AP Statistics: 2022

Question 4: Focus on Inference 4 points

General Scoring Notes

Section
1 the United States who would respond that they 1. Identifies the appropriate procedure as a

This two-part question is scored in four sections. Each section is initially scored by determining if it meets
the criteria for essentially correct (E), partially correct (P), or incorrect (I). Part (a) includes three sections
that may appear in any order in the response. The first section includes identification of the appropriate
confidence interval in part (a). The second section includes verifying the conditions for inference in

part (a) and calculating the values of the endpoints of the confidence interval. The third section includes
the interpretation of the confidence interval in part (a). The fourth section includes the response to

part (b). The response is then categorized based on the scores assigned to each section and awarded an
integer score between 0 and 4 (see the table at the end of the question).

The model solution represents an ideal response to each section of the question, and the scoring criteria
identify the specific components of the model solution that are used to determine the score.

Model Solution Scoring

(a) The appropriate procedure is a one-sample Essentially correct (E) if the response satisfies

z-interval for the proportion of all teenagers in the following two components:

use a video streaming service every day. one-sample z-interval by name or formula
or by the calculations of the correct
confidence interval endpoint values
2. States that the parameter of interest is the
population proportion

Partially correct (P) if the response satisfies
only one of the two components.

Incorrect (I) if the response does not meet the
criteria for E or P.

Additional Notes:

The response to component 2 concerning the statement of “population proportion” can be found in any of
the three sections of part (a).

Any notation used to represent sample proportion or population proportion should remain consistent
throughout part (a).




Model Solution
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Scoring

(@) This survey selected a random sample of 920 Essentially correct (E) if the response satisfies
Section teenagers in the United States, which enables the following four components:
) the. interval to .be generalized to the popul.atlon 1. States that a random sample was selected
of interest. This sample of 920 teenagers 1s. less 2. Tndicates 920 is less than ten percent of all
than 10% of the total number of teenagers in the . .
i S i i teenagers in the United States
United States, which is required as sampling )
. 3. Verifies that there are at least 10 successes
was conducted without replacement from a _ : :
. . ... and failures by calculating the following
finite population. In addition, there were more R
than 10 successes and 10 failures as values np = (920)(0.59) ~ 542.8 and
(920)(0.59) = 542.8 (or 543) responded that n(1=p) = (920)(1-0.59) = 377.2
they use a streaming service daily and 4. Reports the values for a correct interval
(920)(0.41) = 377.2 (or 377) responded that consistent with the procedure stated in
they did not. Thus, the sample size is large Section 1
enough to support the assumption that the
sampling distribution of p is approximately Partially correct (P) if the response satisfies
normal. either component 3 or component 4 and at least
one of the other three components.
Therefore, a 95% confidence interval for the
population proportion is given by Incorrect (I) if the response does not meet the
A 7 iteria for E or P.
..+ [p(=P) [(0.59)(0.41)  criteria
* —= =0.59+1. —_—
ptz p, 0.59 £1.96 920 ,
which is 0.59 + 0.032, and the interval is
(0.558, 0.622).
Additional Notes:

e Stating the large sample condition without verification is not sufficient for component 3.

e [fthe response includes an inappropriate check of conditions, such as n > 30, then component 3 is not
satisfied.

e Supporting work, showing formulas or calculations, is not required for component 4.

e [fthe interval values are correct, the use of a one-sample z procedure for proportion can be used to satisfy
component 1 of Section 1.

e Aresponse that uses the value of x = 543 will result in an interval of (0.5584, 0.6219), and a response

that uses the value of x = 542 will result in an interval of (0.5573, 0.6209). These interval endpoint

values may be used to satisfy component 4.

e [fthe response includes supporting work for calculating the confidence interval that displays a correct
formula with correct values inserted for p, n, and z, then component 4 is satisfied even if values for the
endpoints of the confidence interval are not displayed or calculated incorrectly.

e A response that computes an interval in percentages rather than proportions may satisfy component 4 if
the response correctly indicates the use of percentages, (55.8%, 62.2%).

e Minor errors or omissions when checking assumptions may be considered if holistic scoring is required.
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Model Solution Scoring
(a) We can be 95% confident that the proportion of  Essentially correct (E) if the response satisfies
Section all teenagers in the United States who would the following two components:
3 respond that they use a streaming service every 1. Indicates 95% confidence and interprets the
day is between 0.558 and 0.622. interval using words such as “we are 95%
confident” or “with 95% confidence” and
provides interval endpoint values consistent
with calculations in Section 2
2. Conveys inference about a population
proportion in the proper context, i.e., “the
true proportion of U.S. teenagers,” “the
population proportion of U.S. teenagers,” or
“the proportion of all U.S. teenagers”
Partially correct (P) if the response satisfies
only one of the two components.
Incorrect (I) if the response does not meet the
criteria for E or P.
Additional Notes:

For component 1, responses that use the same incorrect proportion interval endpoint values calculated in
Section 2 satisfies this portion of component 1.

Section 3 is scored [ if the response includes unreasonable values for a proportion or percentage.
Responses must be consistent with the use of the terms proportion and percentage in component 2. A
response that refers to the population percentage must use percentage values to satisfy component 2, and a
response that refers to the population proportion must use proportion values.

Any interpretation of the level of the interval, whether correct or incorrect, is considered extraneous and
does not satisfy component 1.

Clear indication of an inference to the sample of 920 teenagers, rather than the population of teenagers,
does not satisfy component 2.

Section 3 is scored I if it implies that the population proportion is a random variable. For example, it
indicates that there is a 95 percent chance that the population proportion is between 0.558 and 0.622.

A response that implies that we have found the actual percentage of U.S. teenagers who respond that they
use a streaming service (deterministic) does not satisfy component 1.
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Model Solution Scoring
(b) The 95% confidence interval of (0.558,0.622)  Essentially correct (E) if the response satisfies
Section indicates that any value between 0.558 and the following two components:
4 0.622 is a plausible value for the proportion of ~ 1. Provides a correct conclusion (there is

all teenagers in the United States who use video convincing evidence or there is not
streaming every day. Because the value 0.5 is convincing evidence that 0.50 is a plausible
not contained in the interval, the sample data value), consistent with the interval
provide convincing statistical evidence that the calculated in part (a)
proportion of all teenagers in the United States 2. Provides correct justification based on
who would use a streaming service every day is whether the value of 0.5 is contained in the
not 0.5. interval calculated in part (a)

Partially correct (P) if the response satisfies
only one of the two components.

Incorrect (I) if the response does not meet the
criteria for E or P.

Additional Notes:

Any use of a hypothesis test to answer Section 4 cannot be used to satisfy component 2. However, the
statement of a conclusion that 0.50 is not a plausible value based on the results of the hypothesis test can
be used to satisfy component 1.

A response that correctly uses incorrectly calculated proportion interval endpoint values can satisfy
components 1 and 2 if the response is consistent with interval values.

A response that includes a correct interpretation of the confidence interval in Section 4 can receive credit
for the interpretation in Section 3 if no interpretation was provided in Section 3.

A response that presents a correct conclusion in the context of the population percentage may satisfy both
component 1 and component 2.

A response that indicates that there is evidence that the proportion of teenagers in the United States who
would use a streaming service every day is greater than 0.5 based on the fact that the entire confidence
interval is above 0.5 may satisfy both component 1 and component 2.

A response that does not provide the correct conclusion and justification but does recognize that the value
is not in the interval may be considered a positive if holistic scoring is required.
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Scoring for Question 4
Each essentially correct (E) part counts as 1 point, and each partially correct (P) part counts as % point.

Score
Complete Response 4
Substantial Response 3
Developing Response 2
Minimal Response 1

If a response is between two scores (for example, 2 Y4 points), use a holistic approach to decide whether to
score up or down, depending on the strength of the response and quality of the communication.
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Question 1

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) describe features of a
distribution of sample data using information provided by a histogram; (2) identify potential outliers;

(3) sketch a boxplot; and (4) comment on an advantage of displaying data as a histogram rather than as a
boxplot.

Solution
Part (a):

The distribution of the sample of room sizes is bimodal and roughly symmetric with most room sizes
falling into two clusters: 100 to 200 square feet and 250 to 350 square feet. The center of the
distribution is between 200 and 300 square feet. The range of the distribution is between 150 and
250 square feet. There are no apparent outliers.

Part (b):

The interquartile range is IQR = 292 — 174 = 118 square feet. There are no potential outliers
because the minimum room size of 134 square feet does not fall below Q; — 1.5(IQR) = -3 square
feet, and the maximum room size of 315 square feet does not exceed Q5 + 1.5(IQR) = 469 square

feet.
DISTRIBUTION OF ROOM SIZES
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Part (¢):

The histogram clearly shows the bimodal nature of the distribution of room sizes, but this is not
apparent in the boxplot.



Scoring
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Question 1 (continued)

This question is scored in three sections. Section 1 consists of part (a); Section 2 consists of the outlier
determination in part (b); Section 3 consists of the boxplot sketch in part (b) and part (c). Each section is
scored as essentially correct (E), partially correct (P), or incorrect (I).

Section 1 is scored as follows:

Essentially correct (E) if the description of the distribution of room sizes satisfies the following four

components:

The shape is bimodal OR there are two peaks OR there are two clusters.

The center is between 200 and 300 square feet.

The spread is addressed by stating the range is a value between 150 and 250 square feet OR
the interquartile range is a value between 50 and 150 square feet OR all room sizes are
between 100 and 350 square feet.

The response includes context.

1.
2.
3.

4,

Partially correct (P) if the response satisfies two or three of the four components.

Incorrect (I) if the response does not satisfy the criteria for E or P.

Notes:

Shape: Component 1 cannot be satisfied if a response describes the histogram as unimodal or
describes the entire histogram as normal or approximately normal.

Shape: A response that addresses symmetry, while appropriate, does not impact the scoring of
section 1.

Center: A response that states one cluster of the distribution is centered between 150 and 200
square feet and the other cluster is centered between 250 and 300 square feet satisties both
components 1 and 2.

o Responses that address center using interval language such as “the mean of the

distribution is between 200 and 300” must, for any single measure of center, provide
an interval with lower endpoint not below 200 square feet, and with upper endpoint
not above 300 square feet to satisfy component 2.

Responses that address center using approximate language such as “the median of the
distribution is approximately 225” must, for any single measure of center, specify a
numeric value that is not less than 200 square feet, and that is not greater than 300
square feet to satisfy component 2.

Responses that use definitive language such as “the mean of the distribution is 231.4”
must identify the corresponding numeric value correctly to satisfy component 2.
Specifically, the median of the distribution can be correctly identified as any value
between 250 and 253.5 square feet, inclusive; the mean of the distribution is 231.4
square feet; and the center (or average) of the distribution can be any value that is a
correct median or mean.
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Question 1 (continued)

Spread: A response recognizing all values in the sample fall between 100 and 350 square feet
(or between 134 and 315 square feet) satisfies component 3 only for these exact endpoints
and need not appeal to a specific measure of spread such as range or interquartile range
(IQR).

Spread:

o Responses that appeal to a specific measure of spread using interval language, such
as “the IQR is between 50 and 150,” must provide bounds appropriate to the
corresponding measure of spread. For range, the lower endpoint must not be below
150 square feet and the upper endpoint cannot exceed 250 square feet; for IQR, the
lower endpoint must not be below 50 square feet, with upper endpoint not to exceed
150 square feet; for standard deviation, the lower endpoint must not be below 25
square feet, with upper endpoint not to exceed 100 square feet.

o Responses that appeal to a specific measure of spread using approximate language,
such as “the range is approximately 250,” must specify a numeric value within the
bounds appropriate to that measure of spread. For range, the value must be between
150 and 250 square feet(inclusive); for IQR, the value must be between 50 and 150
square feet (inclusive); for standard deviation, the value must be between 25 and 100
square feet (inclusive). Responses that appeal to a specific measure of spread using
definitive language, such as “the range of the distribution is 181,” must identify the
corresponding numeric value correctly to satisfy component 3. Specifically, the range
of the distribution is 181 square feet; the IQR of the distribution is 118 square feet;
and the standard deviation of the distribution is 68.12 square feet.

Section 2 is scored as follows:

Essentially correct (E) if the response satisfies the following three components:

1.

2.
3.

Computation of both upper and lower outlier boundary fences that also shows the fences
formulas either in words, symbols Q; —1.5(IQR)and Q; + 1.5(IQR), or with values

substituted from the table 174 —1.5(118) and 292 + 1.5(118), or (174 —177) and
(292 +177).

A correct decision regarding the presence of outliers.
Correct justification that compares the data with the fences.

Partially correct (P) if the response satisfies only two of the three components OR if the response
omits exactly one of the fences but otherwise satisfies all three components.

Incorrect (I) if the response does not satisfy the requirements for E or P.

Notes:

A response that identifies both fence formulas using symbols, but does not substitute values
for all symbols, must also include the correct fence values of —3 and 469 to satisfy
component 1.

In place of an appeal to fences, a response may compute outlier bounds representing

k standard deviations from the sample mean, where £ is a number from 2 to 3 (inclusive),
and must include formulas for both endpoints either in words, symbols

X * k(standard deviation), or with values substituted from the table. When £ = 2 the outlier

bounds are (95.16, 367.64); when k = 3 the bounds are (27.04, 435.76).
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Question 1 (continued)

e A response that identifies the standard deviation bounds using symbols, but that does not
substitute values for all symbols, does not satisfy component 1 unless the correct numeric
bounds are provided.

e Component 3 is satisfied if the response states the outlier decision criterion: any data values
falling outside of the interval from —3 to 469 are potential outliers.

Section 3 is scored as follows:

Essentially correct (E) if the response satisfies the following two components:
1. A correct sketch of the boxplot.
2. A response for part (c) that indicates the bimodal shape of the room size distribution is
apparent in the histogram but not in the boxplot.

Partially correct (P) if the response satisfies only one of the two components.
Incorrect if the response does not meet the criteria for E or P.

Notes:
e The boxplot must be completely correct to satisfy component 1. Specifically:
o The minimum is positioned between grid lines at 120 and 140 square feet.
o Q) is positioned between grid lines at 160 and 180 square feet.
o The median is positioned between grid lines at 240 and 260 square feet.
o Qj is positioned between grid lines at 280 and 300 square feet.
o The maximum is positioned between grid lines at 300 and 320 square feet.
e Ifamean is included as a part of the boxplot, component 1 cannot be satisfied.
e A response based on skewness or symmetry does not satisfy component 2.
e A response stating the unimodal OR normal shape of the histogram of room sizes is apparent
in the histogram but not in the boxplot will satisfy component 2 only if the shape description
in section 1 component 1 was also unimodal OR normal, respectively.
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Question 1 (continued)

Complete Response

Three sections essentially correct
Substantial Response

Two sections essentially correct and one section partially correct
Developing Response

Two sections essentially correct and no sections partially correct
OR

One section essentially correct and one or two sections partially correct
OR

Three sections partially correct
Minimal Response

One section essentially correct
OR

No sections essentially correct and two sections partially correct
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Question 2

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) identify components of an experiment;
(2) determine if an experiment has a control group; and (3) describe how experimental units can be randomly
assigned to treatments.

