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Randomness and probability

Probability #%% is the long-run
relative frequency tH3147Z% of an
outcome.
m short runs vary by
chance [B%%
m simulation #E}), estimates a
hard probability

Law of large numbers
KEFEEE: more trials = p
settles toward the true p.

From a well-shuffled deck every card is equally likely
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Probability rules
From the sample space #f7<%3[g], every

event =14 obeys 0 < P < 1, summing to
1.

[ P(A%) = 1 — P(A) ]

P(AU B) = P(A) + P(B) — P(AN B)

Mutually exclusive E [ events share
nothing, so P(AN B) = 0 and the last
term drops.
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Conditional probability and independence

A conditional probability £{4if# restricts
to the times B happens:

irl bo total
P(A[B) = M sport g24 36y 60
P(B)
none 16 24 40
The multiplication rule ;%%
P(ANB)=P(A)P(B| A). restrict to the sport row:
Independent 737 P(A | B) = P(A), so P(girl | sport) = % =04

P(AN B) = P(A)P(B). Not the same as
mutually exclusive!
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On a tree diagram

1st draw 2nd%draw
B

(R, B) =&
(B.R) =&
g (B.B)=2

On a tree diagram, multiply the probabilities along the branches
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Random variables

A random variable [iff/|Z & X takes a
number from a chance process
(discrete & or continuous %%E).
m its distribution %475 lists each x X = heads in 2 flips
with P(x), summing to 1

px = ZX,- P(xi) o= Z(x,- = 11x)* P(x) ]

1x is the expected value HjZE{E —
the long-run average outcome.
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Randomness, conditional probability, and expected value

random [&EH1 individual outcomes are uncertain, but a regular pattern emerges over
many repetitions
P(A and B
conditional P(A| B) = %: the chance of A among the cases where B
probability &£ happened
independence A and B are independent when P(A | B) = P(A)
a probability lists every value of a random variable with its probability; they sum to 1
distribution #EE 540
the mean (expected ux = Y xiP(x;) — the long-run average, not a value you expect to see

value) HPEE{E

An expected value need not be attainable: the expected number of heads in three tosses is
1.5. It is an average over many repetitions.
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Estimating Probabilities Using Simulation

A simulation &3] imitates a chance process using random digits or technology.

Steps: state the model, assign digits to outcomes, run many trials, and record the pro-
portion of trials meeting the condition.
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Combining random variables

A linear transformation &4 253

Hax+b P+ xtb = |3 ox ] Two packages

For a sum or difference #15j%= of ox = 0.3, oy = 0.4, indepen-
independent 37 variables, means combine dent.

and variances add — for both:
OX+y = V 0.324+0.42=0.5

The difference X — Y has the
same o = 0.5.

2 2 2
Ux+y = px £ py Ox+y = 0x + 0y

Never subtract variances for a difference
— variances always add.
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The binomial distribution

The binomial setting —Iii477E1E counts
successes — remember BINS: Binary,
Independent, fixed Number, Same p.

P(X= k) = (Z) p(1—p)n

successes.

px=np  ox=/np(l—p)

¥ Binomial: count of

Shape: symmetric at p = 0.5, skewed
otherwise; more bell-shaped as n
grows.
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Introduction to the Binomial Distribution

mean =np=3

0O 1 2 3 4 5 6 7 8
number of successes r

The binomial distribution, with mean n times p
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Worked example — binomial by hand

A free-throw shooter makes 80%. In

n = 10 attempts, find P(X = 8) and

describe the distribution’s centre and (') = 45 counts which 8

spread. shots dropped — forget it and

you find one single order-

P(X=28)= <1O> (0.8)3(0.2)? ing (0.0067), not the event.
8 Check BINS first: without

= 45(0.1678)(0.04) ~ 0.302 independence it is not bino-

p = np=10(0.8) = 8 makes mial at all.

o = +/10(0.8)(0.2) ~ 1.26
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The geometric distribution

The geometric setting JL{A4 % |E1E keeps
going until the first success (no fixed n).

~ 1
PX=k=(1-p""p x =

X counts trials until the first success; a
binomial counts successes in a fixed num-
ber of trials.

decreasing

n=06.

¥ Roll until a six:
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Introduction to Probability

1
4

0

1
2

+ B~ lw
—_

impossible unlikely  even chance likely certain

Probability runs from 0 (impossible) to 1 (certain)
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Mutually Exclusive Events

intersection

A Venn diagram: the overlap is the intersection of two events
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Independent Events and Unions of Events

die 2
+ 1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4,5 6 7 8
Ll
@3 4.5 6 7 8 9
©
4 56 7 8 9 10
5 6 7 8 9 10 11

6 7 8 9 10 11 12

the six highlighted cells all give a total of 7

A sample space diagram lists every equally likely outcome
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Exam tips

m A probability lies in [0, 1]; use the complement (1 — P) and add mutually
exclusive events.
m For independent events multiply; for “and/or” use the general addition and

conditional rules.

m Expected value = ) (value x probability).

Recognise binomial (fixed n, two outcomes, constant p) and geometric settings.

m Draw a tree or table for multi-stage problems and multiply along branches.
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L Recap

Unit 4 — key takeaways

e Probability e Rules

long-run relative frequency; law of addition for or; multiplication for
large numbers and; conditional

e Random vars o Distributions
i = > xP(x); variances add for binomial 1 = np; geometric p =

independent 1/p
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Check yourself

Write the complement rule for P(A).

For independent X, Y, how do you combine
their variances?

What does BINS stand for?

A binomial has n = 20, p = 0.5: what is
px?

Answers 1. P(A°) = 1 — P(A) 2. add them: o% + 0%
Number, Same p 4. np=10

3. Binary, Independent,
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