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2.8 Stationary points
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Objective

d
Find stationary points from Y _ 0, classify them with the derivative’s sign or the

x
second derivative, identify increasing and decreasing stretches, and solve practical maxi-
mum /minimum problems. Original teaching questions for specification item P2.7.1; the
exam-style part adapts reviewed WMA12 June 2025 demand.

1 Key knowledge and worked examples

d
« Stationary points : d—y = (. Tangent horizontal there.
x
o Classify: f”(z) > 0 — minimum ; f"(x) < 0 — maximum ; or

read the sign change of f'(z) from + to — (maximum) or — to + (minimum).
e Increasing where f’(z) > 0; decreasing where f'(z) < 0.

o Practical problems: write the quantity to optimise in one variable first, using a
constraint (volume, length) to eliminate the other variable.

Y
A stationary: ¢/ = 0, tangent horizontal

) maximum
y > @_f_ y >/
|
|
| “/
> T
/ N —

minimum

Stationary means the tangent is horizontal; the sign change classifies it.

Worked example. For y = 23 — 122 + 1, find and classify the stationary points.

d
. d—y:3x2—12:3(x—2)(x+2):0 — =12,
s
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y(2) =8 —-24+1=—15y(-2) = -8+24+1=1T.

d2

d—‘z = 6z: at x = 2, 12 > 0 — minimum at (2, —15); at x = =2, —12 < 0 —
x

maximum at (—2,17).

Check: at x = 0 (between), y = —12 < 0 (decreasing) — consistent with max at

—2, min at 2 V.

Worked example — modelling minimum. An open box has a square base of side
x and height A, volume 32 m?, and no top. Its surface area is S = x? + 4xh. Show
the minimum S is 48 m?2.

32
Constraint: 22h = 32, so h = — and

22
32 128
S:x2—|—4x-—2:x2+—
x x
ds 128
o —=2r—— =0 = 20*=128 = z=4.
dx x?
128 d*S 256
e S=16+—=16+32=48m? — = — =4 > 0 — minimum v".
4 dx? 3
2 Practice
2.1 Find the stationary point of y = 2% — 8x + 3 and state its nature. 3]
2.2 Find the stationary points of y = 2* — 222 and classify each. [5]
2.3 For y = 2® — 322, state where the function is increasing and where decreasing.  [3]
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1
2.4 For y = x + — with x > 0, find the stationary point and its nature. 4]
x

2.5 Find the stationary points of y = 22 + 922 — 24ax. 4]

3 Exam-style questions

3.1 (Adapted from Edexcel IAL WMA12 June 2025 Q9.) A closed solid has a square
cross-section of side x metres and length L metres, with volume 20 m?. Its total surface
area is S = 222 + 4xL.

80
(a) Show that S = 222 + -

(b) Use calculus to find the value of = that minimises S, and find the minimum S to one
decimal place.

(c) Justify that your value is a minimum. [10]
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3.2 For y = 23 — 622 + 9z, find the stationary points, determine their nature, and sketch
the curve. [7]
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