Solution
Part (a):

Treatments: Sprays with four different concentrations of the fungus (0 ml/L, 1.25 ml/L, 2.5 ml/L, and
3.75 ml/L)

Experimental units: 20 containers, each containing the same number of insects
Response variable: Number of insects that are still alive in each container one week after spraying
Part (b):

Yes. Because the 0 ml/L concentration contains no fungus, the containers that are sprayed with the
0 ml/L concentration form the control group.

Part (¢):

Label each container with a unique integer from 1 to 20. Then use a random number generator to choose
15 integers from 1 to 20 without replacement. Use the first five of these numbers to identify the

five containers that will receive the 0 ml/L treatment. Use the second five of these numbers to identify the
five containers that will receive the 1.25 ml/L treatment. Use the third five of these numbers to identify the
five containers that will receive the 2.5 ml/L treatment. The remaining five containers will receive the

3.75 ml/L treatment.

(Alternative solution) Using 20 equally sized slips of paper, label five slips with 0 ml/L, five slips with
1.25 ml/L, five slips with 2.5 ml/L, and five slips with 3.75 ml/L. Mix the slips of paper in a hat. For each
container, select a slip of paper from the hat (without replacement) and spray that container with the
treatment selected.



Scoring
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Question 2 (continued)

Parts (a), (b), and (c) are each scored as essentially correct (E), partially correct (P), or incorrect (I).

Part (a) is scored as follows:

Essentially correct (E) if the response satisfies the following three components:

1.
2.
3.

Identifies the 4 concentrations (or mixtures or sprays) as the treatments
Identifies the 20 containers as the experimental units
Identifies the number of insects that are still alive in each container as the response variable

Partially correct (P) if response satisfies only two of the three components.

Incorrect (I) if the response does not meet the criteria for E or P.

Notes:
[ ]

Listing the four treatments satisfies component 1 (including ml/L is not required). However, if the list
does not include all four treatments, component 1 is not satisfied.

To satisfy component 1, the response must refer to plural concentrations/mixtures/sprays (e.g., the
mixtures, the levels of the concentration). Referring only to the explanatory variable (concentration)
does not satisfy component 1.

The following responses satisfy component 2: “the 20 containers”; “the containers”; “the 20 groups of
insects”; or “the groups of insects in each container.” References to only “groups of insects” do not
satisfy component 2 because it is unclear if these groups are formed by treatment or by container.

To satisfy component 3, it must be clear that the response variable is being measured separately for
each experimental unit. A response that says only “number of insects alive” does not satisfy
component 3 because it could be referring to the total number of insects alive.

To satisfy component 3, the response must be stated as a variable by using “number of” or equivalent.
For example, “insects alive in each container” is not a variable and would not satisfy component 3.

If the response states that the insects are the experimental units, then component 3 can still be
satisfied by providing a binary response variable for each insect (e.g., whether the insect lived or died,
survival status).
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Question 2 (continued)
Part (b) is scored as follows:

Essentially correct (E) if the response indicates that there is a control group and justifies this claim by
identifying the control group or by explaining that there is a treatment which contains no fungus.

Partially correct (P) if the response indicates that there is no control group because every container is sprayed
with some mixture

OR

if the response states that there is a control group but implies that 0 ml/L is not a treatment (e.g., “the

containers with 0 ml/L form a control group because they don’t receive a treatment”; “yes, there is a group
that got no treatment”).

Incorrect (I) if the response does not meet the criteria for E or P.

Notes:
e The response does not need to explain the purpose of a control group.
e The response does not need to explicitly say “yes”—it can be implied by stating that there is a control
group or saying “the control group is ....”

Part (c) is scored as follows:

Essentially correct (E) if the response satisfies the following three components:
1. Creates appropriate labels for the units/treatments (e.g., label the containers from 1 through 20, label
20 slips of paper with five for each treatment)
2. Describes how to correctly implement the random assignment process
3. The random assignment process results in an equal number of experimental units assigned to each
treatment

Partially correct (P) if response satisfies only two of the three components.

Incorrect (I) if the response does not meet the criteria for E or P.

Notes:

o If the response states that insects are the experimental units in part (a), the response in part (c) can be
in terms of insects or containers. In either case, the same three components are used to determine the
score.

o If the response states that the containers are the experimental units in part (a), but only describes how
to assign insects to treatments in part (c), component 1 is not satisfied.

e For responses that use slips of paper:

o If the number of slips of paper is not equal to the number of experimental units, then
component 1 is not satisfied. The slips of paper do not need to be specifically identified as
equally-sized.

o If'the slips of paper are not mixed/shuffled or the slips are not “selected at random,”
component 2 is not satisfied. Sampling without replacement is implied when using slips of
paper, unless the response specifies sampling with replacement.
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Question 2 (continued)

e For responses that use random number generators (or a 20-sided die):

o If the initial assignment of numbers to units does not give each unit the same probability of
being assigned to each treatment (e.g., units are represented by different numbers of integers),
then component 1 is not satisfied.

o If the response does not indicate that the numbers are selected without replacement or that
different numbers must be used, the response does not satisfy component 2. The response
does not need to specify the interval of numbers from which they are selecting
(e.g., randomly generate a number from 1 to 20).

e For responses that use a table of random digits:

o If the initial assignment of numbers to units does not give each unit the same probability of

being assigned to each treatment, component 1 is not satisfied. For example, responses that

use the labels 1 to 20 (not 01 to 20) do not satisfy component 1 because label 1 has a %

probability of being selected but label 20 has a ﬁ probability of being selected.

o If the response does not indicate that the numbers are selected without replacement or that
different numbers must be used, the response does not satisfy component 2. The response
does not need to specify the interval of numbers from which they are selecting or state that
the numbers corresponding to unused labels will be skipped (e.g., skip numbers 00 and 21 to
99).

e For responses that use a 4-sided die (or random integers from 1 to 4):

o If the die is rolled for each experimental unit, then component 3 is not satisfied because an
equal number of units per treatment is not guaranteed.

o Ifthe die is rolled for each experimental unit until treatments are “full,” then component 1 is
not satisfied because this setup doesn’t allow for all possible random assignments to be
equally likely (unless the order of the units is randomized initially).

e [faresponse groups the experimental units before any random assignment (e.g., forms five groups of
four containers or four groups of five containers), and then randomly assigns treatments to the groups
or randomly assigns treatments within each group, component 1 is not satisfied. However, if a
response forms groups in the context of a randomized block design with a reasonable blocking
variable, component 1 can be satisfied.

e Ifaresponse describes two different random assignment processes in detail (e.g., how to randomly
assign insects to containers and how to assign containers to treatments), both descriptions are scored
according to the three components and the lower score is used.

e Responses that assign experimental units only to groups and not to treatments (e.g., randomly select
five containers and put them in group 1) do not satisfy component 3.

e [f the response randomly assigns insects to containers, the containers must be assigned to a treatment
to satisfy component 3. In this case, the assignment of treatment to container does not need to be at
random to satisfy component 3.
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Question 2 (continued)

Complete Response

Three parts essentially correct
Substantial Response

Two parts essentially correct and one part partially correct
Developing Response

Two parts essentially correct and no parts partially correct
OR

One part essentially correct and one or two parts partially correct
OR

Three parts partially correct
Minimal Response

One part essentially correct
OR

No parts essentially correct and two parts partially correct
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Question 3

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) use information from a two-way table
of relative frequencies to compute joint, marginal, and conditional probabilities; (2) recognize whether two events
are independent; and (3) compute a probability for a binomial distribution.

Solution
Part (a):

(i)  P(never and woman) = 0.0636
(i)
P(never or woman) = P(never) + P(woman) — P(never and woman)
=0.12+0.53 - 0.0636
= 0.5864

P(never and woman) _ 0.0636 012
P(woman) 053

(ii1) P(never | woman) =

Part (b):
Yes, the event of being a person who responds never is independent of the event of being a woman because
P(never | woman) = P(never) = 0.12.

Part (c):
Define X as the number of people in a random sample of five people who always take their medicine as
prescribed. Then X has a binomial distribution with n =5 and p = 0.54, and

5 5
P(X > 4)= (4](0.54)4(0.46)1 + (SJ(O.54)5(0.46)0 ~ 0.19557 +0.04592 ~ 0.24149.

Scoring

Parts (a), (b), and (c) are each scored as essentially correct (E), partially correct (P), or incorrect (I).

Part (a) is scored as follows:
Essentially correct (E) if the response reports correct values of the probabilities for (i), (ii), and (iii).
Partially correct (P) if only one or two of the probabilities are correct.
Incorrect (I) if none of the probabilities are correct.

Notes:
e Assuming independence for events never and woman in (i) without referencing the result in
part (b) does not satisfy (i).
e Alternative solutions for (ii) include 0.0564 + 0.0636 + 0.1384 + 0.3280 = 0.5864 and
0.0564 + 0.53 = 0.5864.
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Part (b) is scored as follows:
Essentially correct (E) if the response indicates that the events are independent, gives an explanation of
independence using the events in the problem, AND provides appropriate justification using numbers from the

table.

Note: Examples of valid explanations with appropriate justifications include:
e  P(woman and never) = 0.0636 is the same as P(woman) x P(never) = (0.53)(0.12) = 0.0636.

e P(never | woman) = % = 0.12 is the same as P(never) = 0.12.
e P(woman | never) = 060?;6 = 0.53 is the same as P(woman) = 0.53.

Partially correct (P) if the response indicates that the events are independent AND gives an explanation of
independence using the events in the problem but does not provide justification using numbers from the table

OR

if the response uses a correct method of illustrating that events are independent but makes an arithmetic
mistake or a transcription mistake that results in concluding that these two events are not independent.

Incorrect (I) if the response does not satisfy requirements for E or P.
Part (c) is scored as follows:

Essentially correct (E) if the response satisfies the following three components:
1. Clearly indicates a binomial distribution with » = 5 and p = 0.54.

2. Indicates the correct boundary value and direction of the event.
3. Reports the correct probability.

Partially correct (P) if the response satisfies component 1 but it does not satisfy one or both of the other two
components

OR
if the response does not satisfy component 1 but both of the other two components are satisfied.

Incorrect (I) if the response does not meet the criteria for E or P.



Notes:
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Question 3 (continued)

The response B(5, 0.54) satisfies component 1.

Components 1 and 2 are satisfied by displaying the correct formula for computing the binomial
probability using the correct values for » and p, e.g.,

G j(0.54)4(0.46)1 + @ )(0.54)5 (0.46)°

Only component 1 is satisfied if the correct binomial distribution is used in an incorrect probability
formula, e.g.,

G j(0.54)4(0.46)1

For component 2, the boundary value and direction may be described in words, e.g., P(at least four
people).

Component 2 may be satisfied by displaying a bar graph of a binomial distribution with the
appropriate bars shaded.

The response of 1 — binomedf (n = 5, p = 0.54, upper bound = 3) = 0.24 is scored E since n, p, and
the boundary value are clearly identified.

The response of 1 — binomedf (n = 5, p = 0.54, 3) = 0.24 is scored P since n and p are clearly

identified and the boundary value is not identified.
The response of 1 — binomedf (5, 0.54, 3) = 0.24 is scored 1.

A normal approximation to the binomial is not appropriate since np = 5 x 0.54 = 2.7 and 2.7 < 5.

A response using the normal approximation can score at most P. To score P, the response must
include all of the following:

o an indication that the probability calculated is a normal approximation for the binomial

probability

o acorrect mean and standard deviation based on the binomial parameters

o clear indication of boundary and direction with a z-score or diagram

o the probability computed correctly.
An example of a response which meets these four criteria is

4—np j ( 4 — (5)(0.54) j e
Pl Z>——|=P|Z> ~ 0.1217, and the binomial distribution is
( Jnp(1 = p) (5)(0.54)(0.46)

mentioned.
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Question 3 (continued)

Complete Response

Three parts essentially correct
Substantial Response

Two parts essentially correct and one part partially correct
Developing Response

Two parts essentially correct and no parts partially correct
OR

One part essentially correct and one or two parts partially correct
OR

Three parts partially correct
Minimal Response

One part essentially correct
OR

No parts essentially correct and two parts partially correct
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Question 4

Intent of Question:

The primary goals of this question were to assess a student’s ability to perform an appropriate hypothesis test to
address a particular question. More specific goals were to assess students’ ability to state appropriate hypotheses,
identify the appropriate statistical test procedure, check appropriate assumptions/conditions for inference;
calculate a correct test statistic and p-value; and draw a correct conclusion, with justification, in the context of the
study.

Solution

Section 1:

Let p,4 represent the proportion of the population of kochia plants in the western United States that were

resistant to glyphosate in 2014. Let p;; represent the proportion of the population of kochia plants in the
western United States that were resistant to glyphosate in 2017.

The null hypothesis Hy, : pj; — pj4 = 0 is to be tested against the alternative hypothesis H, : p;; — p;4>0.

An appropriate inference procedure is a two-sample z-test for a difference in proportions. The formula for the
test statistic is:

ﬁ17 _ﬁ14
\/(ﬁc(l B lac) + [56(1 B ﬁc)j

ny7 Ny

M4Prg + M7 P17
Mg + 1y

where f)c = is a pooled estimate of the proportion of resistant plants for 2014 and 2017

combined.

Section 2:

The first condition for applying the test is that the data are gathered from independent random samples from
the populations of kochia plants in the western United States in 2014 and 2017. The question indicates that a
random sample of 61 kochia plants was taken in 2014 and a second random sample of 52 kochia plants was
taken in 2017. It is reasonable to assume that the 2017 sample of plants was in no way influenced by the 2014
sample of plants.

The second condition is that the sampling distribution of the test statistic is approximately normal. This
condition is satisfied because the expected counts under the null hypothesis are all greater than 10. The pooled

estimate of the proportion of resistant plants is p, = 6 1)(0'192 I 2522)(0'385) ~ (0.2835. The estimates of

the expected counts are
61(0.2835) ~ 17.29, 61(1 — 0.2835) = 43.71, 52(0.2835) ~ 14.74, 52(1 — 0.2835) ~ 37.26, all of which are
greater than 10.

Because sampling must have been done without replacement, the independence condition for each sample
should be checked. Information on the population sizes of kochia plants is not given for either 2014 or 2017,
but it is reasonable to assume that each population has millions of plants. Therefore it is reasonable to assume
that the samnle sizes are less than 10 nercent of the resnective nonullation sizes.



