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Question 3
Intent of Question

The primary goals of this question were to assess a student's ability to (1) calculate a probability from a
normal distribution; (2) calculate a weighted probability from two individual probabilities; and (3) calculate
a conditional probability for dependent events when individual and joint probabilities are provided.

Solution
Part (a):

Let X denote the diameter of a randomly selected melon from Distributor J. X has an approximately
normal distribution with mean 133 mm and standard deviation 5 mm.

137133 _ 4

The z-score for a diameter of 137 mm is z = S 5= 0.8.

Therefore, P(X >137) = P(Z > 0.8) =1 -0.7881 = 0.2119.
Part (b):

Define events:
J: melon is from Distributor J
K: melon is from Distributor K
Gt melon diameter is greater than 137 mm

P(G) = P(G | J) x P(J) + P(G | K) x P(K)
= (0.2119)(C.7) +(0.8413)(0.3)
=01483 +0.2524
= 04007

For a randomly selected melon from the grocery store,

OR
(0.7)(0.2119)=0.1483

From the tree diagram, P(G) = P(GandJ) + P(Gand K) = 0.1483 + 0.2624 = 0.4007..
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Question 3 (continued)
Part (c):
Using the events defined in part (b), the requested probability is

P(Jand@) P(G|J)P(J) _(02119)(0.7) _ 0.1483

P(G) P(@) 04007 04007

P(J|G) = =0.3701.

Scoring

Parts (a), (b), and (c) are scored as essentially correct (E}, partially correct (P), or incorrect (I).
Part (a) is scored as follows:

Essentially correct (B) if the response provides the following three components:

1. Normality and parameters: Indicates use of a normal (or approximately normal) distribution and
clearly identifies the correct parameter values. (Showing correct components in a z-score,
labeling the mean and standard deviation in a normalcdf calculator statement, or drawing a
normal curve with sufficient values marked to indicate the mean and standard deviation are all
sufficient methods for identifying the correct parameter values.)

2. Boundary and direction: Uses the correct boundary value of x =137 or z = 0.8 and the correct
direction. (Showing correct boundary and direction in a probability statement using “greater
than,” labeling the lower limit and upper limit in a normaledf calculator statement, drawing a
normal curve with 137 labeled and an indication that the area of interest is to the right of 137,
or a conclusion in words using “greater than.”)

3. Probability: Reports the correct normal probability consistent with the response’s setup
described in components 1 and 2.

Partially correct (P) if the response correctly provides only two of the three components.

Incorrect (I) if the response gives the answer with no work shown or otherwise does not satisfy the
criteria for K or P.

Notes:

e Aninconsistency in calculations lowers the score for part (a) by one level (from E to P, or from P
to I). For instance, if the response states the requested probability as P(X > 137), but actually
computes P(X < 137).

e An error in statistical notation, such as using s instead of o for the standard deviation or X
instead of u for the mean, does not satisfy component 1.

e A correct direction can be obtained by using a left direction and an upper bound of 137 and
then subtracting the value of the cumulative probability from 1. However, simply showing the
calculation 1—0.7881 = 0.2119 does NOT give a correct direction.

e (Congider any steps of a hypothesis test ag extranecus work.

e Standard notations such as N(133,5) or N(133,25} satisfy the first component.

e A gketch of the normal curve with 133 and 138 in the appropriate positions satisfies the first
component.

e Use of a value other than 137 does not satisfy the second component.

e If the only error in part (a) is the reversal of the numerator for the z-score (133 — 137), the
response i scored as P.
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Question 3 (continued)

e For calculator notation:
o ncdf is sufficient to indicate use of the normal distribution.

Stating the lower and upper bounds is sufficient for identifying boundary and direction.

o

o Minimum notation, such as "u” for upper, ig sufficient for identifying boundary.

o The minimum value for an upper bound must be at least 4 standard deviations above
the mean.

Part (b) is scored as follows:

Essentially correct (E) if the probability is computed correctly, AND work is shown that includes
correct numerical values using a formula, end 1esults from a tree diagram, or some other appropriate
method.

