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Reduction formulae, arc length and surfaces of revolution

Objective
Derive and iterate reduction formulae by parts, and compute arc lengths and areas of
surfaces of revolution exactly in cartesian form (FP3 4.5–4.6).

1 Key knowledge and worked examples

Formulas. Arc length s =

∫ √
1 +

(
dy

dx

)2

dx; surface area S =

2π

∫
y

√
1 +

(
dy

dx

)2

dx (curve rotated 2π about the x-axis). Reduction formulae:

integrate by parts so that the leftover integral can be rewritten in terms of In and
In−1 (or In−2) – expand surds like

√
f(x) =

f(x)√
f(x)

to expose them.

Worked example – building one (WFM03 June 2025 Q5). With In =∫ 6

1

xn

√
3x− 2

dx: parts with u = xn, v = 2
3

√
3x− 2 gives In = 8·6n−2

3
− 2n

3
(3In−2In−1),

so (3 + 6n)In = 4nIn−1 + 8 · 6n − 2. Seeding I0 = 2, I1 = 6: I2 =
334
15

and I3 =
3322
35

.

2 Practice
2.1 Find the length of the curve y = x3/2 from x = 0 to x = 4, giving an exact answer.[4]
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2.2 The curve y = coshx, 0 ≤ x ≤ ln 2, is rotated through 2π radians about the x-axis.
Find, exactly, the area of the curved surface generated. [4]

2.3 Let In =

∫ π/2

0

sinn x dx. (a) Show that, for n ≥ 2, nIn = (n− 1)In−2. (b) Hence find
I4. [5]

3 Exam-style questions

3.1 (Edexcel IAL WFM03 June 2025 Q5.) In =

∫ 6

1

xn(3x− 2)−1/2 dx, n ≥ 0. (a) Show
that, for n ≥ 1, (3 + 6n)In = 4nIn−1 + 8× 6n − 2. (b) Use the reduction formula in part

(a) to determine the exact value of
∫ 6

1

x3(3x− 2)−1/2 dx. [9]

Pearson Edexcel ·International A-Level ·Pure Mathematics • 7.5 Reduction formulae, arc length and surfaces of revolution 2



3.2 (Edexcel IAL WFM03 June 2025 Q7a.) The curve with equation y = cos 2x, 0 ≤
x ≤ π

4
, is rotated through 2π radians about the x-axis. Show that the area of the curved

surface generated is S = 2π

∫ π/4

0

cos 2x
√

1 + 4 sin2 2x dx. [3]
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