Using the pooled estimate of the proportion of resistant plants, p, ~ 0.2835, the value of the test statistic is:
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Question 4 (continued)

0.385-0.197

— ~
= ~

\/ (0.2835)(0.7163) _(0.2835)(0.7165)
( 61 52 )

The p-value is 0.0135.

Section 3:

Because the p-value is less than o = 0.05, there is convincing statistical evidence to conclude that the
proportion of resistant plants in the 2017 population of kochia plants is greater than the proportion of resistant

plants in the 2014 population of kochia plants.

Scoring

Sections 1, 2, and 3 are each scored as essentially correct (E), partially correct (P), or incorrect (I).

Section 1 is scored as follows:

Essentially correct (E) if the response satisfies components 1 and 4 AND at least one of the remaining

components:

1.

2.
3
4,

Partially correct (P) if the response does not meet the requirement for E, but at least two of the components

Hypotheses imply equality of proportions in the null hypothesis and correct direction in the
alternative hypothesis, which utilize an appropriate population parameter in words or symbols.

Identifies parameters that are population proportions.

Both parameters are correctly defined as proportions of resistant plants in 2014 and 2017.

The two-sample z-test for proportions is identified by name or formula

are satisfied.

Incorrect if the response does not meet the criteria for E or P.

Notes:

Correct ways to state the null hypothesis that satisfy component 1:
Hy @ pi7 = piy T Hy : pi7 = p1g =0
Hy:p7 Spy ot Hy:pg —piy <0
Ho :piy 2 piy ot Hy : piy = p17 20

Correct ways to state the alternative hypothesis that satisfy component 1:
Hy :pyy > pyor Hy i pg = piy >0
H, : piy <pjgor Hy i py = pi7 <0

Incorrect ways to state the null hypothesis that do not satisfy component 1:
Hy : pi7 < pig or Hy: pjy — py <0
Hy i pig > pi7 O Hy 2 prg = p7 >0

Incorrect ways to state the alternative hypothesis that do not satisfy component 1:
Hyipiy #pgor Hy :pyg = py 20
H, :pyg <pigor Hy : piy — ppy <0
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Question 4 (continued)

e Examples for components 2 and 3:
o Satisfies both components 2 and 3:

e  p; is the proportion of resistant plants

Py4 1s the proportion of resistant plants
o Satisfies component 2 but not component 3:
e  p is the proportion of resistant plants

P, is the proportion of resistant plants
e D5 is the proportion of plants
D14 1s the proportion of plants

*  Di75Pu4

b PP
e Ifthe test is correctly identified by name, but then an incorrect formula is stated, this is considered to
be a parallel response and component 4 is not satisfied.
e If the test identifies an unpooled two sample z-test for a difference in proportions as the correct test or
formula, component 4 is satisfied.

Section 2 is scored as follows:

Essentially correct (E) if the response satisfies components 1 and 2 AND at least two of the remaining
components:
1. Notes that the use of random samples in 2014 and 2017 satisfies the randomness condition.
2. Checks for approximate normality of the test statistic by showing that the expected numbers of
resistant and non-resistant kochia plants are both larger than some commonly accepted criterion (e.g.
5 or 10) for both samples.
3. Notes that the populations of kochia plants must be extremely large in both years, thus satisfies the
independence (10%) conditions.
4. Reports a correct value of the z-test statistic.
Reports a p-value that is consistent with the stated alternative hypothesis and reported test statistic.

W

Partially correct (P) if the response does not meet the criteria for E, but at least two of the five components
are satisfied.

Incorrect if the response does not meet the criteria for E or P.

Notes:

e For the randomness component it is minimally acceptable to say “random samples—check” or
“SRSs—check.” The important concept is that the study used two independent random samples.
Although it is not known if a SRS was taken versus another type of random sample, it is minimally
acceptable to indicate SRSs since the sampling method is unknown. If the response implies that
random assignment was used, the randomness component is not satisfied.
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Question 4 (continued)

e To satisfy component 2, the response must include actual numbers, or a formula with numbers
plugged in, as well as a clear indication of comparison of the four quantities to some standard
criterion, such as 5 or 10, or the statement that each such quantity is large enough. If a formula with
numbers is used, simplification is NOT required.

Examples of acceptable quantities (comparison still must be made):

e 12,49,20,32

e 12.017,48.983,20.02,31.98

e 61(0.197),61(1 - 0.197), 52(0.385), 52(1 — 0.385)
Examples of unacceptable quantities:

o mypi7, mz (L= Pi7)s maPras ma (1= Piy)

o mgpygsmz (1= pi7), mypigs ma (1= py)

o mype,my(1= D), maPes mg (1= D)

¢ 61ﬁc’61(1_ﬁc)’52ﬁc’52(1_ﬁc)

o The test statistics for the pooled and unpooled z-tests are 2.21 and 2.22 respectively, thus they are
close to the same value. If the response provides the unpooled formula but then states a pooled test
statistic, component 4 is satisfied. If the response provides the pooled formula but then states an
unpooled test statistic, component 4 is satisfied.

o If the response uses a critical value approach rather than a p-value approach, then the correct critical
value of —1.645 or 1.645, that is consistent with the alternative hypothesis, satisfies component 5.

o If the response did not satisfy component 1 in section 1 because a two-tailed alternative was stated or
the direction of the alternative was incorrect, then the p-value in component 5 should be consistent

with the stated alternative. If the response omits hypotheses or other incorrect hypotheses are stated,
assume the correct alternative hypothesis is provided when scoring component 5.

Section 3 is scored as follows:

Essentially correct (E) if the response includes the following three components:
1. Provides justification of the conclusion based on a correct comparison between a stated p-value and an
alpha value of 0.05.
2. Provides a correct conclusion consistent with the alternative hypothesis.
3. The conclusion is stated in context.

Partially correct (P)
if the response satisfies components 1 and 2

OR
if the response satisfies components 2 and 3
OR

if the response satisfies components 1 and 3 AND, based on the p-value from section 2, either
o the conclusion correctly rejects the null hypothesis but does not state that there is convincing
evidence for the alternative hypothesis
OR
o the conclusion correctly fails to reject the null hypothesis but does not state there is not
convincing evidence for the alternative hypothesis.
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Question 4 (continued)

Incorrect (I) if the response does not satisfy the criteria for E or P.

Notes:

If the conclusion is consistent with a reasonable, but incorrect, p-value from section 2, and is
presented in context with justification based on comparison of the p-value to the level of significance,
then section 3 is scored E.

If the response implies that the outcome of the hypothesis test is a “proof” of either a true or false
null, the score is lowered one level (that is, from E to P, or from P to I).

If an incorrect interpretation of the p-value is given, the score is lowered one level (that is, from E to
P, or from P to I).

If the response uses a critical value approach rather than a p-value approach, then the correct critical
value of —1.645or 1.645 replaces the p-value in section 2, and comparison of the test statistic from
section 2 to the critical value (e.g. 2.21 > 1.645) satisfies component 1.

If the response clearly states a reasonable level of significance that differs from 0.05 and provides a
justification and conclusion in context based on that justification, the response is scored E.

If the response provides the incorrect comparison between the stated p-value and the level of
significance, but the conclusion is consistent with the given comparison and the alternative
hypothesis, then component 2 is satisfied.

If the response did not satisfy component 1 in section 1 because a two-tailed alternative was stated or
the direction of the alternative was incorrect, then the conclusion component 2 should be consistent
with the stated alternative. If the response states other incorrect hypotheses or omits hypotheses,
assume the correct alternative hypothesis is provided when scoring component 2.
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Question 4 (continued)

Alternative Approach
Two-Sided Confidence Interval for Difference in Two Population Proportions

Section 1 is scored E, P, or I according to the guidelines in section 1 for a 2 sample z-test for proportions.

Notes:

e To satisfy component 4, the two-sample confidence interval for a difference in two proportions
should be identified by name or formula by referring to the z-distribution and two proportions.

Section 2 is scored as follows:
Essentially correct (E) if the response satisfies components 1 and 2 AND at least one of the remaining
components:

1.

3.

4.

Notes that the use of random samples in 2014 and 2017 satisfies the randomness condition.

Checks for approximate normality of the test statistic by showing that the observed numbers of resistant
and non-resistant kochia plants are both larger than some commonly accepted criterion (say 5 or 10) for
both samples.

Notes that the populations of kochia plants must be extremely large in both years, thus satisfies the
independence (10%) conditions.

Reports the correct confidence interval that is consistent with the stated alternative hypothesis.

Partially correct (P) if the response does not meet the criteria for E, but at least two of the four components
are satisfied.

Incorrect (I) if the response does not satisfy the criteria for E or P.

Notes:

e Examples of correct 90% confidence intervals to address a one-sided alternative for o = 0.05 are:
(-0.327, - 0.049)

(0.049, 0.327)

e Examples of correct 95% confidence intervals to address a two-sided alternative for o = 0.05
are:

(~0.353, - 0.022)
(0.022, 0.353)

Section 3 is scored E, P or I according to the guidelines in section 3 for a 2 sample z-test for proportions.

Notes:
e Component 1 is satisfied if a confidence interval that is consistent with the alternative hypothesis
is given and the appropriate interval endpoint(s) are compared to zero.
Overall Notes:

e [f the response constructs two separate one-proportion z-intervals for 2014 and 2017, then
sections 1 and 2 are scored as above, and section 3 is scored 1.
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Question 4 (continued)

Alternative Approach
Chi-square test for homogeneity

The value of the Pearson chi-square test statistic (uncorrected) is 4.8821 with 1 degree of freedom and a
p-value of 0.02714. This value is the same as the square of the pooled z-statistic, so it is the same test, but the
p-value is for a two-sided alternative. This p-value could be divided by 2 to obtain an appropriate p-value for
the one-sided alternative, but the sample data needs to be examined to determine the correct direction of the

alternative.

Section 1 is scored E, P, or I according to the guidelines in section 1 for a 2 sample z-test for proportions.

Notes:
[ ]

Examples of unacceptable hypotheses:

Hy : p;7 and p, are independent or H : p;; and p;4 have no association

H, : p;7 and p;, are dependentor H, : p;; and p;4 have an association

Hy 1 pi7 # py or Hy 2 pi7 2 pig or Hy 2 py < ppg

To satisfy component 4, a chi-square test for homogeneity is identified by name or formula.

Section 2 is scored E, P, or I according to the guidelines in section 2 for a 2 sample z-test for proportions.

Notes:
[ )

To satisfy component 4, the reported value of the chi-square test statistic is 4.8821.
If a one sided alternative hypothesis is given in section 1, then to satisfy component 5, the
reported value of the p-value is 0.01357.

If a two sided alternative hypothesis is given in section 1, then to satisfy component 5, the
reported p-value is 0.02714.

Section 3 is scored E, P or I according to the guidelines in section 3 for a 2 sample z-test for proportions.

Notes:

If the response clearly indicates that the two sample proportions were used to determine the
correct one-sided direction and a p-value of 0.0135 was used as justification, section 3 is
scored E.

If a correct conclusion is reached based on the p-value of 0.02714 and a two-sided alternative,
then section 3 is scored at most P.

If the final response justifies the conclusion based on the p-value of 0.0135 but does not explicitly
indicate how the correct direction was determined, section 3 is scored at most P.
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Question 4 (continued)

Complete Response

Three sections essentially correct
Substantial Response

Two sections essentially correct and one section partially correct
Developing Response

Two sections essentially correct and no sections partially correct
OR

One section essentially correct and one or two sections partially correct
OR

Three sections partially correct
Minimal Response

One section essentially correct
OR

No section essentially correct and two sections partially correct
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Question 5

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) evaluate a percentile of a normal
distribution; (2) evaluate a probability for a normal distribution; and (3) compute an expected value for a random
variable with two possible outcomes.

Solution
Part (a):

The 25th percentile of the standard normal distribution is —0.6745. Consequently the 25th percentile of a
normal distribution with mean 30 months and standard deviation 8 months is 30 + 8(—0.6745) = 24.6 months.

Part (b):

The probability that a randomly selected customer will need to request a replacement because the battery fails
within 24 months from the date of purchase is

24 - 30

P(life span < 24 months) = P(Z < ) = P(Z £ -0.75) = 0.2266.

Part (c):
The company’s expected gain for each warranty purchased is

($50) x P(life span > 24 months) + (=$150) x P(life span < 24 months)
= ($50) x (0.7734) + (~=$150) x (0.2266) ~ $4.68.

Scoring

Parts (a), (b), and (c) are each scored as essentially correct (E), partially correct (P), or incorrect (I).
Part (a) is scored as follows:

Essentially correct (E) if the response satisfies the following three components:
1. Indicates the use of a normal distribution with a mean of 30 and a standard deviation of 8.
2. Sets up a correct approach for finding the 25th percentile of the battery life span distribution.
3. Reports the correct value of the 25th percentile (24.6) or a percentile value that is consistent with
components 1 and 2.

Partially correct (P) if the response satisfies only two of the three components.
Incorrect (I) if the response does not meet the criteria for E or P.

Notes:
e Component 1 may be satisfied in either part (a) or (b).
e Incorrect statistical notation in specifying the distribution mean or standard deviation (for example,
x =30 or s = 8) results in Component 1 not being met the first time it appears.
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Question 5 (continued)

e Component 1 may be satisfied by one of the following:
o Graphical: Displaying a graph of a normal density function with the horizontal axis clearly
labeled using the mean and standard deviation for the battery life span distribution.
o Calculator syntax: Labeling the mean and standard deviation in an inverse normal cdf calculator
statement, for example, invNorm (0.25, u = 30, o = 8).

o z-score: Showing correct components in a standard z-score calculation, for example,

z=2 _830’ or —0.6745 = 2= 30, or x = 30 + 8(-0.6745).

o Notation: Using standard notation for a normal distribution, for example, N(30, 8) or
Normal(30, 64).

e Component 2 may be satisfied by one of the following:
o Graphical: Identifying the lower-tail area corresponding to the probability of 0.25 in a graph of
a normal density function.
o Calculator syntax: Stating the correct percentile in an inverse normal cdf calculator statement,
for example, invNorm (0.25, ¢ = 30, o = ).

o z-score: Equating the z-score of the 25th percentile of the battery life span distribution to

—0.6745, for example, —0.6745 = X=30 or x = 30 + 8(=0.6745).

Part (b) is scored as follows:

Essentially correct (E) if the response satisfies the following three components:
1. Indicates the use of a normal distribution with a mean of 30 and a standard deviation of 8.
2. Specifies the correct event, including the correct boundary value and direction.
3. Reports the correct probability (0.2266) or a probability consistent with components 1 and 2.

Partially correct (P) if response satisfies only two of the three components.
Incorrect (I) if the response does not meet the criteria for E or P.

