Solutions

2.1 6coshx —2sinhz = 3(e”+e %) — (e —e ") = 2¢" +4e~*. By AM-GM, 2¢” +4e™* >
2v/2e* - de— = 44/2, attained when 2¢® = 4e™*, je. ¥ =2, 1 = %ln 2. Minimum value
4/2.

2.2 2z = tarcosh2 = £In(2 4+ V/3), so = £ In(2 + V/3).

2.3 5coshz + 3sinha = 2(e" + %) + 2(e”" —e™™) = 4e" + e % So4e” +e " =4

gives 4e?* — 4e® + 1 = 0, i.e. (2¢* —1)2 = 0, hence ¢® = £ and z = —In2. (Check:

2
5cosh(—In2) + 3sinh(—In2)=5-2-3.3 =29 — 4 /)

1+2

%lnl_ :%ln4:ln2.

24z = artanh% = 3
5

3.1 (a) LHS = (5 4+ e 70 + ¢ + e77) = £ (" + ¢7°7) (¢ + ¢ ") = 2cosh 5z cosh z,
pairing €%, e76% ¢4% 74 a5 products of e with e**. (b) 2cosh5xcoshx = 8coshz
gives cosh (2 cosh bz — 8) = 0; since coshz > 1, coshbx = 4, so bz = +1n(4 + v/15) and
r=+:In(4+ V15).

3.2 (a) 2sinhzcoshz = 2 1(e”" — e ™) - 3(e" + e*) = $(e** — ¢?) = sinh2z. (b)

sinh 2 = 3sinhz factors as sinhx(2coshz — 3) = 0: either sinhz = 0 (z = 0), or
coshz = 3, giving z = +1In (%—i— %—1) :iln%g. Sox:()orq::jzln%g.

Local review guidance: exponential forms written before any cancellation; quadratic in e*
solved with invalid roots rejected; final answers as simplified logarithms with both signs
where the equation is even. This is authored classroom guidance.
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