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Integrating hyperbolic and inverse functions

Objective

Integrate hyperbolic expressions, use the four standard surd/rational forms, complete the
square under surds, and integrate inverse functions by parts (FP3 4.1-4.4).

1 Key knowledge and worked examples

Standard forms / dx inh © & / dx We
. ———— = arsinh= 4+ ¢, [ ——= = arcosh= + ¢,
z? 4 a? a 2 — a2 a

r—a + ¢. Complete the square
a

dz L arctan  + dx 1
———— = -arctan— +¢, [ ——= = 5-1In
2 4+ @2 a a ? 2 — g2 2a

first when the quadratic has a linear term. For [(inverse function)dz, integrate by
parts with the inverse function as v and 1 - dx as dv.

Worked example — both techniques (WFMO03 June 2025 Q2). (i) 42 +

dx 2x + 2
8¢ 4+ 9 = 4((z+1)2+3), so —— = lainh=™——= + ¢ ii
( i) 241.T2+8.’E+9 2 NG (i)
3z dx
arcosh 3z dz = zarcosh 3z — | ——— = zarcosh3z — +v922 — 1 4 ¢.
/ V9r2 —1 3

2 Practice

2.1 Find / sinh® z cosh z dz. 3]

dx
2244

1
2.2 Evaluate /
0

dx
2.3 Find | ———.
1n /az279

2.4 Fi d/ du
. mn —_—.
vV +9

3 Exam-style questions

3.1 (Edexcel IAL WFMO03 June 2025 Q2.) Determine

) dz
O e —
Vidx? 48z +9
(ii) /arcosh 3z dz.
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3.2 (Original.) Evaluate / arsinh z dz, giving your answer in exact form.
0




