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Integrating hyperbolic and inverse functions

Objective

Integrate hyperbolic expressions, use the four standard surd/rational forms, complete the
square under surds, and integrate inverse functions by parts (FP3 4.1-4.4).

1 Key knowledge and worked examples

Standard fi / da inh = + / da ne oy
andard forms. ———— = arsinh= 4+ ¢, | ——— = arcosh= + ¢,
Va2 +a? a Va2 —a? a
/ du L arctan = + / dv L1y |27 L ¢ Complete the square
—F — -—arctan — C —— = 5-1n C. m squar
2 + a? a a - 22 4a P 4

first when the quadratic has a linear term. For [(inverse function)dz, integrate by
parts with the inverse function as u and 1 - dx as dv.

Worked example — both techniques (WFMO03 June 2025 Q2). (i) 422 +

dx 2r + 2
8 +9 = 4((x+12+3), so — = laminh=——= + ii
( +3) \/211.7;24—8.7;—&—9 2 NG (i)
3xdx
arcosh 3z dx = rarcosh3x — [ ——=— = rarcosh3z — +v/922 — 1 +¢.
f £ ——

2 Practice

2.1 Find / sinh? z cosh z dz. E

dx

1
2.2 Evaluat —_—.
Vauae/o o

. dx
2.3 Find /71:2 — [4]

dx
2.4 Find | ——. :
o /\/l’ +9 g

3 Exam-style questions

3.1 (Edexcel IAL WFMO03 June 2025 Q2.) Determine

) dx
0 [ Jres
(ii) /arcosh?)ac dz. [7]



1
3.2 (Original.) Evaluate / arsinh z dz, giving your answer in exact form.
0




Solutions
2.1 With v = sinh z: isinh4 T+ c.

2.2 [% arctan g] !

1 1
0= 2ar(:‘ca112.

+c=¢n °

2.3 Ln T
23 z+3

x+3
2.4 arsinhg +c (= In (er Va2 +9) +c’).

+e

d
3.1 (i) 422 + 82+ 9 = (2x + 2)2 + 5, so with u = 27 + 2, dz = %“: %/ﬁ =
u
2 2 3
%arsinh i+c. (ii) By parts, u = arcosh 3z, dv = dx: zarcosh3z— [ v-———=dz =
V5 922 — 1

9x

d
x arcosh 3z — %\/ 922 — 1+ ¢ (because df\/9x2 —-1= Tor 1
x 72 —

).

1
xdx 1
3.2 By parts: [z arsinh ]! — ———=1In 1+\@ - [\/1 + xz} =1In 1+\/§ f\/§+1.
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Local review guidance: square completed correctly under the surd (or linear substitution
identified); by parts with the inverse function chosen as u; exact forms with the constant
of integration on indefinite integrals. This is authored classroom guidance.




