Exercise walk-through

Euler’s relation, de Moivre’s
theorem and complex roots
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Further Pure Mathematics 2

Further Pure Mathematics 2: inequalities, further complex numbers and
differential equations

m solve inequalities involving the modulus sign, and sum series by the method of
differences:

m use Euler’s relation and de Moivre’s theorem, and find the nth roots of
complex numbers;
m sketch loci in the Argand diagram, and find images under transformations

__ azt+b.
W= cz+d’
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Further Pure Mathematics 2

Euler’'s relation and de Moivre's theorem

m Euler’s relation IS

m So a complex number with modulus r and argument 6 can be written z = re

and then z" = ren?.

1

, , 1
m It also gives cosf = 3 (e’e + e_’e) and sinf = —
i

(ei0 _ e—i@)_

m De Moivre’s theorem states that

e — cos@ + isin 6
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Further Pure Mathematics 2

Figure: Second order differential equations

ydistinct real roots Y repeated root (g‘omplex roots p + qi
A A A
\ /\ \ /\ envelope ep,’L" p < 0
> U > T \/ \/: i
Ae™T 4 Be2® (A + Bx)e™*® eP* (A cos qxr + B sin qx)

m The roots of the auxiliary equation set the shape of the complementary
function; here every root has a negative real part.

m Match each part of the diagram to the text.
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Exercises 2.1:2.2

2.1 Use de Moivre’s theorem to express cos 360 as a polynomial in cos 6.

2.2 Express sin®# in the form asin @ + bsin 36.
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Exercises 2.1:2.2

2.1 Use de Moivre’s theorem to express cos 360 as a polynomial in cos 6.

Im

2.1 Real part of (c+is)3: ¢ —3cs? = ¢ — 3¢(1 — ¢?) = 4cos® 0 — 3cosb.

2.2 Express sin®# in the form asin @ + bsin 36.

2.2 From sin 30 = 3s — 4s® (imaginary part of (c + is)?): sin® 6 = 3 sin# — 1 sin 30.
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Exercise 2.3

2.3 Solve 2% = 8i, giving the roots in the form re? with exact 6. (4]
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Exercise 2.3

2.3 Solve 2% = 8i, giving the roots in the form re? with exact 6. (4]

2.3 8i = 82, s0 z = 2eH™/6+2mk/3) f = (,1,2: 2e/6 27/6 2¢137/2 (Check: the
product of the roots is 8e!(™/6+5m/6437/2) — Qei7/2 — 8; ' matching 22023 = —(—8i).)
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Exercise 3.1

3.1 (Original.) (a) Show that cos*d = £(3 + 4cos26 + cos46). (b) Hence evaluate

/2
/ cos™ 6 dé. (7]
0
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Exercise 3.1

3.1 (Original.) (a) Show that cos*d = £(3 + 4cos26 + cos46). (b) Hence evaluate
/2

/ cos™ 6 dé. (7]
0

3.1 (a) cos*f = (Hzﬂ) 4 (1 + 2 cos 260 —|— Ltcosdd) = L1(3 + 4cos26 + cos4f). (Or:

real part of (cosf + isinf)? is ¢* — 6c%s® + s*; substitute ¢? = 122820 g2 — 120320 ) ()
/2

/0 £(3+ 40820 + cos40) df = £ [30 + 2sin 260 + isinllﬂg =1.Z =2
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Exercise 3.2

3.2 (Edexcel IAL WEMO02 June 2025 Q1.) (a) Express —2v/2—2+/6i in the form r(cos 6+
isinf), where r > 0 and —7 < @ < 7. (b) Hence solve z° = —2v/2 — 21/6i, giving your
answers in the form re®, r > 0, —7 < § < 7. 8]

@ exercises.lol exercises.com.cn



Pearson Edexcel - International A-Level - Pure Mathematics

Exercise 3.2

3.2 (Edexcel IAL WEMO02 June 2025 Q1.) (a) Express —2v/2—2+/6i in the form r(cos 6+
isinf), where r > 0 and —7 < @ < 7. (b) Hence solve z° = —2v/2 — 21/6i, giving your
answers in the form re®, r > 0, —7 < § < 7. 8]

Im

3.2 (a) Modulus \/(—2\/5)2 + (—2v/6)% = /32 = 4v/2. Both components negative, and
tanf = Y& — /3 gives a reference angle 7,50 0 = —7+% = 2“ c 42 (cos Z.(=1).. .),

V2
Le. 4v2(cos(—Z) +isin(—Z)). (b) z = (4v2)"%e i(= 2”/3“”) V2B g =
0,1,2,3,4, ie. arguments e —Hr 21 _ 27 = =5 (all in

—7T<0<7T = {\/_6 2mi/15 \/_647m/15 \/_6271'1/3 \/_67147m/15 \/_6787r1/15}

Local review guidance: modulus and argument found exactly with the correct quadrant;
roots carry the 2 spread and land inside the stated argument range; power identities
simplified with ¢? + s? = 1 substitutions. This is authored classroom guidance.
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