Notes:
e Component 1 may be satisfied in either part (a) or (b).
o Incorrect statistical notation in specifying the distribution mean or standard deviation (for
example, X = 30 or s = 8) results in Component 1 not being met the first time it appears.

e Component 1 may be satisfied by one of the following:
o Graphical: Displaying a graph of a normal density function with the horizontal axis clearly
labeled using the mean and standard deviation for the battery life span distribution.
o Calculator syntax: Labeling the mean and standard deviation in a normal cdf calculator
statement, for example, normalcdf (0, upper = 24, u = 30, o = 8).

o z-score: Showing correct components in a standard z-score calculation, for example,

x—30 _24-130 24-30 _
2 ,0or z= 2 , Or 2 = —0.75.

o Notation: Using standard notation for a normal distribution, for example, N(30, 8) or
Normal(30, 64)
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Question 5 (continued)

e Component 2 may be satisfied by one of the following:
o Graphical: A normal density graph labeled with boundary and direction corresponding to the
region of interest.
o Calculator syntax: Labeling the upper bound in a normal cdf calculator statement. The lower
bound does not need to be labeled but must be less than or equal to 0, for example,
normalcdf (0, upper = 24, u = 30, o = 8).

o In words: Specifying the correct event, boundary value, and direction, in words: for example,
P(battery life span < 24 months), or “probability requires battery replacement within 24
months.”

o Random variable: Specifying the boundary value and direction using a random variable, for
example, P(X < 24) or P(Z < -0.75).

Part (c) is scored as follows:

Essentially correct (E) if the response satisfies the following two components:
1. Provides an expected value calculation with two appropriate probabilities that add to 1 and are paired
with the correct outcomes.
2. Reports the correct expected value (4.68), or a reasonable expected value consistent with work
shown.

Partially correct (P) if the response satisfies only one of the two components.
Incorrect (I) if the response does not satisfy the criteria for E or P.

Notes:
e For component 1, appropriate probabilities that add to 1 are:
o probabilities consistent with the value computed in part (b); or
o the correct probabilities; or
o if there is no probability provided in part (b), probabilities explicitly defined in context in
part (¢).
e [fthe correct probability is used, due to rounding considerations, any number between 4.00 and 4.70
is acceptable as a correct expected value for component 2.
e A reasonable expected value for component 2 can be any number between —$150 and +$50 that is
consistent with work shown.
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Question 5 (continued)

Complete Response

Three parts essentially correct
Substantial Response

Two parts essentially correct and one part partially correct
Developing Response

Two parts essentially correct and no parts partially correct
OR

One part essentially correct and one or two parts partially correct
OR

Three parts partially correct
Minimal Response

One part essentially correct
OR

No parts essentially correct and two parts partially correct
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Question 6

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) recognize the population to which
results from a random sample may be generalized; (2) describe a disadvantage of using a sample mean rather than
a sample median to indicate typical values when the sample distribution is skewed; (3) describe how the
theoretical sampling distribution of the sample median could be constructed; (4) construct an approximate
confidence interval for a population median using results from a bootstrap procedure; and (5) interpret a
confidence interval.

Solution
Part (a):

Because random sampling was used, the results of the sample may be generalized to the population of rental
prices for one-bedroom apartments in the city that are listed on this particular website at the time the sample
was taken.

Part (b):

Because the distribution of the 50 rental prices in the sample is skewed to the right, the sample median
provides a better indicator of typical rental prices than the sample mean. Some very large rental prices results
in a sample mean that is substantially larger than the more typical rental prices. As a result the sample mean
would overestimate the typical rental price, whereas the sample median would be a more accurate
representation of typical rental prices.

Part (c):

To determine the sampling distribution of median rental prices for random samples of 50 one-bedroom
apartments from this population, Emma would need to obtain every possible sample of 50 one-bedroom
apartments from this website and compute the median of each sample. The collection of all possible sample
medians is the theoretical sampling distribution for sample median.

Part (d):

(1) (0.05)(15,000) = 750 and (0.95)(15,000) = 14,250. The 5th percentile is a value, say x, s, such that at
least 750 values in the table are less than or equal to x, o5 and at least 14,250 are greater than or equal to
Xp05- Cumulate frequencies starting with the smallest sample median listed in the table and going toward
the largest (going down columns) until you first reach 750 values, to obtain x; o5 = $2,500.

(i1) Similarly, x; o5 = $2,950.

Part (e):

The percentage of bootstrap medians between (and including) the values found in part (d) for the 5th and 95th
percentiles is

14,404

0/ ~ 0
15,000 x100% = 96.03%
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Question 6 (continued)
Part (f):

From the results in part (d) and part (e), an approximate 96 percent confidence interval for the median rental
price of all one-bedroom apartments listed on this website for this city is ($2,500, $2,950). We are

approximately 96 percent confident that the median rental price of all one-bedroom apartments listed on this
website for this city is between $2,500 and $2,950.

Scoring

This question is scored in four sections. Section 1 consists of parts (a) and (b), section 2 consists of part (c),
section 3 consists of parts (d) and (e), and section 4 consists of part (f). Sections 1, 2, 3, and 4 are each scored as
essentially correct (E), partially correct (P), or incorrect (I).

Section 1 is scored as follows:

Essentially correct (E) if the response satisfies the following three components:
1. The correct population (listings of one-bedroom apartments on the website) is identified in part (a).
2. In part (b), identifying that using the sample mean instead of the sample median overestimates the
typical rental price.
3. The disadvantage of using the sample mean that is reported in part (b) is correctly linked to some
feature of the distribution (e.g. skewness) that is evident in the histogram.

Partially correct (P) if the response satisfies only two of the three components.
Incorrect (I) if the response does not meet the criteria for E or P.

Note: Responses that refer to the mean being larger than the median in a skewed right distribution alone is not
sufficient to satisfy component 2.

Section 2 is scored as follows:

Essentially correct (E) if the response satisfies the following two components:
1. Indicates that Emma would need to obtain every possible sample of 50 one-bedroom apartments.
2. Indicates that Emma would need to compute the median rental price for each sample.

Partially correct (P) if the response satisfies only one of the two components.
Incorrect (I) if the response does not satisfy the criteria for E or P.
Section 3 is scored as follows:

Essentially correct (E) if the response satisfies the following two components:
1. Correct values for the 5th percentile and the 95th percentile are reported in part (d).
2. The correct percentage of bootstrap samples that produced sample medians at or between the two
values, if they are plausible, reported in part (d) is reported in part (e).

Partially correct (P) if the response satisfies only one of the two components.
Incorrect (I) if the response does not satisfy the criteria for E or P.

Note: Plausible values for part (d) will be considered values between 2,345 and 3,062.5.
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Question 6 (continued)
Section 4 is scored as follows:

Essentially correct if the response in part (f) satisfies the following three components:
1. Uses $2500 and $2950 or the values of the percentiles reported in part (d) as the endpoints of the
confidence interval.
2. Indicates an approximate 90 or 96 percent level of confidence or a level of confidence consistent with
part (e).
3. Makes a correct statement in context indicating that the confidence interval is for the median.

Partially correct if the response satisfies only two of the three components.
Incorrect if the response does not satisfy the criteria for E or P.

Note: Since rental prices from the population are discrete values, the true confidence level of the interval from
part (d) is unknown. A correctly calculated part (e) is a way to estimate the confidence level; from Emma’s
sample the confidence level is estimated to be approximately 96 percent. The process described in part (d) for
calculating the interval will result in a confidence level of at least 90 percent. For these reasons, confidence
levels of either 90 or 96 percent satisfy component 2.

Each essentially correct (E) section counts as 1 point, and a partially correct (P) section counts as 2 point.

4 Complete Response
3 Substantial Response
2 Developing Response
1 Minimal Response

If a response is between two scores (for example, 2’2 points), use a holistic approach to decide whether to score
up or down depending on the strength of the response and communication.
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Question 1

Intent of Question

The primary goals of this question were to assess a student's ability to (1) explain statistical terms used
when describing the relationship between two variables; {2) interpret the slope of a linear regression
equation; and (3) calculate a value of v when given a regression equation, a value of x, and a residual.
Solution

Part (a):

In the context of a scatterplot in which y represents weight and x represents length, the following are
defined.

A pogitive relationship means that welves with higher values of length also tend to have higher
weights.

A linear relationship means that as length increases by one meter, weight tends to change by a
constant amount, on average.

A gtrondg relationship means that the data points fall close to a line (or curve).
Part (b):

The slope of 35.02 indicates that two wolves that differ by one meter in length are predicted to differ by
35.02 kilograms in weight, with the longer wolf having the greater weight.

Part (c):

In general, a residual is equal to actual weight minus predicted weight, or equivalently,

actual weight = predicted weight + residual.
For the wolf with length 1.4 meters and residual of —8.67, the predicted weight is
—16.46 + 36.02(1.4) = 32.568 kilograms.

Therefore, the actual weight of the wolf is 32.568 + (—8.687) = 22.898 kilograms.
Scoring
Parts (a), (b)), and (c) are scored as essentially correct (E), partially correct (P), or incorrect (I).
Part (a) is scored as [ollows:

Eszentially correct (E) if the responsge includes the following four components:

1. A reasonable definition of positive
A reascnable definition of linear

2.
3. A reasonable definition of strong
4. At least one definition in context,
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Question 1 (continued)
Partially correct {P) if the response includes only three of the four components.
Incorrect (1) if the response does not meet the conditions for E or P.

Notes:

e The description of a positive relaticnship should clearly indicate that relatively low values of
one variable tend tc appear with relatively low values of the other variable, and relatively high
values of the first variable tend to appear with relatively high values of the other variable.

o Examples of acceptable responses:

= Aslength increases, so does weight.

®= Longer wolves weigh more.

= The points on the graph go up as you move from left to right.
o Examples of unacceptable responses:

®* Aslength goes up, weight changes.

= Both length and weight gst bigger.

= The correlation is greater than 0.

e The description of g linear relationship can take one of twe approaches: the data pattern (data
points exhibit the pattern of a line in the graph) or the constant rate of change (as the
explanatory variable changes, the response variable exhibits a constant rate of change).

o Examples of acceptable responses:
®* The points generally follow a straight line.
®* The relaticnship between x and y is straight.
®* Length and width have a constant slope.
o Examples of unacceptable responses:
®  The points all line up.
®*  You can draw a straight line through the points.
® There is a positive correlation.
= Bveryincrease in x yields a 35.02 increase in y.
e The description of strong should indicate how close points are to a line.
o Examples of acceptable responses:
= (Obsgerved values are close to predicted values.
= Deviations from the least-squares regression line are small.
* The correlation coefficient is close to 1.
o BExamples of unacceptable responses:
=  All the peints are close together.
= The scatterplots are clustered together.
= There is a high positive correlation.

e (Context can be shewn by referring to length and weight or by using meters and kilograms.

e Sketches and graphs can be used to help clarify definitions, but a sketch alone cannot satisty a
definition component.

Part (b) is scored as follows:

Essentially correct (E) if the response includes the following three components:
1. The correct value of 35.02 for the slope.
2. Aninterpretation that includes an increase of a specified amount of weight for each unit
increase in length.
3. Anindication that the relationship ig not exact by using words such ag "on average” or
“predicted weight.”



AP Statistics: 2017

- - - MR M R N

2017 SCORING GUIDELINES

Question 1 {continued)
Partially correct (P) if the response includes only two of the three components.

Note: If the response identifies the slope as —15.46 (the intercept value), the second coemponent is
satisfied only if the 1esponse states that for each one-metsr increase in length there is a decrease
in predicted or average weight of 16.46 kilograms.

Incorrect (I} if the responses does not mest the criteria for E or P.
'art (c) is scored as follows:

Essentially correct (B) if the response includes the following two components:
1. A correct computation for the predicted value 32 568 kilograms.
2. A correct computation for the actual weight 22.9 kilograms using the given residual and the
predicted value.

Partially correct (P) if the response provides a correct computation for the predicted value but is not
able to complete the correct calculation of the actual weight, including if the residual is defined in the
wrong direction as (predicted weight) — (actual weight) to give an answer of 42.24 kilograms;
OR

if the response provides an incorrect value for the predicted weight, but then uses that value correctly
to determine the actual weight as (predicted weight) + residual = (predicted weight) +(-9.67) ;

OR
if the response provides a correct answer for the actual weight but does not give sufficient information
to determine how it was calculated.

Incorrect (I} if the response does not meet the criteria for E or P.

Notes:
o The expression —16.46 35.02(1.4) is enough to satisfy the first component.

e The equation —16.46 + 35.02(1.4) — 9.67 = 22.9 satisfies both components.

e Arithmetic mistakes are overlooked if they do not lead to an unreasonable answer (such as a
negative value). For example, 32.568 + (—9.67) = 21.9 satisfies the second component.
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Question 1 (continued)

Complete Response

Three parts essentially correct
Substantial Response

Two parts essentially correct and one part partially correct
Developing Response

Two parts essentially correct and no parts partially correct
OR

Cne part essentially correct and one or two parts partially correct
OR

Three parts partially correct
Minimal Response

Cne part essentially correct

OR
No parts essentially correct and two parts partially correct
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Question 2

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) construct and interpret a
confidence interval for a population proportion and (2) use a confidence interval for a proportion to find a
confidence interval for a dollar amount that can be caloulated using that proportion.

Solution

Part (a}):

Step 1: Identify the appropriate confidence interval by name cr formula and check appropriate conditions.

The appropriate procedure is a one-sample z-interval for a population proportion p. In this casg, the
pepulation is all custemers of the restaurant who asgk for a water cup, and p is the proportion of that

population who will fill the cup with a soft drink. The appropriate formula is p + z @

Conditions:
1. Random sample

2. Large sample {(number of successes np > 10 and number of failures n(1— pj> 10}

For condition 1 the stem of the problem states that a random sample of customers who asked for a
water cup was used.

For condition 2 the number of successes (filed cup with soft drink) is 23 and the number of failures is
b7, both of which are greater than 10.

Step 2: Correct mechanics

The sample proportion is p = 28 = (0.287b. The confidence interval is

80
0.2876(1_0.2875)
196
0.2875 196 o

= 0.2876 £ 1.96(0.0506) or 0.1883 to 0.3867.
= 0.2875+ 0.0992

Step 3: Interpretation

We can be 85 percent confident that in the population of all customers of the restaurant whae ask for a
water cup, the proportion who will fill it with a soft drink is between 0.1883 and 0.3867.

Part (b}:

Using the confidence interval in part (a), a 85 percent interval estimate for the number of customers in
June who asked for a water cup but then filled it with a soft drink is 3,000 x 0.1883 1o 3,000 x 0.3857,
or 565 to 1,160. At a cost of $0.25 per customer, a 95 percent interval estimate for the cost to the
restaurant in June is $141.25 to $290.00.



