adds the hyperbolic functions and their inverses, the ellipse and
hyperbola with their focus-directrix properties, the remaining differentiation and in-
tegration techniques (reduction formulae, arc length, surfaces of revolution), vector
products with lines and planes in three dimensions, and matrix algebra up to eigen-
values and diagonalisation. This reference covers all of it, with the June 2025 paper
as the worked spine.

Must-know for FP3 (assumed, not re-taught):

Family Formulae

calculus product, quotient and chain rules; integration by parts and by substitution (P4, FP2)
trigonometry sec?f =1+ tan?6, tan 6 = 524 double angles

vectors (P4)  a-b = aib; + asby + agbs, cosf = ﬁ

matrices 2 x 2 inverse, (AB)~! = B7!A~!, transformation matrices

(FP1)

exponentials ™ = x, quadratic-in-e” substitutions, In laws

Hyperbolic functions

The hyperbolic functions are built from exponentials: coshz = %(e’”%—e*‘”)

1 sinh z

and sinhz = >(e* — e™%), with tanhz =
cosh

5 . The graph of cosh is the catenary

, even with minimum (0, 1); sinh is odg through the origin; tanh is odd and
trapped between the asymptote lines y = +1. The two identities to derive on
demand are cosh? z —sinh? z = 1 and cosh 2z = cosh?  + sinh? z; the sum-to-product
identities mirror the trigonometric ones.
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A
sinhz /)
tosh & /)

SIDRT o inded by +1
hz

tanhx =

cosh x
sinh «

[l
S
—

(¢))

Worked example — an identity from the definitions (WFMO03 June 2025
Q1). Show that cosh 6x + cosh 4z = 2 cosh 5z cosh z. From the left:

L™ +e )+ Le* + e7*) = $(e" + e7)(e" + ") = 2cosh 5 cosh z,

pairing €% = e°%¢e® with e %% = ¢75%¢~% and likewise for the 4x terms — every step is

bookkeeping with products e**e*>*, which is why the marks demand the exponential
forms before any cancellation. Then solve cosh 62 + cosh4x = 8 coshx: the identity
collapses it to cosh z(2 cosh 5z — 8) = 0, and cosh is never zero, so cosh 5z = 4, giving
5z = tarcosh4 = £In(4 4+ V/15) and = = L In(4 + V/15).

Worked example — a cosh—sinh equation (original). Solve 2 coshz +sinh z = 2:
the exponential definitions give 2- 3(e” + € ) + 3(e* —e ) = 2,80 3" + ¢ =4, ie.
3e* —4e”"+1=0,ie (3¢ —1)(e®—1) =0, and = 0 or x = —In3. Check both in
the original equation — no squaring is ever needed.

Inverse hyperbolic functions

The inverses exist as single functions because sinh and tanh are one-to-one and cosh
is one-to-one for x > 0; their graphs are reflections in y = z of the restricted originals.
The logarithmic equivalents must be derivable, not just quoted:

2 l1-z

arsinhz = In (m + Va2 + 1) , arcoshz =1In (x + Va2 — 1) (x>1), artanhz =1lnE (jz| <1).
Derivation pattern (arsinh). Set w = sinhz = 1(e”—e™"): then 2" —2we”—1 =0,
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so ¥ = w + vw? + 1 (the negative root is rejected because e* > 0) and z = In(w +
Vw? 4+ 1). The same quadratic-in-e* structure solves every mixed hyperbolic equation
exactly.

The ellipse and the hyperbola

72
The ellipse —2 + ?;— = 1 has parametric form z = acost, y = bsint; the
x2
a2
y = bsinht (the right branch). The eccentricity e ties everything to the
focus —directrix property PS = e- PN (distance to focus = e x distance

to directrix): for the ellipse b* = a*(1 — €?), foci (Fae, 0), directrices z = +%: for the
e

2
hyperbola — y_2 = 1 has x = asect, y = btant and also x = acosht,

hyperbola b? = a?(e? — 1) with the same focus and directrix formulas.

Y

P 4 |

ellipse: b = a?(1 — €?), and hyperbola: b2 = a%(e? — 1),
r = e X d at every point x = acosht,y = bsinht

Worked example — eccentricity and foci (WFMO03 June 2025 Q9a). For H:
2 2

r Y _ _ 2 _ 113 V113, :
a—4—9—1 a® = 64, b* = 49, 50 49 = 64(e* — 1), e = 2 and e = ¥22; the foci are

(+£/113,0).

Tangents, normals and loci

Substituting y = mx+-c into the conic and forcing a zero discriminant gives the tangent
condition: ¢* = a?m?+b? for the ellipse, ¢* = a®m?—b? for the hyperbola (so |m| > 2 is
needed there). At a parametric point, differentiate instead — no discriminant required.
Loci problems replay FP1: distances to foci, midpoints, or a fixed ratio.