Partially correct (P) if the response provides a correct strategy for finding the probability, such as a
formula or tree diagram, but uses one or more incorrect values or does not use the end result from the
tree;

OR
if the response gives the correct probability but not encugh work is shown to determine how it was
found.

Incorrect if the response does not meet the criteria for E or P.

Notes:
e A response that uses 0.3 for Jand 0.7 for K earns a P if no other mistakes are made.
e Tree diagrams:
o Ifused, the multiplication is implied, but the addition must be indicated.
o Ifnotused, both the multiplication and the additicn must be indicated.
e The shown work might be found in part (c).
e Probabilities can be shown in a table. Addition is implied if “Total” is labeled, as shown.

Intersection G Not G Total
J 0.1483 0.65617 0.7
K 0.2524 0.0576 0.3
Total 0.4007 0.5993

Part (c) is scored as follows:

Essentially correct (E) if the probability is computed correctly AND work is shown that illustrates how
the probability was found.

Partially correct (P) if the response provides a strategy for finding the probability for dependent
variables, such as the appropriate formula or end results from the correct tree diagram, but uses one or
more incorrect values or does not use the end result from the tree;

OR
if the response gives the correct probability but not enough work is shown to determine how it was
found.

Incorrect (I) if the response does not meet the criteria for E or P.

Notes:
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Question 3 (continued)

Part (¢) earns an E if a correct answer follows from incorrect values used from part (a) and/or
part (b), provided all values are between 0 and 1, inclusive.

A transcription error in a response can be ignored if correct work is shown.

For any part, if the resulting probability or part of the calculation of the probability uses a value
that is not between 0 and 1, inclusive, the score is lowered by one level (from E to P, or from
Pto .

In any part, unsupported answers are scored as L.

Complete Response

Three parts essentially correct
Substantial Response

Two parts essentially correct and one part partially correct
Developing Response

Two parts essentially correct and no parts partially correct
OR

One part essentially correct and one or two parts partially correct
OR

Three parts partially correct
Minimal Response

One part essentially correct

CR
No parts essentially correct and two parts partially correct
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Question 4
Intent of Question

The primary goals of this question were to assess a student’s ability to (1) calculate a probability using
basic probability rules or the geometric distribution; (2) recognize that a probability calculation for
independent events does not depend on the previous outcomes of those events; and (3) assess whether a
claim about the probability of a single event is reasonable based on a calculated probability of a series of
those events.

Solution
Part (a):

If the failure rate for the super igniters is 15 percent, then the probability that each igniter fails is 0.15,
and the probability that it does not fail is 0.85. Therefore the probability that the first 30 igniters tested

do not fail is (0.85)*° ~ 0.0076. The solution can also be written as (1 — 0.15)°° ~ 0.0076.
Part (b):

Given that there are no failures in the first 30 trials, the probability that the first failure occurs on the
31 trial is 0.15, and the probability that it does not occur on the 31% but occurs on the 32™ trial is
(0.85)(0.15) = 0.1275. Therefore the probability that the first failure occurs on the 31% or 32™ super

igniter tested is 0.15 + 0.1275 = 0.2775.

Note that this is equivalent to asking for the probability that the first failure occurs on the first or
second trial, which is 0.15 + (0.85)(0.15) = 0.2775.

Part (c):
The result of the probability calculation in part (a) provides a reason to believe that the failure rate of
the super igniters is less than 15 percent. The calculated probability of 0.0076 shows that there is less
than a 1 percent chance that 30 or more igniters in a row would not fail if the failure rate was
15 percent. This probability is smaller than conventional significance levels such as « = 0.05 or

a = 0.01, and thus is small enough to make it reasonable to believe that the failure rate of the super
igniters is less than 15 percent.