AP Statistics: 2017

ZULI DUVURING GUIDBELINED

Question 2 {(continued)

Scoring

This question is scored in four sections. Section 1 consists of step 1 in part (), section 2 consists of step 2
in part {a), section 3 consists of step 3 in part (a), and section 4 consists of part {b). Each section is scored
as essentially correct (E), partially correct (P), or incorrect (D).

Section 1 is scored as follows:

Essentially correct (B) if the one-sample z-interval for a proportion is identified (either by name or
formula) AND both conditions (random sampling and large semple) are adequately addressed.

Partially correct (P) if the response identifies the correct procedure BUT adequately addiesses only one
of the two required conditions;

OR
if the response does not identify the correct precedure BUT adequately addresses both required
conditions.

Incorrect (I) if the response does not meet the criteria for E or P.

Notas:
e Stating the large sample condition without verifying it is not sufficient. The response must use
specific numerical values to adequately address the condition.
e [f the response includes additional inappropriate conditions, such as n = 30 or requiring a
normal population, then the response earns at most P for section 1.

e Stating and checking a condition about the size of the sample relative to the size of the
population is appropriate but not required.

e Any statement of hypotheses, description of the population, or definition of the parameter
should be considered extrancous. However, if such statements are included and incorrect,
they are considered as poor communication in terms of holistic scoring.

Section 2 is scored as follows:

Essentially correct (E) if the response gives the correct 95 percent confidence interval. Supporting work
is not required, but if included, it must ke correct.

Partially correct (P) if the response gives a correct confidence interval with incorrect (but appropriate)
supporting work shown;

CR
if the responses gives an incorrect but reasonable confidence interval with appropriate supporting work

shown — Ior instance, if a value other than 1.96 is used for the critical value or a value other than %

isusedfor p.
Incorrect (I} if the response does not mest the criteria for E or P.

Notes:
e Appropriate supporting working must have the form:
proportion £ (critical value)(SE/SD of proportion).
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Question 2 {(continued)

e A confidence interval that has both endpoints outside the interval from O to 1 is considered
unreasonable.

Section 3 is scored as follows:

Essentially correct (B) if the response provides an appropriate interpretation of the interval that
includes the following three componsnts:
1. Conveys inference about a population proportion
2. Demonstrates a clear understanding that the parameter is the proportion of the water cup
population that fills the cup with a soft drink
3. Mentions 95 percent confidence and interprets it correctly using words such as “We can be 95
percent confident” or “With Sh percent confidence”

Partially correct (P) if the response provides an appropriate interpretation of the interval that includes
the first component AND only one of the other two components;

CR
if the response provides a correct interpretation of the confidence level in context without interpreting
the specific interval.

Incorrect (I) if the response does not meet the criteria for E or P.

Notes:

e (lear indicaticn of an inference to the random sample of 80 customers rather than to the
population does not satisfy the first component and is scored I

e Stating values that are unrealistic as proportions or percentages (including blanks} in the
interpretation lowers the score one level (from E to P, or from P to I).

e  When both the interpretaticn and the level of the interval are given, only the interpretation is
scored. If the interpretation of the confidence level is incorrect, it is considered as poor
communication in terms of holistic scoring.

e Any interpretaticn that implies the interval has a 85 percent chance (or possibility or
probability) of capturing the population proportion is scored 1.

Section 4 is scored as follows:

Essentially correct (E) if the response gives a cotrect interval estimate for the cost to the restaurant
AND shows enough work to indicate how the interval was found.

Partially correct (P) if the response gives the correct interval estimate for the number of customers
(565 to 1,160) who would fill the water cup with soda, including showing work, but does not multiply
by $0.25 to find the interval for the cost;

OR
if the response gives the correct interval estimate for the expecied cost to the 1estaurant for an
individual who asked for & water cup ($0.05 te $0.10), including showing work, but doss not multiply by
3,000 to find the interval for the total cost;

OR
if the response makes a reasonable attempt to find the endpoints of the interval as (0.1883)(3,000)0.2b)
and {0.3867)(3,000)0.25), but makes an grror such as using the sample size of 80 instead of the
pepulation size of 3,000,
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Question 2 {(continued)

@13
if the response gives the correct interval without showing how it was found.

Incorrect (I) if the response does not meet the criteria for E or P.

Notas:

e The response in section 4 earns an K if it follows correctly from an incorrect interval found in
part {a), even if the interval is unreasonable.
e Units ($} are not required to earn an E.

Each essentially correct (E) section counts as 1 point, and a partially correct (P) section counts as ¥ point.

4 Complete Response

3 Substantial Response
2 Developing Response
1 Minimal Response

If a response is between two scores (for example, 2% points), use a holistic approach to decide whether to
score up or down, depending on the strength of the response and communication.
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Question 3

Intent of Question

The primary goals of this question were to assess a student’s ahility to (1) calculate a probability from a
normal distribution: (2) calculate a weighted probakility from two individual probabilities; and (3) calculate
a conditional probability for dependent events when individual and joint probabilities are provided.

Solution

Part (a):

Let X denote the diamster of a randomly selected melon from Distributor J. X hag an approximately
normal distribution with mean 133 mm and standard deviation b mm.

The z-score for a diameter of 137 mmis z = % = % =0.38.

Therefore, P(X >137) = P(Z >0.8) =1-0.7881 = 0.2119.

Part (b):

Defing events:
J melon is from Distributor J
K: melon is from Distributor K
G melon diameter is greater than 137 mm

P(@) = P(G|J) x P(J) + P(G | K) x P(K)
= (0.2119)(0.7) + (0.8413)(0.3)
= 0.1483 + 0.2524
= 0.4007

For a randomly selected melon from the grocery store,

OR
(0.7)(0.2119)=0.1483

From the tree diagram, P(G) = P(GandJ) + P(Gand K) = 0.1483 + 0.2624 = 0.4007 .
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Question 3 (continued)
Part (c):
Using the svents defined in part (), the requested probability is

P(JandG) P(G|J)EB(J) (0.2119)(07) _ 01483

P(J|G) = P(G)  P(G3) 04007 04007

= 0.3701.

Scoring

Parts (a), (Ib), and (c) are scored as essentially correct (E), partially correct (P), or incorrect (I).
Part (a) is scored as fcllows:

Eszentially correct (E) if the response provides the following three components:

1. Normalitv and parameters: Indicates use of a normal (or approximately normal) distribution and
clearly identifies the correct parameter values. (Showing correct components in a z-score,
labeling the mean and standard deviation in a normalcedf calculator statement, or drawing a
normal curve with sufficient values marked to indicate the mean and standard deviation are all
sufficient methods for identifying the correct parameter values.)

2. Boundary and direction: Uses the correct boundary value of x =137 or z = 0.8 and the correct
direction. {Showing correct boundary and direction in a prebability statement using “greater
than,"” labeling the lower limit and upper limit in a normaledf calculator statement, drawing a
normal curve with 137 labeled and an indicaticon that the area of interest is to the right cf 137,
or a conclusion in werds using “greater than.”)

3. Probability: Reports the correct normal probability consistent with the response’s setup
described in components 1 and 2.

Partially correct (P) if the responsge correctly provides only two of the three components.

Incorrect (T} if the response gives the answer with no work shown or otherwise does not satisfy the
criteria for B or P.

Notes:

e Aninconsistency in calculations lowets the score for part (a) by one level (from E to P, or from P
to I). For instance, if the respense states the requeasted probability as F(X > 137), but actually
computes P(X <137}

e An error in statistical notation, such as using s instead of o for the standard deviation or ¥
instead of u for the mean, does not satisfy component 1.

e A ccrrect direction can be obtained by using a left direction and an upper bound of 137 and
then subtracting the value of the cumulative probkakbility from 1. However, simply showing the
calculation 1-—0.7881 = 0.2119 does NOT give a correct direction.

o (onsider any steps of a hypcthesis test as extranecus work.

e Standard notations such as N{133,5) or N(133,25) satisfy the first component.

e A gketch of the normal curve with 133 and 138 in the appropriate positions satisfies the first
component.

e Use of a value other than 137 does not satisty the second compcnent.
e Ifthe only error in part (a) is the reversal of the numerator for the z-score (133 — 137), the
response is scored as P.
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Question 3 {(continued)

e For calculator notation:
o nedf is sufficiant to indicate use of the normal distribution.
o Stating ths lower and upper bounds is sufficient for identifying boundary and direction.
o Minimum notation, such as “u” for upper, is sufficient for identifving boundary.
o The minimum value for an upper bound must be at least 4 standard deviations above
the mean.

Part (b} is scored as follows:

Essentially correct (B) if the prebability is computed correctly, AND work is shown that includes
correct numerical values using a formula, end results from a tree diagram, or some cther appropriate
method.

Partially correct (P) if the response provides a correct strategy for finding the probability, such as a
formula or tree diagram, but uses one or mcre incorrect values or does not use the end result from the
tree;

OR
if the response gives the correct probability but not encugh work is shown to determine how it was
found.

Incorrect if the respongse does not meet the criteria for E or P.

Notes:
e A rsgponse that uses 0.3 for J and 0.7 for K earns a P if no other mistakes are made.
e Treediagrams:
o Ifused, the multiplication is implied, but the addition must be indicated.
o [Ifnotused, both the multiplication and the addition must be indicated.
e The shown work might be found in part {c).
o Prohabilities can be shown in a table. Addition is implied if "Total” is labeled, as shown.

Intersection G Not G Total
J 0.1483 0.6b17 07
K 0.2524 0.0578 0.3
Total 0.4007 0.56993

Part (c) is scored as follows:

Essentially correct (E) if the probability is computed correctly AND work is shown that illustrates how
the probability wag found.

Partially correct (P) if the response provides a strategy for finding the probability for dependent
variables, such as the appropriate formula or end results from the correct tree diagram, but uses one or
more incorrect values or does not use the end result from the tres;

OR
if the regponse gives the correct probability but not enough work is shown to determine how it was
found.

Incorrect (1) if the respense does not meet the criteria for E or P.
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Question 3 {(continued)

Part (¢) earns an L if a correct answer follows from incorrect values used frem part (a) and/or
part {b), provided all values are between 0 and 1, inclusive.

A transcription error in a response can be ignored if correct work is shown.
For any part, if the resulting probkability or part of the calculation of the probability uses a value

that is not between 0 and 1, inclusive, the score is lowered by one level (from E to P, or from
Ptol).

In any part, unsuppcrted answers are scored as 1.

Complete Response

Three parts essentially correct
Substantial Response

Two parts essentially correct and one part partially correct
Developing Response

Two parts essentially correct and no parts partially correct
OR

Cne part essentially correct and one or two parts partially correct
OR

Three parts partially correct
Minimal Response

Cne part essentially correct

CR
No parts essentially correct and two parts partially correct
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Question 4
Intent of Question

The primary goals of this question were to assess a student's ability to use boxplots to (1) compare multiple
sets of data; (2) identify which set of data is most likely to have produced a particular summary value; and
(3) determine which variable is most useful for classifying a new observation.

Solution
Part {a):

The median value for the percent of chemical 7 in the pottery pieces is similar for all three sites, at
about 7 percent. The ranges fcr the percent of chemical Z are much different for the three sites, with
the smallest range of about 2 percent {from 6 percent to 8 percent) at Site II, a range of about & percent
(from about 4 percent to 10 percent) at Site 1, and the largest range of about 8 percent (from about 3
parcent to 11 percent) at Site I

Part (b}):

(1) The piece most likely originated at Site III. Although values outside of the range of data observed in
the samples would be possible, using the available data results in approximate minimum and
maximum sums of the percents for the three chemicals as shown in the table below. Site Il is the
only site in which 20.5 falls between the sums of the minimum and maximum values.

Site I Site 11 Site I
Chemical Min Max Min Max Min Max
X 6 3 5 7 5 7.5
Y 1 15 1.9 4 6 3
7z 4 10 6 8 3 11
Sum 21 33 12.9 19 14 26.5

(ii) Chemical Y would ke most useful, because the distribution of the percentages of total weights at
the three sites do not overlap. The distributions of chemicals X and Z have substantial averlap.

Scoring
This cuestion is scored in three sections. Section 1 consists of part (a), section 2 consists of part (b-i), and

section 3 consists of part (b-ii). Each section is scored as essentially correct (B}, partially correct (P), or
incorrect (D).

Section 1 is scored as [ollows:
Eszentially correct (B) if the response includes the following three components:
1. BRecognition that the medians or centers are almost the same for the three sites
2. Recogniticn that the variability (tanges, IORs, spread) is different across the three sites
3. Contextis included

Partially correct (P) if the response includes only two of the three components.

Incorrect (I} if the response includes at most one of the three components.
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Question 4 (continued)

Notes:

e [n all sections, comments about shape should be ignored because complete shape information
is not obtainable from boxplots.

e Hesponses are not required to give numerical values. If responses provide numerical values,
any reasonable approximation from the boxplots is acceptable.

e Because the boxplots are all symimetric, it is acceptable if the response discusses means
instead of medians.

e Any discussion of chemical X and chemical ¥ ig considered extraneous.

e (ontext is satisfied by any of the following references: site, chemical, weight, total weight,
X Y, or7Z.

Section 2 iz scored as follows:

Eszentially correct (B) if the response includes the following thrae components:
1. SiteIll is chosen.
2. Sums of the minimum and maximum are computed for the three chemicals at each site.
3. Avreascnable numerical justification iz given involving sums of a statistical measure across the
three chemicals to choose Site II.

Partially correct {P) if the response includss only two of the three components.
Incorrect (I) if the respeonse includes at most cne of the three components.

Notes:

e [fthe respense computes only the sum of the minimums for Site I and the sum of the
maximums for Site Il and recognizes that this is sufficient, the respense is scored k.

e [f an alternative measure is used that involvas sums of the three chemicals, such as the sum of
the medians or the sums of the first quartiles and sums of the third quartiles, instead of the
minimum and maximum sums, the second component is not satisfied, but the third compoeonent
might be satisfied.

o If the response explicitly or implicitly compares the alternate sum te the other two sites
(for example, by indicating that the sum is the closest to 20.5 percent or by listing the
sums for all thiee sites) the response is scored P.

o If the response does not have an implicit or explicit compariscen, the response isg
scored [

o [f either Site [ or Site II is identified as the correct cheice, ne matter how that choice is justified,
the response is scored 1

e The approximate sums of the medians are 27.5 for Site 1, 16 for Site 1T, and 20 for Site TII.

Section 3 is scored as follows:

Essentially correct (E) if the response chooses chemical Y AND gives a reasonable justification based
on the fact that the distributions of chemical Y are distinctive across sites.

