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Exercise sheets, topic by topic.
AT 4%

For class or self-study ¢ no answer keys included.
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1 Functions and rates of change — Part 1

Name: - (Class: —— Date:

Vocabulary JajjL

Write each word three times. A BEIRTIE =i .,

English H3C Write it 3 times (Inglish)
function R B

domain o I

range (R

increasing 13 ol

decreasing U

average rate of 348

change ey

secant line )2k

linear SR

quadratic —R
Recall

You have already worked with functions and graphs:

« A function turns each input into one output, like f(z) = z2.
» You have found the gradient (slope) of a straight line.
e You know a quadratic makes a U-shaped parabola.

This sheet lines up how functions change. Each idea has a worked example.

New ideas
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B ] Functions, domain, and range

A function pR%{ gives each input exactly one output. The allowed inputs are the
domain g ¥ f; the outputs are the range {E 1.

B 2 Increasing and decreasing

A function is increasing i#3# where a bigger input gives a bigger output, and de-
creasing i where a bigger input gives a smaller output.

B 3 Average rate of change

The average rate of change “F-#J75 {3 over an interval [a,b] is the change in
output over the change in input:

avg rate = M.
b—a

This is just the gradient of the straight line (the secant line #£k) joining the two
points.

S - f(1) _16-1 _

Worked example. For f(z) = x? over [1,4]: T 3 B
B 4 Linear versus quadratic
Translations Stretches
— y=f(x) = y=fx)
- y=flx)+a = y=af(x)
— y=fix+a) — y=flax)

For a linear Z¢{f function the average rate of change is constant; for a quadratic
K function it changes from interval to interval.

Watch out: the average rate of change is the slope of the line between two points —
so for a curve it depends on which two points you pick. Only a straight line has the
same rate everywhere.

Practice

Try these in order. The methods are all above.
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2.1 State what the domain and the range of a function are. 2]

2.2 For f(x) =3z + 1, find the average rate of change over [0, 4]. 2]

2.3 For f(z) = 22, find the average rate of change over [2, 5]. b

WL

2.4 State whether f(x) = z? is increasing or decreasing for x > 0. [1]

2.5 Explain why a linear function has the same average rate of change over every inter-
val. 2]
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1 Polynomials and rational functions
— Part 2

Name: - Class: — Date:

Vocabulary a8

Write each word three times. & EIRTIE =i,

English E:h'a Write it 3 times (English)
polynomial EATIEY

degree WREL

ZeTo =

end behavior KigfT N

rational function A FHKZEL

vertical asymptote Tt B W iT

57
horizontal asymp- 7K *F- ¥ it
tote 2

Recall

In Part A you met functions and their rates of change. Now two important families:

« Polynomials like 23 — 22 + 1 —sums of powers of .
« Rational functions —one polynomial divided by another.

Each idea has a worked example before the Practice.
New ideas

® 1 Polynomials

A polynomial £1iz{ is a sum of powers of x, like p(z) = 22® — 5z + 1. Its highest
power is the degree X%}, and the term with that power is the leading term.
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B 2 Zeros

A zero ZE 5 (or root) of p is an input where p(x) = 0. Each real zero gives an
xr-intercept where the graph crosses the z-axis.

Worked example. p(x) = (x — 2)(x + 3) has zeros at x = 2 and x = —3, so its graph
crosses the z-axis at those two points.

® 3 End behavior

The end behavior K47 l—where the graph heads as x — d-oo —is decided entirely
by the leading term.

even degree, a>0 even degree, a<0

odd degree, a>0 odd degree, a<0

B 4 Rational functions and asymptotes

A rational function A BHpK %L is one polynomial over another. A vertical asymp-
tote I FHTITZE appears where the denominator is zero (and the top is not), and a
horizontal asymptote 7K-F#iT2k describes where the graph levels off far out.
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horizontal asymptote y =1
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asymptote x =2
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asymptote.

Practice

Try these in order. The methods are all above.

2.1 State the degree of p(z) = 423 — 222 + 7.

2.2 Find the zeros of p(x) = (z — 1)(z + 4).

2.3 State where the graph of p(z) = (x — 1)(x + 4) crosses the z-axis.
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Worked example. For r(z) = Y the denominator is zero at x = 2, so there is
1‘ R

a vertical asymptote there; far out the value tends to 0, so ¥y = 0 is a horizontal

Watch out: a graph can cross a horizontal asymptote but never crosses a vertical
one —the function shoots off to 00 as it approaches a vertical asymptote.



