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Energy & Momentum of Rotating Systems

What we will cover

1  Rotational kinetic energy

2 | Work and power of a torque
3 | Angular momentum and impulse l
4 | Conservation of angular momentum

5 | Rolling without slipping

6 = Orbiting satellites



1 Rotational KE




Energy & Momentum of Rotating Systems
LRotational KE

Rotational kinetic energy

iy Ef S Torque and work

_ 1,2
Krot = QIw W:/7‘CI'97 P=1w

A rolling body has both: K= %mv2 + %IwQ.
Area under a 70 graph; Whet = AKior.

A flywheel "t%% stores energy in its

2

T =15, A =8 W=120J; at w = 20,
spin —and K oc w”.

P =300W.



The whole energy toolkit, translated

kinetic energy im? — Lp?

work W:/Fdx — W:/Tde
power P=F — P=1w
momentum B=mv — L=I3

the substitution F—7, x—=0, v>w, m—l

There is nothing new to learn in rotational energy — only a dictionary. Every translational
result you already have comes across intact.



2 Angular momentum
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LAngular momentum

Angular momentum and impulse

Angular momentum &EZ)E is the
rotational twin of momentum:

Point particle and rigid body WEIEE GEIE
~ L;=30; 7=5Nm for 4s:
L="7xp, L=lw
. dL

Tnet — F

t Ls= 30+ 20 = 50kgm? /s

AL=5x4=20

Angular impulse F/H1E [ 7dt= AL
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LAngular momentum

Conservation of angular momentum

With zero net external torque, angular
momentum is conserved — even as the shape

changes:

liwi = lrwe

A skater pulls their arms in: [ drops, so
w rises. (Kinetic energy rises too — paid Arms in, smaller |, faster spin: L is
by muscular work.) conserved
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LAngular momentum

Worked example — a bullet strikes a pivoted rod

A 0.020 kg bullet at 300 m/s hits the tip of
a uniform rod (M = 1.5 kg, /= 0.60 m)

pivoted at its centre, and embeds. Find w.

m angular momentum about the pivot is
conserved; linear momentum is not (the
pivot exerts a force)

m before: L = mvr=(0.020)(300)(0.30) =
1.8 kgm?/s

m after:

I=LMP+mr =0.04540.0018 = 0.0468
mw=1L/I=38rad/s

Choose angular momen-
tum whenever there is
a pivot. The pivot’s
own force acts through
the axis, so it exerts no
torque and drops out.



Pulling mass inward speeds the spin

slow wy fast w>

pull in \/
o0

arms out arms in
large | small /

L =Ilw conserved (no external torque): w1 =hw>

Pulling mass inward lowers |, so w rises to conserve L = lw
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LAngular momentum

A bullet embeds: angular momentum conserved

before after

~——
Lpefore = Lafter

mvl=lsysw (about pivot; KE not conserved — inelastic)

Angular momentum about the pivot is conserved as the bullet embeds in the rod



3 Rolling
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Rolling without slipping

Rolling without slipping FiZi%zh links
translation and rotation:

hoop
Vem = W, dcm = QX

Static friction 5% 242 produces the rolling but
does no work (the contact point is momentarily at

rest)_ clnhnrn

Down a ramp: the solid sphere wins,
the hoop last.
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Rolling race: smallest //mr* wins

smallest B = largest a (sphere wins)
rolling race: smaller I reaches bottom first

Rolling race: the shape with the smallest I/mr? reaches the bottom first



re the energy goes when a shape rolls

the split

a rolling body has both translational and rotational kinetic energy

write | = fmr

[ is the shape factor: hoop 1, disc % solid sphere % spherical
shell 2
3

racing down an incline

_ gsind

dem = 7 el from mgh = imv?(1 + 3)