Partially correct (P) if the response chooses chemical Y AND provides justification based on the

bexplots, but doas not clearly explain that the distributions of chemical Y are distinctive across sites;
CR

if the response correctly discusses that the distributions of chemical Y are distinctive across sites, but

never explicitly chcoses chamical Y as the best choice, for instance, by stating only that there is

aribotantial mirarlan aornco oitoe for crhoamioale W oand 7 ot no cvravlan far choaminal Y
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Question 4 (continued)
Incorrect (I) if the response does not meet the criteria for E or P.

Notes:
e Tojustify that the distributions of chemical Y are distinctive across sites, the justification must
address both location and variability of the boxplots; for example, by stating that the boxplots
do not overlap for chemical Y.
e [fthe response chooges chemical X or 2 OR chooses chemical Y with no reasonable
justification, the response is scored I
o The justification that the distributions of chemical Y are distinctive across sites:
o The following are acceptable because both location and variability are addressed. Such
responses are scored E.
=  The boxplots for chemical Y do not ovearlap, or the boxplots for chemicals X and
Z overlap.
= Allvalues cf Site I arg high, all values of Site I are low, and all values of Site 111
are in the middle.
®* The ranges never intersect.
» The boxplots share no data.
» Has completely different percentages at each site.
o The following are incomplete justifications and are scored P.
®* The boxplots vary.
=  (Chemical Y varies the most.
=  {hemical ¥ has the greatest variation.
= The variation between/among sites is the largest.
= The hoxplots are differant.
®» The medians/means differ.
®*  The medians/means are most variable.
= Thereis a difference in the percentages of chemical Y for each site.
= The distribution of percents differs the most among the sites.
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Question 4 (continued)

Complete Response

Three sections essentially correct
Substantial Response

Two sections essentially correct and one section partially correct
Developing Response

Two sections essentially correct and no sections partially correct
OR

Cne section essentially correct and one or two sections partially correct
OR

Three sections partially correct
Minimal Response

Cne section essentially correct

CR
No sections essentially correct and two sections partially correct
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Question b

Intent of Question

The primary goal of this question was to assess a student’s ability to identify, set up, perform, and interpret
the results of an appropriate hypothegis test tc address & particular question. More specific goals were to
assess a student’s ability to (1) state appropriate hypotheses; (2} identify the appropriate statistical test
procedure and check appropriate conditions for inference; (3) calculate the appropriate test statistic and
p-value; and (4) draw an appropriate conclusion, with justification, in the context of the study.

Solution
Step 1: State a correct pair of hypotheses.

The null hypothesis is that age group at diagnosis and gender are independent {(that is, they are not
associated) for the population of people currently being treated for schizophrenia.

The alternative hypothesis is that age group at diagnoesis and gender are not independent for the
poepulation of pecple currently being treated for schizophrenia.

Step 2: Identify a correct test procedure (by name or formula) and chack appropriate conditions.
The appropriate test is a chi-square test of independence.
The conditions for this test are satisfied because:
1. The guestion states that the sample was randcmly selected.

2. 'The expected counts for the eight cells of the table are at least 5, as seen in the following table,
with expected counts shown helow chserved counts.

Age at Diagnosis

20 to 29 30 to 39 40 to 49 50 to 59 Total

Women 46 40 21 12 119
56.91 36.22 17.25 8.62

Men 53 23 9 3 88
42.09 26.78 12.75 6.38

Step 3: Find the value of the test statistic and the p-value.

i :_wO0-EF
The test statistic is calculated as y* = ZT , o1

2% =2.093+ 0.395 + 0.817 + 1.322
+2.830+ 0.634 + 1.105 + 1.788
= 10.884.

The p-value is P(;(z > 10.884) = 0.012, based on (4 — 1) x (2 — 1) = 3degrees of freedom.
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Question b {continued)
Step 4: State the conclusion in context, with linkage to the p-value.

Because the p-value is very small (for instance much smaller than o = 0.05), we reject the null
hypothesis and conclude that the sample data provide strong evidence that there is an association
between age group at diagnosis and gender for the population currently being treated for
schizophrenia.

Scoring

This question is scored in three sections. Section 1 consists of steps 1 and 2 (stating the correct
hypotheses, identifying the appropriate test procedure, and checking the technical conditions): section 2
consists of step 3 (performing the correct mechanics); and section 3 consists of step 4 (stating a correct
conclusion with justification). Sections 1, 2, and 3 are scorad as essentially correct (E), partially correct (P),
or incorrect (I).

Section 1 is scored as follows:

Essentially correct (E) if the response carrectly includes the following three components:
1. States BOTH hypothases correctly with context included in at least ong of them
2. Identifies a chi-square test of independence by name or formula
3. Verifies appropriate conditions that minimally include the condition for the expected counts
and do not include any incorrect conditions (such as nommality)

Partially correct (P) if the response includes only two of the three compenents.
Incorrect {I) if the response includes at most cne of the three components.

Notes:
e Stating the expected count condition is not sufficient; the condition must be checked by
reporting the expected counts, or minimally by showing that the smallest expected count is at
least b.
e The random sample condition was stated in the stem so nesd not be explicitly checked.
e [fthe null and alternative hypothesis are correctly stated in terms cf population proportions,
component 1 is satisfied. For example:

Hy : o = p» = b3 = ps, where p, is the population proportion of women at each indicated

age group, 1, 2, 3, cr 4, who are currently being treated for schizophrenia.

H, : Atleast one of the population propartions, pi, s, D3, Py, differs from the other three.
OR

H, : The population proportions for the four age groups are not all the same.

Section 2 is scored as follows.
Essentially correct (E) if the response correctly calculates the following two values:
1.  The value of the chi-square test statistic

2.  The p-value, critical value, or p-value range from chi-square table

Partially correct (P) if the response correctly calculates enly one of the two values.
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Question b {(continued)
Incorrect (I) if the response does not satisfy the criteria for B or P.

Notes:

e [fthe response makes an error in one calculaticn, subseguent calculations are considered
correct if they follow correctly from the initial miscalculation.

e  With 3 degrees of freedom, the correct critical value is 7.81 for a significance level of 0.0b and
11.34 for a significance level of 0.01.

e  Work does not have to be shown for calculations of test statistic or p-value. However, it
incorrect work (other than minor arithmetic/transcription errors) is shown it is considered to be
an incorrect calgulation of the respective component, even if the correct value is given.

e [f aresponse provides a test statistic that is not a chi-square test statistic, section 2 is scored L.

Section 3 is scored as follows.

Essentially correct (B) if the response includes the following three components:
1. A carrect conclusion about the alternative hypothesis.
2. Justification of the conclusion based on linkage between the p-value and a reasonable alpha
(o1 linkage between test statistic and critical value).
3.  The conclusion is stated in context.

Partially correct {P) if the responge includes only two of the three components.
Incorrect (T} if the response includes at most one of the three compenents.

Notes:

e If the respense provides a correct decision, in context, with linkage to the p-value, but the
decision is stated in terms of the null hypothesis with no conclugion about the alternative
hypothasis, component 1 1s not satisfied.

e Incorrect statistical statements are considered incorrect conclusions for the hypothesis test and
do not satisfy component 1.

e Ifthe conclugion is consistent with the p-value from section 2, and alsc in context with
justification based on linkage to the p-value, secticn 3 is scored E.

e I no&alpha level is given, the solution must be explicit about the linkage by giving & correct
nterpretation of the p-value or explaining how the conclusion follows from the p-value. For
example, stating that because the p-value is small, we 1eject the null hypothesis or stating that
because the p-value is large, we do not reject the null hypothesis.

e A decisicn about the null hypothesis {reject H, or fail to reject I} is not required, but if such

a statement is given the scoring of the decision is considered in component 2.
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Question b (continued)

Complete Response

Three sections essentially correct
Substantial Response

Two sections essentially correct and one section partially correct
Developing Response

Two sections essentially correct and no sections partially correct
OR

Cne section essentially correct and one or two sections partially correct
OR

Three sections partially correct
Minimal Response

Omne section essentially correct
OR

No sections essentially correct and two sections partially correct

CR
Section 1 partially correct and the other two sections incorrect
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Question 6

Intent of Question

The primary goals of this question were to asssss a student’s ability to (1) calculate probabilities
associated with treatment and control group memberships for two different methods of random
assignment and {2) justify which method of random assignment 1s more appropriate in a given situation.

Solution
Part {(a):
(i) Let T (tail) represent being assigned to the treatment group and H (head) represent being assigned

to the control group for each coin flip. The process stops when either the treatment group or the
control group has two members. The cutcomes and their probabilities ars as follows.

Arrangement A B C D E b
Chip outcomes TT THT THH HH HTH HTT
cacaion | (3)17) | GIGIG) |Gl BIE) | IR | GG
2\ 2 2)\2/\2 2)1\2/\2 2]\ 2 2)\2)\ 2 2)\2)\ 2

. 1 1 1 1 1 1
Probablhty Z § § Z § §

(ii) Man 1 and Man 2 are assigned to the same group for arrangements A and D, so the probability is
1.1 1

P(A)+P(D):Z+Z:§

Part (b):

(1) Let T represent being assigned to the treatment group and C reprasent being assigned to the control
group for each chip drawn. The process stops when either the treatment group or the control group has
two members. The probabilities differ from the coin flip method because chips are drawn without
replacement. The cutcomes and their probabilitias are as follows.

Arrangement A B C D E F
Chip outcomes TT TCT TCC cC CTC CTT
cacaiwon | ()5) | [EEE) | GBI | G| @R | EHEE
4)\3 4)\3/\2 4/13/\2 4)\3 4)\3/\2 4)\3/\2

i 1 1 1 1 1 1
Probability E E E = g g

(ii) Man 1 and Man 2 are assigned to the same group for arrangements A and D, so the probability is

1

1 1

PA)+PD)=<+< ==

B

6 3
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Question 6 {continued)

Use the chip method. The chip method gives ecual probability to all possible arrangements, but the
coin method does not, as shown in the tables from parts (a-1) and (b-i). Furthermore, the coin method is
more likely to result in imbalanced treatment groups with regard to students and teachers, based on
the probabilities in parts (a-ii) and (b-ii). If food preferences for teachers are different than for students,
the imbalance is & problem. For example, if cne treatment group consists entirely of students, it would
be impossible to know if a difference in the response variable is due to the treatment (type of meal) or
the role of the person at the school (teacher or student).

Scoring

Parts (a), (), and (c) are each scored as essentially correct (B), partially correct (P), or incorrect (I

Part (a) is scored as fcllows:

Eszentially correct (E) if the response includes the following three components:
The correct probability for each arrangement in the table of (i).

2. Appropriate justification is shown in (i},

3. The correct probability is given in (ii).

1.

Partially correct (P} if the response includes only two of the three compenents.

Incorrect () if the response does not meet the criteria for E or P.

Notes:

For component Z, examples of appropriate justification include the following:

O

shows calculaticon of a correct probability for at least one of artangements A and D AND
shows calculation of a correct probakbility for at least cne of arrangements B, C, E, and F.
Calculations must be linked to a specific arrangement with a label, by proximity to an
arrangesiment in the table, or by following the structure of the table cr display of
arrangements.

Lists correct coin outcomes for at least one of arrangements A and D AND lists correct coin
outcomes for at least one of arrangements B, C, E, and F (for example, A: TT and B: THT).
Lists of outcomes must be linked to a spacific arrangement with a label, by proximity to an
arrangsment in the table, or by following the structure of the table cr display of
arrangements.

shows a tres diagram that ends with six branches corresponding to the six arrangements.
Prchabilities o1 coin cutcomes must be listed cn the branches, but arrangements do not
need to be identified.

Shows a tree diagram that ends with eight (or 16} branches where the branches leading to
at least one of arrtangements A and D are identified, and the branches leading tc at least
cne of arrangements B, C, B, and F are identified. Probabilities or coin outcomes must be
listed on the branches.

If an incorrect probakility is given in part (il), component 3 is satisfied if the probability is
between 0 and 1 and:

o igthe result of a minor arithmetic error; OR
o isthe result of adding the probabilities of arrangements A and D from the table in ().
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Question 6 {continued)

scored as follows:

Essentially correct (I) if the response includes the following two components:

1.
2.

The correct probability for each arrangement in the table of (i).
The correct probability 1s given in (11).

Partially correct (P) if the response includes only one of the three components.

Incorrect (I) if the response does not meet the criteria for E or P.

Note: If an incorrect probability is given in (ii), component 2 is satisfied if the probability is between O
and 1 and

ig the 1esult of a minor arithmetic error; OR
ig the result of adding the probabilities of arrangements A and D from the table in (); OR

work is shown that dernonstrates the same incorrect approach is used in both parts {a-ii) and
(b-ii). For example, component, 2 is satisfied if the response forgets to include P(D) and says

P(A) = % in (a-ii) and P{A) = % in part (b-ii). However, unlabeled answers of % in {a-ii) and %

in (b-ii) would not satisfy component 2 because it is unclear if the same approach is being
used.

Part (¢) is scored as follows:

Essentially correct (B} if the response chooses the chip method AND includes the following three
components:

1.

2.

3.

Provides a statistical benefit to the chip methoed. For example, stating that all arrangements are
squally likely.

Provides a statistical drawback to the coin method. For example, stating that the coin method
is more likely to result in imbalanced treatment groups.

States that the responses {opinions, food preferences) of teachers and students might be
different.

Partially correct if the response chooses the chip mathod and includes only one or two of the three
components.

Incorrect (I) if the response does not meet the criteria for E or B.

Notes:

A correct comparative statement can be used to satisly both components 1 and Z. For example,
stating that the coin method is more likely to result in a disproportionate number of students in
one treatment group, oI that the chip method has a greater chance of providing roughly
equivalent treatment groups.

Benefits and drawbacks must be about the probabilities of the arrangements (from the tables in
(i)}, or the prebhabilities of imbalanced (balanced) groups {from the gquestions in (ii)), or both.

If the response chooses the coin method, lock back to see if the coin method should be the
preferred method based on incorrect work from parts (a) and (). If so, score part (¢) using the
correspending three components.
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Question 6 {continued)

[f the response says that it does not matter which method to use, look back to see if the tables
are the same in parts (a-i) and {b-i) or if the probabilities are the same in parts (a-ii) and (b-ii). If
80, part (c) is partially correct if the response justifies the decision by stating that the two tables
or the two probabilities are the same. To be essentially correct, the response also needs to
satisfy component 3.

If the response does not choose a method, deduct one component from the number of correct
components.
Complete Response
Three parts essentially correct
Substantial Response
Two parts essentially correct and one part partially correct
Developing Response
Two parts essentially correct and no parts partially correct
OR
Cne part essentially correct and one or two parts partially correct
OR
Three parts partially correct
Minimal Response
One part essentially correct

OR
No parts essentially correct and two parts partially correct
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Question 1

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) compare features of two
distributions of data displayed in boxplots and (2) identify statistical measures that are important in
making decisions based on data sets.