2.4 For r(z) =

xr —

2.5 For r(z) = "

AP Precalculus ¢ Holiday Homework

3 state the vertical asymptote.

T state the horizontal asymptote as + — +oo.
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2 Sequences and exponential functions
— Part 1

Name: - Class: —— Date:

Vocabulary JajjL

Write each word three times. AR F0E =k .

English 3 Write it 3 times (English)
sequence B

arithmetic se- SEEH

quence

common difference A%

geometric se- “F LA

quence

common ratio

N
53

exponential func- FEELEREL

tion
exponential S K
growth

exponential decay 52U I

Recall

You have seen number patterns and powers before:

» Sequences like 2,4,6,8,... (adding) or 2,4,8,16,... (doubling).
« Powers like 23 = 8.

o Some things grow faster and faster —like money earning interest.

This sheet lines up sequences and exponential growth. Fach idea has a worked example.

New ideas

AP Precalculus o Holiday Homework —2 Sequences and exponential functions — Part 1

()



B 1 Two kinds of sequence
A sequence %% is an ordered list of numbers. Two important types:

arithmetic: add d each step geometric: multiply by r each step

- 4 1.5 ot /
/! . /!
[ 1] [ 1]

2 5 8 11 2 3 4.5 6.75

un = a+ (n — 1)d: equal steps un = ar ™ !: growing steps

« an arithmetic sequence 2% %% adds a fixed common difference /% d

each step,
« a geometric sequence %% %% multiplies by a fixed common ratio 2\ r
each step.
Worked example. Arithmetic with ag = 3, d = 5: the terms are 3,8,13,18,...
Geometric with go =2, r = 3: 2,6,18,54, ...

B 2 Finding a term
For arithmetic, a,, = ag + dn; for geometric, g, = gor".

Worked example. ay = 3 + 5(4) = 23; g, = 2 - 3* = 162.

B 3 Exponential functions
An exponential function $55{pR%} is f(z) = ab” —a starting value a multiplied by
the base b repeatedly.

2 Sequences and exponential functions — Part 1

(12)
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20 000

20000 A

17 000 every year the value is multiplied by 0.85
after 4 years: 20000 x 0.85% = $10440

=
U1
o
o
o
1

10000 A

car value (%)

5000 A

years from new

e b > 1 gives exponential growth F5%{IH K,
o 0<b<1 gives exponential decay F5EUT .

B 4 Adding versus multiplying

A linear function adds the same amount each step; an exponential function multi-

plies by the same factor. That is why an exponential always overtakes a linear one
in the end.

Watch out: exponential growth means multiplying by the same factor each step,
so it starts slow but soon shoots up far past any straight line —that is the power of
"compounding”.

Practice

Try these in order. The methods are all above.

2.1 State the difference between an arithmetic and a geometric sequence. 2]

2.2 An arithmetic sequence has ag = 4 and d = 3. Find as. 2]
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2.3 A geometric sequence has gy = 5 and r = 2. Find gs.

2.4 For f(x) =3-2", find f(4).

2.5 State whether f(z) = 100 - (0.5)" shows growth or decay, and why.

AP Precalculus o Holiday Homework
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2 Logarithms and inverse functions —
Part 2

Name: - Class: — Date:

Vocabulary fajjL

Write each word three times. B&- P EIRTE =i,

English oy Write it 3 times (English)
inverse function S pR%K

logarithm XTE

Recall

In Part A you met exponential growth. Now the tool that "undoes” it:

e You know that 23 = 8.
o A logarithm answers the reverse question: what power gives 87
o Working backwards through a function is called finding its inverse.

Each idea has a worked example before the Practice.
New ideas

B ] Inverse functions

An inverse function 7 K%} undoes what a function does: if f(a) = b, then f~1(b) =
a. Its graph is the reflection of f in the line y = .
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f(x) =3z —5: do x3, then —5

e

z+5

e

B 2 Logarithms
A logarithm X% answers "what exponent?”:

B 3 Logs undo exponentials

log, (b%) = z and b8 * = 7.

fi(x) = 5 feverse the order, undo each step

log,c = a means exactly b* =c.

the inverse takes the
output back to the
input: f(2) =1,

so f7L(1) =2

The logarithm is the inverse of the exponential —they cancel each other.

