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Maclaurin—Taylor series and polar coordinates

Objective

Derive and use Maclaurin and Taylor series (including series solutions of differential
equations by differentiating the equation), convert between polar and Cartesian forms,
sketch the standard polar curves, and evaluate exact polar areas with % f r?df (FP2
6.1-6.4, 7.1).

1 Key knowledge and worked examples

(0
/ '( )L”, Taylor about a: f(z) =
n!

Series machinery. Maclaurin: f(z) =

(n)
> ! '(a) (x — a)™. For a differential equation, climb the ladder by differentiating
n

the equation itself: y(a), y/(a) give y”(a); differentiating gives " (a); and so on. For
polar curves, x = rcosf, y = rsinf, r> = 22 + y2, and the area swept from « to 3 is

1 ﬁ?

Worked example — a series solution about a non-zero centre (WFMO02
June 2025 Q2). For v/ — 4y — 5y = ¥/ with y = 2,9/ = —1l at z = 3: at
z=3,y" =4y +5y+e’® =6+ ¢*/3, and differentiating, y” = 4y” + 5y + 2e*/%, so

y"(3) = 19+28e%3. Hence y = 2—(z—3)+ (3 + 3e¥/3) (z—3)+ (%2 + 2e*?) (¢ —3)%.

Worked example — exact polar areas. Lemniscate > = 8cos26: the right loop
is %ffT/rZSCOSQHdQ = 4, so total area 8. Cardioid r = 2(1 + cosf): 1 [" 4(1 +
cos0)2df = 2(2m + 0 + ) = 6.

2 Practice

2.1 Find the Maclaurin series of In(1 + 2x) up to and including the term in 3, stating
the range of validity. 3]

2.2 Find the first three non-zero terms of the Maclaurin series of sin x cos x. 2

w

2.3 Convert r = 4 cos 6 to a Cartesian equation and describe the curve.

2.4 Find the exact area enclosed by the cardioid r = 2(1 + cos ). 3

3 Exam-style questions

d
3.1 (Original.) Given that d—y =22+ yandy =1 at x =0, find the Taylor series for y
x

about x = 0 up to and including the term in 2°. [6]



d? d
3.2 (Edexcel IAL WFMO02 June 2025 Q2.) Given that y satisfies d—z - 4d—y — by = e2*/?
T T

i
and that y = 2 and ;—y = —1 at x = 3, find the Taylor series for y about x = 3, up to
-

and including the term in (z — 3)3. (8]




Solutions

21 f' =5 [ = g [ = 1 HW, at 0: 0,2,—4,16. So In(1 + 2x) = 2z — 22* +
828 — .- valid for [27] < 1,ie. —% <z < 3.
2.2 sinzcosz = $sin2z = 3 {21‘— <22>3 + (?22)5 — | =a— g2t pad —

2.3 Multiply by r: 72 = 4rcosf, so 22 + y? = 4z, i.e. (z — 2)? + y? = 4: a circle, centre
(2,0), radius 2, through the pole.

2.4 1 [T 4(1+ cosf)?df = 2 [" (1 +2cosf + cos?0)df = 2(2m + 0 4 7) = 67 (since
J7 cos? 9d0—7r).

3.1 y/(0) = 0+ 1 = 1. Differentiating the equation: y” = 2z + y S0) y "0)=0+1=1.
Again: y” = 24", so y”"(0) = 3. The series is y = 1 + 2 + & 4z %. (Check at the
centre: the equation gives y”(0) = 2(0) + ¢'(0) = 1, matching the series’ quadratic term
1,nm 1 \/)

3Y ( ) 7 V-

32 Atx =3 ¢y =4y + 5y +e¥3 = —4 410+ €*3 = 6 + ¢*?. Differentiating the
equation: y” = 4y + by + 2% so0 y"(3) = 4(6 + €¥/3) — 5 + 2e*/3 = 19 + B3,

Therefore y = 2 — (z — 3) + wa (z—3)*+ ww —3)B3 ie. y=2—(z—3)+
(3+56%) (w=3)" + (§ + 7¢"%) (w = 3)°.

Local review guidance: derivatives obtained by differentiating the equation, not by guess-
ing the function; factorial divisions correct term by term; polar areas use 1

3r? inside the
integral with exact trigonometric integrals. This is authored classroom guidance.