Worked example — tangent, normal and a focal circle (WFMO03 June 2025

dy 7sec? 0 7sech
At P H: -
Q9b—e). At P(8secf,7tanf) on Jr  Ssocftanf  Stand’

so the tangent is
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gsect — Ztan 6 = sec? 0 — tan?60 = 1,

meeting the y-axis at @@ = (0, —7cot §); the given normal 8z cos# + Tycotd = 113
meets it at R = (0, % tan#). The circle on diameter QR (endpoints ¢, on the y-
axis) has equation 2%+ (y — 4£7)% = (*5%)?, which contains a point (z,0) exactly when
2? = —qr. Here qr = —Tcot 0 - 3 tanf = —113 for every 6, and 113 = (V/113)?

exactly the squared focal distance — so both foci (:l:\/m, 0) lie on the circle. The 6

cancelling is the point of the question.

Differentiating hyperbolic and inverse functions

d d
—sinhx = coshx, — coshx = sinhx, — tanhz = Sech2a: and from the inverses:
dz ) dz p dalc

arsinhxz = —arcoshe = ——, — artanhz =

1
dx \/332 " dx 22— 1 dx 1 — a2

by inverting y = f(x ) and differentiating implicitly, and each valid only on its domain.

—each provable

Worked example — inverse derivatives on a restricted domain (WFMO03

1
June 2025 Q4). For y = arsinh x 4 arsinh — with > 0:
T

dy 1 —1/x2? 1 1 x—1

dr \/1+ac2 \/1—|—1/x2 Vita? avita® a/lta?
where x > 0 turns V22 into x — the domain condition is doing real work. Setting

d
dy = 0 gives z = 1 and y = 2arsinh 1 = 2In(1 + /2).
x

Integrating hyperbolic and inverse functions

The standard results mirror the derivatives. Complete the square first for surd de-
nominators, and handle inverse functions by parts — take u as the inverse function and
1 as the rest:

Worked example — both techniques (WFMO03 June 2025 Q2). (i)

: since 422 + 8¢ + 9 = 4((x+1)2+3), the integral is

/\/4x2+8x+9 (< ) 4) &

1 d — Larsinh =2~ 2 + ¢ (differentiate back to check).  (ii)

) V1) +5/4 2 \/5 '
arcosh 3z dx = xarcosh3r — | ——=dx = rarcosh3x — zv922 — 1+ c.

/ e X
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Substitutions, reduction formulae and surfaces of revolution

Four integrals to know cold, each via z = asinht (or z = atant, acoth-type splits):

dx dx x dx 1 x
\/m arsmh —i— c, \/11727 = arcosh - +c, pomrn Rl arctan - +c,
dx r—a
/ - = i In ’ n + ¢. A reduction formula expresses [, through
x?—a r+a

I, (or I, 5): integrate by parts with the surd as v, then rewrite the leftover surd
integral using the definition of I,,. Arc length and the surface of revolution

need s = /\/ 1+ (%)de and S = 27r/y\/ 1+ (%)Qd:v (parametrically,
s = [ /@2 + g dt with y\/3?+ y? for S).

Worked example — building a reduction formula (WFMO03 June 2025 Q5).
6

T
With I, = —_d,tk =2"and v = 2/3z — 2
i /1 T x, take u = " and v = 5V 3%

I, = [2e"V/3 7] / VBT~ 2de =S8 231, 2, ),

to expose I, and I,,_;. Collecting: (3 + 6n)l, = 4nl, | +

-2
using /3x — 2 =
& \/ T — 2

86" — 2. Seed with Iy = 2(4 — 1) = 2 and I; = 6 (by direct substitution), then
151, = 8(6) + 8(36) — 2 = 334, and 21/3 = 12 - 331 4 8(216) — 2, giving I3 = 2322,
Worked example — a surface with a sinh substitution (WFMO03 June

2025 Q7). Rotating y = cos2z, 0 < = < %, through 27 about the x-axis

/4
(calculator-banned): S = 27r/ cos 2z 1 + 4sin? 2z dr. With 2sin2x = sinh 6, so
0

2

between 0 and arsinh2 = In(2 + v/5), so S = = (2v5+In(2+V5)) — the cos2z
factors cancel exactly, which is why the substitution is supplied.

