Exercise walk-through

Minimum spanning trees and
shortest paths
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7. Critical path analysis

Critical paths

Precedence table to activity-on-arc network; dummies carry dependencies. Forward
pass takes maxima (earliest event times), backward pass minima (latest). Float =
latest finish — earliest start — duration; critical activities float zero. The example A(3),
B(4), C(4), D(1), E(5) has critical path A-C-E = 12 days and D floats 2; Gantt bars
run from earliest starts.
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Check yourself

Check yourself

Bubble and quick sorts pass by pass; first-fit, decreasing and full-bin placements;
Kruskal and Prim (matrix form too); Dijkstra with permanence order and route
recovery; odd-node pairings for the postman; TSP bounds both sides with nearest
neighbour; dummies, forward and backward passes, floats, Gantt charts; LP
formulation and vertex solutions with integer checks.
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Exercises 2.1:2.3

2.1 Edges AB 3, AC 1, BC 2, CD 4, AD 5: find the MST by Kruskal, listing edges in
order of choice, and give its total weight. (3]

2.2 For the same network, run Prim from vertex B and show the MST is the same. [3]

2.3 Edges AB 2, BC 3, CD 1, AD 4, AC 2: use Dijkstra from A to find the shortest
distance to D, showing each label as it becomes permanent, and state the route. [4]
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Exercises 2.1:2.3

2.1 Edges AB 3, AC 1, BC 2, CD 4, AD 5: find the MST by Kruskal, listing edges in
order of choice, and give its total weight. (3]

2.1 Sorted: AC 1, BC 2, AB 3, CD 4, AD 5. Take AC(1) v/; BC(2) v' (B joins); AB(3)
— cycle (A-C-B) reject; CD(4) v* (D joins); AD(5) — cycle reject. MST = AC + BC +
CD, total 7.

2.2 For the same network, run Prim from vertex B and show the MST is the same. [3]

2.2 Prim from B: cheapest edge from {B} is BC(2); from {B,C} cheapest to a new vertex
is CA(1); from {B,C,A} cheapest to D is CD(4). Same tree, total 7 v".

2.3 Edges AB 2, BC 3, CD 1, AD 4, AC 2: use Dijkstra from A to find the shortest
distance to D, showing each label as it becomes permanent, and state the route. [4]

2.3 A = 0 permanent. Neighbours: B 2, C 2. B permanent (2) — D has no edge from B,
so no update. C permanent (2; the tie with B may be broken in either order); update D:
2 + 1 = 3, smaller than the direct AD 4. D permanent (3): shortest A to D = 3, route
ACD@2+1=3<4V).
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Exercise 3.1

3.1 (Original.) A network connects four villages P, Q, R, S with edge weights PQ 7,
PR 3, PS8, QR 2, RS 6, QS 5 (km). (a) Use Kruskal’s algorithm to find the minimum
spanning tree, listing the edges in the order chosen and rejecting cycles explicitly. (b)
Use Prim’s algorithm from P to find the same tree. (c) State the total weight of the MST

and explain why both algorithms must agree. 8]
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Exercise 3.1

3.1 (Original.) A network connects four villages P, Q, R, S with edge weights PQ 7,
PR 3, PS8, QR 2, RS 6, QS 5 (km). (a) Use Kruskal’s algorithm to find the minimum
spanning tree, listing the edges in the order chosen and rejecting cycles explicitly. (b)
Use Prim’s algorithm from P to find the same tree. (c) State the total weight of the MST
and explain why both algorithms must agree. 8]

3.1 (a) Sorted: QR 2, PR 3, QS 5, RS 6, PQ 7, PS 8. Take QR(2) v'; PR(3) v' (P joins);
QS(5) v (S joins); RS(6) — cycle reject; PQ(7) — cycle reject; PS(8) — cycle reject. MST
= QR + PR + QS, total 10. (b) Prim from P: PR(3); from {P,R} cheapest new edge
RQ(2); from {P,R,Q} cheapest to S is QS(5). Same tree, total 10 v". (c¢) Both construct
a spanning tree of least total weight; any MST of a network has the same minimum total,
so the totals agree (the edges can differ only when weights tie).
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Exercise 3.2

3.2 (Original.) With the same network, use Dijkstra’s algorithm from P to find the
shortest route from P to S, showing the order in which labels become permanent and the
final route with its length. (6]
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Exercise 3.2

3.2 (Original.) With the same network, use Dijkstra’s algorithm from P to find the
shortest route from P to S, showing the order in which labels become permanent and the

final route with its length. (6]

3.2 P = 0 permanent. Update: R 3, Q 7, S 8. R permanent (3); update Q: 3 + 2 =5
(smaller than 7), S: 3 + 6 = 9 (8 stays). Q permanent (5); update S via Q: 5 + 5 = 10
> 8,50 S keeps 8. S permanent (8). Shortest P to S = 8, route P—S (the alternatives
P-R-S =3+ 6 = 9 and P-R-Q-S = 3 + 2 4+ 5 = 10 are both longer v').

Local review guidance: edges chosen in weight order with cycle rejections shown; Prim
grows by cheapest new-vertex edge, not cheapest free edge; Dijkstra labels in permanence
order with updates shown. This is authored classroom guidance.