Solution
Part (a):
The median salary is approximately the same for both corporations. The range and interquartile range

of the salaries are greater for Corporation A than for Corporation B. The two highest salaries at
Corporation A are outliers while Corporation B has no outliers.

Part (b):

(i) Five years after starting, at least 3 out of 30 (10%) of the salaries at Corporation A are greater than
the maximum salary at Corporation B. If I accept the offer from Corporation A, I might be able to
make a higher salary at Corporation A than at Corporation B.

(ii) Five years after starting, the minimum salary at Corporation B is greater than at Corporation A. In
fact, at Corporation A it looks like some people are still making the starting salary of $36,000 and

never received a raise in the five years since they were hired. So if I work at Corporation A, I might
never receive a raise in salary.

Scoring
Parts (a) and (b) are scored as essentially correct (E), partially correct (P), or incorrect (I).
Part (a) is scored as follows:
Essentially correct (E) if the response includes the following four components:
1. A correct comparison of center.
2. A correct comparison of spread.
3. A discussion of the outliers for Corporation A.
4. The response is in context.
Partially correct (P) if the response includes only three of the four components.

Incorrect (I) if the response includes at most two of the four components.

Note: Any mention of shape should be ignored because complete shape information cannot be
determined from a boxplot.
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Question 1 (continued)
Part (b) is scored as follows:
Essentially correct (E) if the response includes the following four components:
1. In part (b-i) a relevant statistical measure is identified (or described) or a relevant statistical
comparison is provided that supports the choice of Corporation A.
2. In part (b-i) an explanation is provided for why the measure or comparison is relevant.
3. In part (b-ii) a relevant statistical measure is identified (or described) or a relevant statistical
comparison is provided that supports the choice of Corporation B.
4. In part (b-ii) an explanation is provided for why the measure or comparison is relevant.
Partially correct (P) if the response includes only two or three of the four components.
Incorrect (I) if the response includes none or one of the four components.
Note: If a response does not provide a statistical measure or comparison in part (b-i) or (b-ii), the
second and fourth components can still be satisfied if an acceptable explanation is provided that
would follow from a relevant statistical measure or comparison. For example, if the response in
part (b-i) only states “At Corporation A, I have the potential to earn a higher salary,” the second
component is satisfied.
4 Complete Response
Both parts essentially correct
3 Substantial Response
One part essentially correct and one part partially correct
2 Developing Response
One part essentially correct and one part incorrect
OR
Both parts partially correct

1 Minimal Response

One part partially correct and one part incorrect
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Question 2

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) use confidence intervals to test a
question about a proportion and (2) understand the relationship between sample size and margin of error
in a confidence interval for a proportion.

Solution
Part (a):

(i) No. The confidence interval is (0.09,0.21), which includes the value of 0.20. Therefore, it is

plausible that the computer program is generating discounts with a probability of 0.20, and the
confidence interval does not provide convincing statistical evidence that the program is not
working as intended.

(i) No. The confidence interval includes values from 0.09 to 0.21, so any value in that interval is a
plausible value for the probability that the computer is using to generate discounts.

Part (b):

The formula for computing the margin of error for a proportion includes the square root of the sample
size in the denominator. For a random sample that is four times the size of the original sample, the
margin of error can be determined by dividing the margin of error of the original sample by two.
Therefore, the new margin of error is 0.03.

Part (c):

Using the margin of error of 0.03 obtained from the second sample, the confidence interval for p is
0.15+0.03 or (0.12,0.18). The interval does not include 0.20, and therefore, there is convincing

evidence that the computer program is not working as intended and is not generating discounts with a
probability of 0.20.

Scoring

This question is scored in four sections. Section 1 consists of part (a-i); section 2 consists of part (a-ii);
section 3 consists of part (b); and section 4 consists of part (c). Sections 1, 2, 3, and 4 are scored as
essentially correct (E), partially correct (P), or incorrect (I).

Section 1 is scored as follows:

Essentially correct (E) if the response states that because the interval contains 0.20, it does not provide
convincing statistical evidence that the computer program is not working as intended.

Partially correct (P) if the response indicates that it is necessary to check whether the value of 0.20 is in
the computed interval, but there are errors in implementation. Examples of errors include:

e The response notes that 0.20 is within the interval but does not draw a conclusion.

e The response has an arithmetic error in the computation of the endpoints of the interval but
provides a correct conclusion with justification that is consistent with the computed interval.
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Question 2 (continued)

Incorrect (I) if the response does not recognize how to use the confidence interval to check whether the
computer is working correctly;

OR
if the response states that the interval shows that the proportion is equal to 0.20;

OR
if the response notes that 0.20 is within the interval and concludes that the program is not working as
intended,

OR
if the response otherwise does not meet the criteria for E or P.

Section 2 is scored as follows:

Essentially correct (E) if the response concludes that there is not convincing statistical evidence that
the computer program generates the discount with a probability of 0.20 AND justifies the conclusion
by noting that there are values other than 0.20 in the interval.

Partially correct (P) if the response correctly concludes that there is not convincing evidence that the
computer program generates the discount with a probability of 0.20, but provides incomplete
reasoning to justify the conclusion.

Examples of incomplete reasoning include:
e stating that 0.20 is a plausible value for the proportion of discounts without giving further
explanation;
e indicating that having 0.20 in the interval does not prove that 0.20 is the true proportion; and
e providing a generic statistical argument, such as reference to the fact that the null hypothesis
should never be accepted, or stating that not rejecting the null hypothesis is not proof that 0.20
is the true proportion of bills discounted.

Note: If an incorrect interval is computed in part (a-i) that does not contain 0.20, and in part (a-ii) the
response concludes that the program is not generating discounts with a probability of 0.20 because
0.20 is not in the interval, section 2 is scored as P.

Incorrect (I) if the response states that there is evidence that the computer program generates the
discount with a probability of 0.20;

OR
if the response correctly concludes that there is not convincing evidence that the computer program
generates the discount with a probability of 0.20 AND provides incorrect or no justification;

OR
if the response otherwise does not meet the criteria for E or P.

Section 3 is scored as follows:
Essentially correct (E) if the response gives the correct value of 0.03 as the new margin of error by
using the correct formula or by providing a correct explanation that recognizes that quadrupling the

sample size divides the margin of error from the original sample by two.

Note: If the response relies on the margin of error formula and calculates a value that would round to
0.030, the response is scored as E.
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Question 2 (continued)

Partially correct (P) if the response uses the correct margin of error formula or provides a correct
explanation that recognizes that quadrupling the sample size divides the margin of error from the
original sample by two, but calculates an incorrect margin of error that is less than 0.06;

OR
if the response does not calculate a margin of error but provides a correct explanation that recognizes
that quadrupling the sample size divides the margin of error from the original sample by two;

OR
if the response gives the correct margin of error without correct justification.

Incorrect (I) if the response does not recognize in any way that the new margin of error depends on the
square root of the sample size;
OR
if the response calculates a margin of error that is greater than or equal to 0.06;
OR
if the response otherwise does not meet the criteria for E or P.

Section 4 is scored as follows:

Essentially correct (E) if the conclusion states that there is convincing evidence that the computer
program is not working as intended because, based on the new margin of error, the interval does not
contain 0.20;

OR
if the conclusion states the intended value of 0.20 is greater than the upper boundary of 0.18;

OR
if the conclusion states the margin of error is smaller than the difference between the sample
proportion and the intended long-run proportion of 0.20.

Notes:
e If the margin of error was computed incorrectly in part (b), but a correct answer to part (c) is
consistent with this incorrect margin of error, section 4 is scored as E.
e If no specific margin of error or confidence interval was given in parts (b) or (c), but the
response provides a complete and correct conclusion with reference to a smaller margin of error
(or narrower confidence interval), section 4 is scored as E.

Partially correct (P) if an interval is incorrectly constructed using the margin of error from part (b), but a
correct conclusion is given and justified for the computed interval,

OR
if an interval is computed correctly using the margin of error from part (b) and an argument is made
based on whether or not 0.20 is in the interval, but the conclusion is incorrect;

OR
if no specific margin of error or confidence interval has been given in parts (b) or (c), but the response
concludes that because the margin of error has decreased (or the confidence interval is narrower), 0.20
is not in the interval.

Incorrect (1) if an interval is computed correctly using the margin of error from part (b) and a correct
conclusion is given, but no argument is made based on whether or not 0.20 is in the interval;

OR
if the response otherwise does not meet the criteria for E or P.
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Question 2 (continued)

Notes:

e If aresponse includes a confidence level, the level can be ignored because no confidence level
was provided.

e If the response bases a conclusion on the relative location of 0.20 within the interval
(for example, 0.20 is near the edge of the interval), the response is scored as I.

e A response that provides additional incorrect explanation lowers the score in section 4 by one
level (that is, from E to P, or from P to I).

Each essentially correct (E) section counts as 1 point. Each partially correct (P) section counts as % point.

4 Complete Response

3 Substantial Response
2 Developing Response
1 Minimal Response

If a response is between two scores (for example, 2% points), use a holistic approach to decide whether to
score up or down, depending on the overall strength of the response and communication.
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Question

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) perform a probability calculation
from a discrete random variable; (2) calculate the expected value of a discrete random variable; (3) perform
a conditional probability calculation from a discrete random variable; and (4) use probabilistic thinking to
make a prediction about how an expected value will change given a condition about the random variable.

Solution
Part (a):
The probability that at least one ATM is working when the mall opens is:

P(X >1)=021+040+0.24 = 0.85.
Part (b):
The expected value of the number of ATMs that are working when the mall opens is:
E(X) = 0(0.156) + 1(0.21) + 2(0.40) + 3(0.24) = 1.73 machines.

Part (c):

robability that all three ATMs are working when the mall opens, given that at least one ATM is
working is:
= > —
PX=3|X>1= PX=3andX>1) _PX=3) _024

P(X > 1) = BxX>1 085~ %82

Part (d):

Given that at least one ATM is working when the mall opens, the expected value of the number of
working ATMs would be greater than the expected value calculated in part (b). By eliminating the
possibility of 0 working ATMs, the probabilities for 1, 2, and 3 working ATMs all increase
proportionally, so the expected value must increase.

Scoring
(b), (0), and (d) are scored as essentially correct (E), partially correct (P), or incorrect (I).
Part (a) is scored as follows:
Essentially correct (E) if the probability is computed correctly with work shown.
Partially correct (P) if the correct answer is given, but no work is shown;
OR

\ppropriate work is shown but the answer is incorrect or missing;
OR
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Question 3 (continued)

me of the incorrect cumulative probabilities P(X < 1), P(X < 1), or P(X > 1)is stated AND
computed correctly.

Incorrect (1) if the response does not meet the criteria for E or P.
Note: The probability can be calculated as 1 — P(X =0) =1-0.15 = 0.85.
Part (b) is scored as follows:
Essentially correct (E) if the expected value is computed correctly with work shown.

Partially correct (P) if the correct answer is given, but no work is shown;
OR
if appropriate work is shown but the answer is incorrect or missing.

Incorrect (1) if the response does not meet the criteria for E or P.
Part (¢ is scored as follows:

Essentially correct (E) if the probability is computed correctly, with work shown that includes correct
numerical values for both the numerator and denominator.

Partially correct (P) if the response includes a numerator and denominator in calculating the conditional
probability, with one (numerator or denominator) correct in numerical value and the other incorrect;
OR

if the correct answer is given, but no work is shown.
Incorrect (1) if the response does not meet the criteria for E or P.
Part (d) is scored as follows:

Essentially correct (E) if the response provides the correct answer (greater than) with a reasonable
explanation based on the fact that with X = 0 eliminated, the probabilities for X =1, X = 2,
X = 3 all increase;

OR
if the response provides the correct answer (greater than) with a reasonable explanation based on
fact that with X = 0 eliminated, the balance point of the distribution increases:

OR
if the response provides the correct answer (greater than) and the conditional expected value is
computed correctly with work shown.

Partially correct (P) if the response provides the correct answer (greater than) with a weak explanation,
such as “Yes, because 0 is eliminated”;
OR
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Question 3 (continued)

if the response provides the correct answer (greater than) with a reasonable but incorrect attempt to
calculate the conditional expected value using a revised probability distribution with only the values
X =1, X =2, and X = 3, and corresponding probabilities greater than or equal to those in the
original probability distribution.
Incorrect (I) if the response does not provide the correct answer (greater than);

OR
if the response provides the correct answer (greater than) with an incorrect explanation or no
explanation.

Note: The conditional expected value is:

0.21 0.40 0.24 _ _
1(ﬁ) + 2(ﬁ) + 3(@) ~ 1(0.247) + 2(0.471) + 3(0.282) = 2.04 machines.

Each essentially correct (E) part counts as 1 point. Each partially correct (P) part counts as %2 point.

4 Complete Response

3 Substantial Response
2 Developing Response
1 Minimal Response

If a response is between two scores (for example, 2% points), use a holistic approach to decide whether
score up or down, depending on the overall strength of the response and communication.
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Question 4

Intent of Question

The primary goal of this question was to assess a student’s ability to identify, set up, perform, and interpret
the results of an appropriate hypothesis test to address a particular question. More specific goals were to
assess a student’s ability to (1) state appropriate hypotheses; (2) identify the appropriate statistical test
procedure and check appropriate conditions for inference; (3) calculate the appropriate test statistic and
p-value; and (4) draw an appropriate conclusion, with justification, in the context of the study.

Solution

Step 1: States a correct pair of hypotheses.

Let p,g, represent the population proportion of adults similar to those in the study who would have

developed colon cancer within the six years of the study if they had taken a low-dose aspirin each day.
Similarly, let ppj,c represent the population proportion of adults similar to those in the study who

would have developed colon cancer within the six years of the study if they had taken a placebo each
day.

The hypotheses to be tested are Hy : p,g, = Ppjac Versus Hy @ Dy < P OF equivalently,
Hy : Dasp ~ Pplac = 0 versus H, : DPasp ~ Pplac < 0.

Step 2: Identifies a correct test procedure (by name or by formula) and checks appropriate conditions.
The appropriate procedure is a two-sample z-test for comparing proportions.
Because this is a randomized experiment, the first condition is that the volunteers were randomly
assigned to one treatment group or the other. The condition is satisfied because we are told that the
volunteers were randomly assigned to take a low-dose aspirin or a placebo.
The second condition is that the sample sizes are large, relative to the proportions involved. The
condition is satisfied because all sample counts are large enough; that is, 15 with colon cancer in

aspirin group, 26 with colon cancer in placebo group, 500 — 15 = 485 cancer-free in aspirin group, and
500 — 26 = 474 cancer-free in placebo group.