B 4 Solving exponential equations

Because they are inverses, you can use one to undo the other.

Worked example. Solve 2 - 3* = 54: divide by 2 to get 3% =27 = 33, so x = 3.
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Worked exzample. log, 8 = 3, because 2 = 8. And log;, 1000 = 3, because 10 = 1000.

So

Watch out: you can only take the logarithm of a positive number —log,(0) and logs
of negatives are undefined. Always check that the thing inside a log stays positive.



Practice

Try these in order. The methods are all above.

2.1 State, in words, what log, ¢ = a means.

2.2 Find log, 16.

2.3 Find log;, 100.

2.4 Solve 5 = 125.

2.5 Solve 3 - 2% = 48.

AP Precalculus ¢ Holiday Homework —2 Logarithms and inverse functions — Part 2

@)






AP PRECALCULUS « HOLIDAY HOMEWORK {E3fEk

3 Trig ratios and the unit circle— Part 1

Name: — Class: — Date:

Vocabulary JaJJT
Write each word three times. AR BARTPE = .

English F3 Write it 3 times (English)
periodic JE A

period i

unit circle ==X fvAl]

radians o

Recall

You have used trigonometry with right triangles:

« SOH CAH TOA: sine, cosine, and tangent of an angle.
* You have seen the smooth wave shape of a sine graph.
o Angles can be measured in degrees.

This sheet lines up the trig ideas the course builds on. Each idea has a worked example.
New ideas

B ] Periodic patterns

A pattern is periodic JE#H{E if it repeats at regular steps. The period J&#] is how
far you go before it repeats —like the tides, or day and night.

B 2 Right-triangle trig
For a right triangle, with an angle 6:

) opposite adjacent opposite
sinf) = ——, s = —— tanf = ——.
hypotenuse hypotenuse adjacent
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opposite

—

adjacent

Worked example. In a right triangle with opposite = 3 and hypotenuse = 5: sinf =

3
- =0.6.
)

B 3 The unit circle

On the unit circle {7 [f (radius 1), the point at angle 6 has coordinates
(cosf,sinf). Angles can be measured in radians JLFE (a full turn is 27).

- sinb —Ecos@ — tan6
1_
0
_1_
0 90° 180° 270° 360°

angle 6

B 4 Special angles
The values at 0°,30°,45°,60°,90° come up again and again —for example sin 30° = 0.5
and cos 60° = 0.5.

Watch out: sinf and cos@ are always between —1 and 1 —they are ratios of a side
to the hypotenuse (the longest side), so they can never exceed 1.

Practice
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Try these in order. The methods are all above.

2.1 State what it means for a pattern to be periodic.

2.2 Write the SOH CAH TOA ratios for sine, cosine, and tangent.

2.3 A right triangle has opposite = 4 and hypotenuse = 5. Find sin 6.

2.4 The same triangle has adjacent = 3. Find cosf and tan 6.

2.5 State the largest and smallest possible values of sin 6.
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3 Sine waves and inverse trig — Part 2

Name: - Class: —— Date:

Vocabulary {ajjL

Write each word three times. {845 EIRIE =3

English ol Write it 3 times (English)
amplitude VRIS
midline Hr 2k

sinusoidal function 1F 5% %! pg
i

inverse  trigono- ¥ = fA IR

metric functions 4§

Recall

In Part A you met the sine and cosine ratios. Now their graphs and how to reshape them:

e The sine graph is a smooth, repeating wave.
» Real things like tides and daylight follow wave patterns.

Each idea has a worked example before the Practice.
New ideas

B ] Sine and cosine graphs
The graphs y = sinf and y = cosf are smooth waves that swing between —1 and 1
and repeat every 27 (one full turn).
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—_— Yy =SinXx = ) = CO0SX
14
0
—1 4
0 90 180 270 360

angle x (degrees)

B 2 Amplitude, period, and midline

For a wave, three numbers describe its shape:

o the amplitude #E1F = half the distance between the top and bottom,
» the period = how far along before it repeats,
e the midline 14k = the horizontal centre line.

