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Parametric functions

A parametric function gives x and
y each as functions of a parameter t:

x = x(t), y = y(t).

The curve traced need not be a function of
x – it may loop or cross itself.

Elliptical orbit
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Parametrically Defined Circles and Lines

A circle of radius R centered at (h, k) is x = h + R cos t, y = k + R sin t.

A line through (x0, y0) with direction (a, b) is x = x0 + at, y = y0 + bt.
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Parametrising an implicit curve

what it means rewriting a curve as
(
x(t), y(t)

)
– a position at each value of t

why bother it is easier to graph, and it turns the curve into motion along
a path

the circle x = r cos t, y = r sin t traces x2 + y2 = r2 once as t runs 0 to
2π

the ellipse x = a cos t, y = b sin t – the same idea with different radii

the extra information a parametrisation also fixes the direction and speed of travel,
which the implicit equation does not

One curve has many parametrisations. Choosing one adds information – where you start,
which way you go, how fast – so say what yours does.
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Planar motion and rates of change

As t advances, (x(t), y(t)) traces the path
of a moving point – so t carries direction
and timing, which a plain curve cannot
show.

Read each rate separately: x(t) increas-
ing moves right, y(t) decreasing moves
down.

Vector coaster
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Implicit curves and conic sections

An implicitly defined curve is an
equation in x and y – not solved for y. The
conic sections :

circle x2 + y2 = r2

ellipse x2
a2 + y2

b2 = 1

hyperbola x2
a2 − y2

b2 = 1

parabola y = ax2

To parametrize an implicit curve,
find x(t) and y(t) that satisfy the
equation for every t – for a circle,
cos2 t+ sin2 t = 1 does it automat-
ically.
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AP PRECALCULUS • EXERCISE SHEET

4.3 Parametric Functions and Rates
of Change

Name: Class: Date: Total: 9 marks

KEY WORDS parametric function参数函数

Objective
Build the skills to answer exam questions on parametric functions and rates of
change.

You must be able to:

• find the average rate of change of x and of y with respect to t

• find the slope dy

dx
of a parametric curve

1 Key knowledge and worked examples
Study these first. Each one shows the method for a question type used later.

Parametric rates of change

• rate of change of x: ∆x

∆t
; of y: ∆y

∆t
;

• the slope of the curve: dy

dx
=

∆y/∆t

∆x/∆t
.

Example
x = 2t, y = t2 over [0, 1]: ∆x = 2, ∆y = 1, slope = 1

2
.

2 Practice
2.1 State the average rate of change of x on [t1, t2]. [1]

2.2 State the slope dy

dx
in parametric terms. [1]
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2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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Solutions
Each answer shows the steps, then the result.

2.1

• x(t2)− x(t1)

t2 − t1

2.2

• dy

dx
=

∆y/∆t

∆x/∆t

2.3

• x: 3−0
3

= 1; y: 6−0
3

= 2

3.1 B

• ∆y/∆t

∆x/∆t
.

3.2 A

• x(b)− x(a)

b− a
.

3.3

(a)

• ∆x = 6

(b)

• ∆y = 2

(c)

• 2

6
= 1

3
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Exercise 3.1

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]
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Exercise 3.2

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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Solutions
Each answer shows the steps, then the result.

2.1

• x(t2)− x(t1)

t2 − t1

2.2

• dy

dx
=

∆y/∆t

∆x/∆t

2.3

• x: 3−0
3

= 1; y: 6−0
3

= 2

3.1 B

• ∆y/∆t

∆x/∆t
.

3.2 A

• x(b)− x(a)

b− a
.

3.3

(a)

• ∆x = 6

(b)

• ∆y = 2

(c)

• 2

6
= 1

3
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Exercise 3.3 (a)

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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Exercise 3.3 (a)

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]
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3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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Solutions
Each answer shows the steps, then the result.

2.1

• x(t2)− x(t1)

t2 − t1

2.2

• dy

dx
=

∆y/∆t

∆x/∆t

2.3

• x: 3−0
3

= 1; y: 6−0
3

= 2

3.1 B

• ∆y/∆t

∆x/∆t
.

3.2 A

• x(b)− x(a)

b− a
.

3.3

(a)

• ∆x = 6

(b)

• ∆y = 2

(c)

• 2

6
= 1

3
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AP Precalculus

Exercise 3.3 (b)

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
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B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]

AP Precalculus • 4.3 Parametric Functions and Rates of Change 2



AP Precalculus

Exercise 3.3 (b)

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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Solutions
Each answer shows the steps, then the result.

2.1

• x(t2)− x(t1)

t2 − t1

2.2

• dy

dx
=

∆y/∆t

∆x/∆t

2.3

• x: 3−0
3

= 1; y: 6−0
3

= 2

3.1 B

• ∆y/∆t

∆x/∆t
.

3.2 A

• x(b)− x(a)

b− a
.

3.3

(a)

• ∆x = 6

(b)

• ∆y = 2

(c)

• 2

6
= 1

3
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AP Precalculus

Exercise 3.3 (c)

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t
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C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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AP Precalculus

Exercise 3.3 (c)

2.3 For x = t, y = 2t over [0, 3], find the average rates of change of x and y. [2]

3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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3 Exam-style questions
3.1 The slope of a parametric curve is [1]

A ∆x/∆y

B ∆y/∆t

∆x/∆t

C ∆t/∆y

D ∆x ·∆y

3.2 The average rate of change of x over [a, b] is [1]

A x(b)− x(a)

b− a
B x(b) · x(a)
C b− a

D x(b) + x(a)

3.3 x = 3t, y = t.

(a) Find ∆x over [0, 2]. [1]

(b) Find ∆y over [0, 2]. [1]

(c) Find the slope dy

dx
. [1]
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Solutions
Each answer shows the steps, then the result.

2.1

• x(t2)− x(t1)

t2 − t1

2.2

• dy

dx
=

∆y/∆t

∆x/∆t

2.3

• x: 3−0
3

= 1; y: 6−0
3

= 2

3.1 B

• ∆y/∆t

∆x/∆t
.

3.2 A

• x(b)− x(a)

b− a
.

3.3

(a)

• ∆x = 6

(b)

• ∆y = 2

(c)

• 2

6
= 1

3
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