Scoring
Parts (a), (b), and (c) are scored as essentially correct (E), partially correct (P), or incorrect (I).
Part (a) is scored as follows:
Essentially correct (E) if the response gives the correct probability AND correct justification.
Partially correct (P) if the response correctly notes that the answer is the probability that there will be

30 successes in 30 attempts, but does not carry out a correct probability calculation;
OR
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Question 4 (continued)

if the response defines the random variable X as the trial with the first failure, identifies X as having a
geometric distribution with p = 0.15, and writes the desired probability as P(X > 30), but does not
carry out a correct probability calculation;

OR
if the response defines the random variable X as the number of failures in the first 30 attempts,
identifies X as a binomial random variable with p = 0.15 and n = 30, and writes the desired
probability as P(X = 0), but does not carry out a correct probability calculation;

OR
if the response gives the correct probability but, in specifying a geometric or binomial distribution, has
an incorrect or incomplete definition of parameters or value(s) of the random variable.

Incorrect (I) if the response does not meet the criteria for E or P.

Note: Justification can be given using the multiplication rule; OR by defining X to be the trial with the
first failure, recognizing that X has a geometric distribution, and using that information to find

P(X > 30); OR by defining X to be the number of failures in the first 30 attempts, and then finding
P(X = 0) using either probability rules or the binomial distribution with n = 30 and p = 0.15.

Part (b) is scored as follows:
Essentially correct (E) if the response gives the correct probability AND correct justification.

Partially correct (P) if the response makes a reasonable attempt to calculate a geometric, binomial, or
conditional probability, but does not successfully carry out the calculation;

OR
if the response gives the correct probability but, in specifying a geometric or binomial distribution, has
an incorrect or incomplete definition of parameters or value(s) of the random variable.

Incorrect (1) if the response finds an incorrect probability resulting from an unreasonable attempt to
calculate a geometric, binomial, or conditional probability or otherwise does not meet the criteria for E
or P.

Note: Similar to part (a) justification can be given using probability rules; OR by stating that X is
geometric where X is the trial with the first failure, then finding (X = 1 or X = 2); OR by stating that
X is the number of failures in two trials and finding 1 — P(X = 0)or P(X = 1 or X = 2) using the
binomial distribution.

Part (c) is scored as follows:

Essentially correct (E) if the response states that it is reasonable to believe that the failure rate is less
than 15 percent AND bases this decision on the fact that the probability of 30 consecutive successful
launches with a failure rate of 15 percent (that is, answer from part (a)) is small AND does so in the
context of the situation.

Partially correct (P) if the response otherwise satisfies the criteria for an (E) but does so without any
context;
OR
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Question 4 (continued)

if the response states a significance level and makes a decision in a context that is appropriate to the
given probability in part (a) and the stated significance level but does not explicitly compare the
probability and the significance level (no linkage).

Incorrect (I) if the response does not explicitly make a decision about whether it is reasonable to
conclude that the failure rate is less than 15 percent (For example: “As seen in Part (a), if the failure rate
is 15 percent then the probability of 30 successful launches in a row is very small.”);

OR
if the response otherwise does not meet the criteria for E or P.

Notes:

e Justification based on the probability can come by stating a significance level and noting that
the probability is smaller than the significance level OR by simply stating that the probability of
0.0076 is small OR by referring to the expected number of failures (4.5) as being very unlikely
because zero failures is more than two standard deviations below 4.5.

e If the response bases the decision on the expected number of failures (4.5) for n = 30 and
p = 0.15 without referencing why zero failures would be considered to be too far below 4.5 to
give reason to doubt the stated 15 percent failure rate, the response is scored P.

e If the calculation in part (a) is incorrect, the answer in part (c) needs to be consistent with the

answer in part (a), unless the value is recalculated in part (c).
4 Complete Response
Three parts essentially correct
3 Substantial Response
Two parts essentially correct and one part partially correct
2 Developing Response

Two parts essentially correct and no parts partially correct

OR
One part essentially correct and one or two parts partially correct
OR
Three parts partially correct
1 Minimal Response
One part essentially correct
OR

No parts essentially correct and two parts partially correct
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