Step 3: Calculates the appropriate test statistic and p-value.

i n 15 . 26
The sample proportions who developed colon cancer are Dasp = 00 = 0.030 and DPplac = £00 = 0.062.
. . oA 15+ 26
The combined sample proportion who developed colon cancer is Deoppined = =on——=~~ = 0.041.
500 + 500
The test statistic is z = 0.030 - 0'0?2 7 ~ —1.75 (-1.7542 from calculator).
\/0.041(1 - 0.041)(% + %)
The p-value is P(Z < —1.75) = 0.0401 (0.0397 from calculator), where Z has a standard normal

distribution.
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Question 4 (continued)
Step 4: States a correct conclusion in the context of the study, using the result of the statistical test.

Because the p-value is less than the given significance level of a = 0.05, we reject the null hypothesis.
The data provide convincing statistical evidence that the proportion of all adults similar to the
volunteers who would develop colon cancer if they had taken a low-dose aspirin every day is less than
the proportion of all adults similar to the volunteers who would develop colon cancer if they had not
taken a low-dose aspirin every day.

Scoring

Steps 1, 2, 3, and 4 are scored as essentially correct (E), partially correct (P), or incorrect (I).
Step 1 is scored as follows:

Essentially correct (E) if the response identifies correct parameters AND both hypotheses are labeled
and state the correct relationship between the parameters.

Partially correct (P) if the response identifies correct parameters OR states correct relationships, but not
both.

Incorrect (I) if the response does not meet the criteria for E or P.

Note: Either defining the parameters in context, or simply using common parameter notation with
subscripts clearly relevant to the context, such as p,g, and Py, is sufficient.

Step 2 is scored as follows:

Essentially correct (E) if the response correctly includes the following three components:
1. Identifies the correct test procedure (by name or by formula).
2. Notes that the use of random assignment satisfies the randomness condition.
3. Checks for approximate normality of the test statistic by citing that all four counts are larger
than some standard criterion such as 5 or 10.

Partially correct (P) if the response correctly includes only two of the three components.
Incorrect (I) if the response correctly includes at most one of the three components.

Notes:

e For the randomness component, it is (minimally) acceptable to say “random assignment —
check” but not acceptable to say “random — check” or “SRS — check.” The important concept
here is that it is random assignment, and not random sampling, that is required. If the response
implies that the study used a random sample, the randomness component is not satisfied,
regardless of whether random assignment is correctly addressed.

e The normality check may use the expected counts under the null hypothesis in place of
observed counts.
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Question 4 (continued)

Step 3 is scored as follows:

Essentially correct (E) if the response correctly calculates both the test statistic and a p-value that is
consistent with the stated alternative hypothesis.

Partially correct (P) if the response correctly calculates the test statistic but not the p-value;
OR
if the response calculates the test statistic incorrectly but then calculates the correct p-value for the
computed test statistic;
OR
if the response reports the correct p-value but no calculations or test statistic are shown.

Incorrect (I) if the response fails to meet the criteria for E or P.

Note: The p-value is considered correct if it is consistent with the alternative stated in the response
and the calculated test statistic, even if those are incorrect.

Step 4 is scored as follows:

Essentially correct (E) if the response provides a correct conclusion in context, with justification based
on linkage between the p-value and the given a = 0.05.

Partially correct (P) if the response provides a correct conclusion, with linkage to the p-value, but not in
context;

OR
if the response provides a correct conclusion in context, but without justification based on linkage to
the p-value.

Incorrect (I) if the response does not meet the criteria for E or P.

Notes:

e The conclusion must be related to the alternative hypothesis.

e If the p-value is incorrect, then step 4 is scored as E if the response includes proper linkage and
a conclusion in context consistent with that p-value.

o [f the p-value is less than 0.05, wording that states or implies that the alternative hypothesis is
proven lowers the score one level (that is, from E to P or P to I) in step 4.

e If the p-value is incorrect and greater than 0.05, wording that states or implies that the null
hypothesis is accepted lowers the score one level (that is, from E to P or P to I) in step 4.
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Question 4 (continued)

Each essentially correct (E) step counts as 1 point. Each partially correct (P) step counts as %2 point.

4 Complete Response

3 Substantial Response
2 Developing Response
1 Minimal Response

If a response is between two scores (for example, 2% points), use a holistic approach to decide whether to
score up or down, depending on the overall strength of the response and communication.
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Question

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) use the information provided by
a scatterplot to describe the relationship between two quantitative variables; (2) interpret and use the
information given by lines displayed on a scatterplot; and (3) use a regression equation to estimate a
predicted value of y for a given x value.

Solution
Part

There is a moderately strong, positive, linear relationship between height and arm span so that taller
students tend to have longer arm spans.

Part (b):
The line in Graph 2 is the one that is helpful. For each student, the graph illustrates whether arm

is equal to height (points on the line), arm span is greater than height (points above the line),
or arm span is less than height (points below the line).

Classification | Square | Tall Rectangle Short Rectangle
Frequency 3 4 5

Part (c):
The predicted arm span is y = 11.74 + 0.8247x = 11.74 + 0.8247(61) = 62.05 inches.

Scoring
b), and {(c) are scored as essentially correct (E), partially correct (P), or incorrect (I).
Part (a) is scored as follows:
Essentially correct (E) if the response includes the following four components:
1. The relationship is approximately linear.
2. The relationship is positive.
3. There is a moderate to strong association (or relationship).
4. The response is given in context.

Partially correct (P) if the response includes only two or three of the four components.

Incorrect (1) if the response includes at most one of the four components.
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Question 5 (continued)

Correlation alone is not sufficient to indicate a linear relationship. However, linear correlation
sufficient to indicate a linear relationship.

Reporting that the correlation coefficient is 0.81, the correlation coefficient is close to 1.0, or
some other value or range of values for the correlation coefficient is not sufficient to satisfy
component 3.

Part (b) is scored as follows:

Essentially correct (E) if the response contains the following four components:

1.
2.

4,

The line in Graph 2 is selected.

A reasonable explanation for selecting the line in Graph 2 that links the body shapes to the
regions defined by the line is given. The explanation should indicate that square shapes (arm
span is equal to height) are represented by points on the line, tall rectangle shapes (arm spa
less than height) are represented by points below the line, and short rectangle shapes (arm
span is greater than height) are represented by points above the line.

Correct counting of body types demonstrated by reporting correct frequencies (3, 4, and b)
reporting correct proportions % = %% = % and % for the square, tall rectangle, and short
rectangle body types, respectively.

The correct frequencies (3, 4, and 5) are reported in the table.

Partially correct (P) if the response includes only two or three of the four components.

Incorrect (I) if the response includes at most one of the four components.

Notes:

Selecting the regression line on Graph 1 cannot satisfy either component 1 or component 2.

To satisfy component 1, it is sufficient to refer to the y = x line without explicitly mentioning

Graph 2.

Use of incorrect labels, such as regression line or least-squares regression line, in referring to

the y = x line in Graph 2 is an incorrect use of terminology that should be strongly

discouraged, but it is ignored in this scoring rubric.

The explanation for selecting Graph 2 is acceptable if it explicitly includes at least two of the

following: (i) square body shapes (arm span equal to height) are represented by points

line, (ii) tall rectangle body shapes (arm span less than height) are represented by points below

the line, or (iii) short rectangle body shapes (arm span greater than height) are represented by

points above the line.

Incorrectly counting the points on the y = x line in Graph 2 is considered a minor error.

Frequencies (2, 4, and 5) are accepted for both component 3 and component 4. Reporting
24 g) o ( 2 4 5

1171111

does not satisfy component 4.

Frequencies reported in the table as (2, 5, 4) or (3, 5, 4), interchanging the counts for tall and

short rectangle body shapes, satisfies component 3, but does not satisfy component 4.

2 5 4 3 5 4

_1'_1’_1) 12712712

corresponding proportions 12'12'12 in the table satisfies component

Reporting corresponding proportions, , in the table does not satisfy

either component 3 or component 4.
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Question 5 (continued)

Part (c¢) is scored as follows:

Essentially correct (E) if the response contains the following three components:

1.
2.
3.

Correct formula for predicting arm span with 61 inserted for x.
Correct value for the predicted arm span.
Units for the predicted arm span given as inches.

Partially correct (P) if the response includes only two of the three components.

Incorrect (1) if the response includes at most one of the three components.

Notes:

Any value for the predicted arm span between 61.5 and 62.5 is acceptable; values outside th
interval do not satisfy component 2. This allows for inaccuracy in obtaining a value for the
predicted arm span directly from the line displayed on Graph 1 and for rounding in applying the
prediction formula; but it excludes predictions based on the y = x line and other unreasonable
predictions.

Reporting a prediction equation that is similar to the equation given in the stem, with 61
inserted for x, satisfies components 1 and 2 if the value of the predicted arm span is between
61.5 and 62.5 inches. Otherwise, neither of those two components is satisfied. This could occur
if a student enters the data from the graph into a calculator to compute the least squares
regression line, instead of using the formula provided in the stem.

Complete Response

All three parts essentially correct
Substantial Response

Two parts essentially correct and one part partially correct
Developing Response

Two parts essentially correct and one part incorrect

OR

One part essentially correct and two parts partially correct
OR

One part essentially correct, one part partially correct, and one part incorrect
OR

Three parts partially correct
Minimal Response
One part essentially correct and two parts incorrect

OR
Two parts partially correct and one part incorrect
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Question 6

Intent of Question

The primary goals of this question were to assess a student’s ability to (1) describe how sample data would
differ using two different sampling methods; (2) describe the sampling distribution of the sample mean for
two different sampling methods; and (3) choose the sampling method that will result in the best estimate
of the population mean.

Solution
Part (a):

No, a sample obtained using Method 2 will not be representative of all tortillas made that day. The
sample obtained using Method 2 will only represent the tortillas from one production line, not from the
entire population because the distributions of diameters for the two production lines are different.

Part (b):

Method 1 was most likely used to select this sample. The bimodal shape in the histogram of sample
data indicates that tortillas were selected from both production lines, which is what would happen
using Method 1. Method 2 would be likely to produce a unimodal distribution of diameters centered at
either 5.9 inches or 6.1 inches.

Part (c):

Method 2 would result in less variability in the sample of 200 tortillas on a given day because the
sample comes from only one production line. Because the distributions of diameters are not the same
for the two production lines, selecting tortillas from both lines as in Method 1 would result in more
variable sample data.

Part (d):

The sampling distribution of the sample mean diameter for samples obtained using Method 1 would be

) . . . 0.11 )
approximately normal with mean 6 inches and standard deviation ~ 0.0078inch.
pp y 500

Part (e):

Method 1 would result in less variability in the sample means over the 365 days, because with Method
2, roughly half of the sample means will be around 5.9 inches and the other half will be around 6.1
inches. With Method 1, however, the sample means will all be very close to 6 inches, as indicated by
the standard deviation in part (d).

Part (f):

Method 1 is more likely to produce a sample mean close to 6 inches. Because the sample mean is an
unbiased estimator for both methods, the manager should pick the method that would result in less
variability in the distribution of the sample mean. Based on the answer to part (e), Method 1 results in
less variability in the distribution of the sample mean.
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Question 6 (continued)

Scoring

This question is scored in three sections. Section 1 consists of parts (a), (b), and (c), section 2
consists of part (d), and section 3 consists of parts (e) and (f). Sections 1, 2, and 3 are scored as
essentially correct (E), partially correct (P), or incorrect (I).

Section 1 is scored as follows:

Essentially correct (E) if the response includes the following three components:

1. In part (a) the response says no AND either argues that the sample will only be selected from
one production line and not the entire population (that is, the sample will only represent one
production line) OR argues that the tortillas from the two productions lines are different.

2. In part (b) the response chooses Method 1 AND refers to a relevant characteristic of the
histogram (shape, center, or variability) that matches what would be expected when using
Method 1 (or that does not match what would be expected when using Method 2).

3. In part (c) the response chooses Method 2 AND either justifies by stating that the sample
comes from only one production line (does not come from both production lines) OR justifies by
comparing the possible range of diameters for the two methods.

Partially correct (P) if the response includes only two of the three components.
Incorrect (I) if the response includes at most one of the three components.

Note: If a response includes more than one justification in an individual part, score the weaker of the
two justifications. For example, a response for part (a) that says “No, because only one line was
selected and because the sample size was too small” does not satisfy the first component because the
sample size argument is incorrect.

Section 2 is scored as follows:

Essentially correct (E) if the response includes the following three components:
1. The shape is approximately normal.
2. The mean is 6 inches.

V200

inch.

3. The standard deviation is

Partially correct (P) if the response includes only two of the three components.
Incorrect (I) if the response includes at most one of the three components.
Note: It is not necessary to include units (inches) for the mean or standard deviation.
Section 3 is scored as follows:
Essentially correct (E) if the response includes the following two components:
1. In part (e) the response chooses Method 1 AND describes the sampling distribution of the
sample mean for Method 2 as having some sample means close to the mean of production

line A (5.9 inches) and the other sample means close to the mean of production line B
(6.1 inches).
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Question 6 (continued)

2. In part (f) the response chooses Method 1 AND
= refers to a correct answer in part (e);
OR
» describes the sampling distribution of the sample mean for Method 2 as having some
sample means close to the mean of production line A (5.9, less than 6) and the other
sample means close to the mean of production line B (6.1, greater than 6);
OR
= argues that on a single day, it would be preferable to get a sample with a mean around
6 rather than getting a sample that would have a mean around 5.9 (less than 6) or a
mean around 6.1 (greater than 6).

Partially correct (P) if the response includes one of the two components.
Incorrect (I) if the response does not meet the criteria for E or P.

Notes:
e In part (e), the response must be clear that there is more than one mean being described
(365 sample means).
o Correct: The sample means will be around 5.9 or 6.1.
o Not correct: The sample mean will be around 5.9 or 6.1.

e Parts (e) and (f) are not satisfied if the response does not imply the sample means vary from the
population means in both methods (or does not imply that the sample mean varies from the
population mean when making the single day argument in part (f)). However, if the mistake is
made in part (e), do not penalize the response in part (f) for the same mistake.

o Correct: The sample means will be around 5.9 or 6.1 instead of close to 6.
o Not correct: The sample means will be 5.9 or 6.1 instead of close to 6.
o Not correct: The sample means will be 6 instead of around 5.9 or 6.1.
4 Complete Response
All three sections essentially correct
3 Substantial Response
Two sections essentially correct and one section partially correct

2 Developing Response

Two sections essentially correct and one section incorrect

OR
One section essentially correct and either one or two sections partially correct
OR
All three sections partially correct
1 Minimal Response
One section essentially correct and two sections incorrect
OR

Two sections partially correct and one section incorrect