B 3 Transforming a sine wave
A general sinusoidal function IF XA pg %Y is

f(0) = asin(bf) + d,

2
where |al| is the amplitude, the period is ﬁ, and d is the midline.
2
Worked example. For f(6) = 3sin(20) + 1: amplitude = 3, period = ; = 7, midline

y = 1. So the maximum is 1 + 3 = 4 and the minimum is 1 — 3 = —2.

B 4 Inverse trig

The inverse trigonometric functions 7 = ffj K4{ (arcsine, arccosine, arctangent)
go the other way: give them a ratio and they return the angle.

Watch out: in asin(bf) + d, the number a changes the amplitude (height) while b
changes the period (width). Don’t confuse the two —b squeezes the wave sideways,
not up and down.

Practice

Try these in order. The methods are all above.
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2.1 State the range (lowest to highest value) of y = sin 6, and its period.

2.2 For f(f) = 5siné, state the amplitude.

2.3 For f(0) = 2sin(36), find the amplitude and the period.

2.4 For f(0) = 4sin(f) + 2, state the midline, the maximum, and the minimum.

2.5 State what an inverse trig function (like arcsine) does.
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4 Vectors — Part 1

Name: - Class: — Date:

Vocabulary aJL.

Write each word three times. &R BAEPE =1,

English E:3'd Write it 3 times (English)
vector ) &

magnitude KN

Recall

You may have met vectors already:

o A vector has a size and a direction, like a push of ”5 newtons east”.
e You have added movements: 3 steps east then 4 steps north.
o Pythagoras finds the straight-line distance of a right-angle journey.

This sheet lines up vectors. Each idea has a worked example.

New ideas

B 1 What a vector is

A vector [u]& has both magnitude K/ (length) and direction. We write it by
its components, (a,b) —a across and b up.

B 2 Adding vectors

Add two vectors component by component: (a,b) + (c,d) = (a + ¢, b+ d).
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a+b b

Worked example. (3,1) + (2,4) = (5,5).
B 3 Magnitude
The magnitude (length) of (a,b) is found with Pythagoras:

(a, b)| = Va2 + b2.

Worked example. [(3,4)] = v/3% +42 = /25 = 5.

B 4 Scaling

Multiplying a vector by a number scales each component: 2(3,1) = (6,2) (same
direction, twice as long).

Watch out: add vectors component by component —do not add their magnitudes.
(3,0) + (0,4) has magnitude 5 (by Pythagoras), not 3+4 = 7.

Practice

Try these in order. The methods are all above.

2.1 State the two things a vector has. 2]

2.2 Find (2,3) + (5,1). 2]
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2.3 Find the magnitude of (6, 8).

2.4 Find 3(2, 4).

2.5 A vector goes (5,0) and another (0,12). Find the magnitude of their sum.
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4 Matrices — Part 2

Name: - Class: — Date:

Vocabulary aJL.

Write each word three times. &R BAEPE =1,

English E:3'd Write it 3 times (English)
matrix yial i3
determinant 751 =

linear transforma- Z&M:7A5H
tion

Recall
You may have seen numbers arranged in a grid (a table). A matrix is exactly that:

o A matrix is a rectangular grid of numbers.
o Matrices are used to store data and to move shapes around.

Each idea has a worked example before the Practice.
New ideas

B ] What a matrix is

A matrix % [%4 is a rectangular grid of numbers, for example B ﬂ (2 rows, 2
columns).

B 2 The determinant

For a 2 x 2 matrix {(CI b}, the determinant {7415 is

d
ad — be.

Worked example. For B ﬂ, the determinant is (3)(4) — (1)(2) =12 — 2 = 10.
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B 3 Matrices move the plane

A 2 x 2 matrix acts as a linear transformation Z&{/:7% ¥ of the plane —it can
stretch, rotate, or reflect points.

A

j area = det = 2

B 4 The determinant as area

The determinant tells you how much the transformation scales area. For example
2

[0 g] stretches by 2 across and 3 up, so it multiplies every area by 2 x 3 = 6 —

exactly its determinant.

Watch out: the determinant ad—bc subtracts the off-diagonal product bc. A common
slip is to compute ad — bc as ad + bc —remember the minus sign.

Practice

Try these in order. The methods are all above.

2.1 State what a matrix is. 1]

2.2 Find the determinant of [11 ?))] ) 2]
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2.3 Find the determinant of [g (2)]

2.4 State by what factor the matrix in 2.3 scales area.

2.5 Find the determinant of B ﬂ
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