{0}

V= 2gh — mass and radius both cancel
Vi+p

the winner

the smallest 3: solid sphere, then disc, then shell, then hoop

what 5 measures

how much rotational inertia #Zfj|E & sits far from the axis

Mass and radius cancel, so the race is decided by shape alone — and Ax., = rA# ties the
centre’s displacement to the angular displacement.
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The rolling race, decided by one number

write | = fmr

[ is the shape factor: hoop 1, disc % solid sphere % shell %

energy conservation

2gh

mgh=imy(1+ B), so v= T+ 8

so the winner

the smallest 8 — the solid sphere, then the disc, then the shell,
then the hoop

and the mass?

cancels completely: size and mass do not matter, only the shape

B measures how much mass sits far from the axis. Mass at the rim has to be spun up as well
as moved forward, and that energy is taken from the translation.
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Rolling without slipping: v = rw

N . 4
contact point:

instantaneously at rest (v=0)

—1 2 1 2 _1 2 |
K=3smv®+3ilw®=3smv (1+W)

rolling noslip:v=rw - a=ra

In rolling without slipping the contact point is at rest, so v = rw



4 Satellites
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Orbiting satellites

Gravity supplies the centripetal force. Set
them equal:

Orbital speed and Kepler
| GM
V= G—r, T?x P

m energy E= K+ U, with U= —GMm/r
m elliptical orbits conserve energy and
angular momentum

A bigger orbit means

a slower speed, longer period.



The energy of an orbit is negative, and that matters

L . GMm . e
gravitational potential Uy = ————, taking zero at infinity
r
energy 5| /7 EE
a circular orbit K= —%U, so the total mechanical energy =4/ EE is
M
Ee K+ y=_SMm
2r

negative means bound

the satellite cannot escape; raising it to a larger orbit means
increasing E toward zero

2GM
escape set E=0: Vesc = = v/2x the circular orbital speed
velocity PkiRiEE r
Kepler's second equal areas in equal times — which is conservation of angular
law FFEEyE— B momentum in disguise

Larger orbits are slower (v = /GM/r) yet carry more energy. Speeding a satellite up moves it
to a higher, slower orbit — the counter-intuitive result AP loves to test.
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Motion of Orbiting Satellites

Gravity provides the centripetal force that keeps a satellite in orbit
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L Satellites

Worked example — a satellite in low Earth orbit

A satellite orbits at r= 7.0 x 10° m, with

GM = 4.0 x 10** m3/s%. Find its speed and
escape speed.

mv=/GM/r= /4.0 x 101/7.0 x 106 =
7.6 x 10 m/s

B Veee = V2v=1.1x10* m/s

m period T =27r/v~ 5.8 X 102 s, about 97
minutes

Exam skill. Orbit
FRQs are energy-and-
angular-momentum prob-

lems in disguise. Write

M
E:%mvg—u

and L = mvrsing at
the two points of interest
and solve the pair — never
assume the circular-orbit
formulae apply to an el-
lipse.
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Exam tips

m Compute the moment of inertia / = [ r* dm and shift axes with the parallel-axis
theorem | = I, + Md?.

m Rotational kinetic energy is %/wQ; a rolling body has both translational and
rotational KE.

m Conserve angular momentum L = Jw when net external torque is zero (a
spinning skater pulling in).

m Use energy conservation for rolling-without-slipping problems (v = rw ties the two
motions).

m Know standard / values (hoop, disk, rod, sphere) and where the axis is.



Recap




Energy & Momentum of Rotating Systems
L Recap

Unit 6 — key takeaways

a Rotational energy e Angular momentum

Kiot = 3lw?; W= [T df [=?xP=h; 7=dL/dt

e Conservation o Orbits

no external torque = liw; = lgvr v=+/GM/r, Kepler's T? P
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Check yourself

Werite the net torque as a rate of change of
angular momentum.

A skater pulls their arms in — what hap-
pens to w?

Does the static friction on a rolling wheel
do work?

A satellite moves to a bigger orbit — faster
or slower?

Answers 1. 7= dZ/dt 2. it speeds up 3. no 4. slower
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