4cos2xdr = cosh@df, the integral becomes = /cosh2 0do = % [sinh 6 coshd + 0

Vectors: products, lines and planes

ik

The vector product axb = |a; ay az|is perpendicular to both factors
by by b3

with |a X b| = |a||b|sin# — the parallelogram area. The scalar triple product

a- (b x c) is the signed parallelepiped volume; zero means the three vectors are
coplanar. Lines: r =a+tbor (r—a) x b =0; planes: r-n = p or r = a+ sb + tc with
x-n—p|

]
skew lines . project the offset between anchor points onto the common
normal b; X bs.

n = b x c¢. Distance from a point to a plane: ; shortest distance between
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rea
= |a x b|

: A7

& g b

la x b| = |a||b|sin® V = |a- (b X c)|: base area x height
is the parallelogram area

Worked example — planes to lines to distance (WFMO03 June 2025 Q8). For
Il :r=(4,2,—-1) + A\(7,5,—6) + p(—3,1,2): the normal is (7,5, —6) x (—3,1,2) =
(16,4,22) = 2(8,2,11), and substituting the anchor point gives r - (8i + 2j + 11k) =
32 +4 — 11 = 25. Intersecting with Il : © —y + 2z = T7: the line direction is
(8,2,11) x (1,—1,1) = (13,3,—10) and a point solving both planes is (£, —%,1),
so (r— (£, -4,1)) x (13,3,-10) = 0. The line through A(2,1,3) and B(3,0,2) has
direction (1, —1, —1); the common normal is (13,3, —10) x (1, —1, —1) = (—13, 3, —16),
and the shortest distance is

[(—%,%2,2) - (-13,3,-16)] |2 +%-32] 11
V434 B V434 /434

Further matrix algebra

Determinants and inverses extend to 3 X 3: expand along any row or column (signs

1
+ -+ - +-); At = detA(adjugate), the adjugate being the transpose of the

cofactor matrix. Singular matrices (det = 0) have no inverse and collapse
dimension. (AB)?T = BTAT and (AB)™! = B~'A~!. An eigenvalue A with
eigenvector v satisfies Av = \v — row by row, each component of Av equals
A times the corresponding component of v (not A itself). Given v, read A off any row
with a nonzero product; otherwise solve det(A — AI) = 0 and back-substitute. For a
symmetric A, eigenvectors for distinct eigenvalues are orthogonal, and an orthogonal
matrix P of normalised eigenvectors diagonalises it: PTAP = D.

Worked example — eigenvalues from a given eigenvector (WFMO03 June 2025
Q3). M = é _al 2 has eigenvector i+ 2j +k. Row 1: 1 —2+4 =3 = 3(1), so
A = 3. Row 2:a3+12a+bb must equal Ax2 = 6, and row 3: a+240b must equal Ax1 = 3.
So 2a+b = 3 and a+b = 1: subtracting, a =2and b= —1. With M = ;) _21 —41

2 1 -1
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the trace is 2 and, expanding along row 1, det M = 1(—2+41)+1(—3+4+2)+4(3—4) =
—1 —1—4 = —6. The remaining eigenvalues then sum to 2 — 3 = —1 and multiply
to %6 = —2: they are 1 and —2. Eigenvectors: for A = 1, solving (M — I)v = 0 gives
—y+4z=0and 3x+y—2=0,s0v=(—1,4,1); for A\ = -2, (M+ 2I)v = 0 gives
3r—y+4z=0and 2z +y+2=0,s0v=(—1,1,1) (both row-checked). Trace and
determinant are the free verification: 3+1—-2=2v and3-1-(-2)=—6 V.

Worked example — singular and inverse with a parameter (WFMO03 June

1 k2
2025 Q6). A =[5 3 —2|: detA = 1(12 — 2) — k(20 + 12) + 2(—5 — 18) =
6 —1 4

—36 — 32k, so A is singular when k = —%. The adjugate (transposed cofactors) gives

10 —4k—-2 —-2k—-6
—32 —8 12
—-23 6k+1 3-05k

1
Al ——
—36 — 32k

Sanity-check the (1,1) entry of the product: (1, k,2)-(10, —32, —23) = 10 — 32k — 46 =
—36 — 32k, which cancels against the determinant to give 1 v'.

Checklist before you call this unit done

e Define cosh, sinh, tanh from exponentials; derive the core identities; solve mixed
equations via e quadratics with exact In answers.

o Derive the arsinh, arcosh, artanh log forms; differentiate inverses with domains re-
spected.

« Use ellipse and hyperbola parametrics; convert between b? = a?(1—e?) and a?(e? —
1); place foci and directrices; find tangents/normals at parametric points and via
the y = max + ¢ condition ¢® = a?*m? & b°.

« Differentiate and integrate hyperbolic and inverse functions, including by parts for
f arcosh-type integrands.

o Know the four surd/rational standard integrals; build reduction formulae by parts
and iterate; compute arc lengths and surfaces of revolution exactly.

o Compute a x b and a- (b x ¢) with their area and volume meanings; move between
plane and line forms; find point-to-plane and skew-line distances.

o Evaluate 3 x 3 determinants, invert via the adjugate, handle the singular case,
find eigenvalues/eigenvectors (normalised when asked) and diagonalise symmetric
matrices with an orthogonal P.
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