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6. Energy and Momentum of Rotating Systems Starter Quiz - PEH]/M

AP Physics C: Mechanics Name: Score:

1. A wheel with I = 2 kg - m? spins at w = 3 rad/s. Its rotational kinetic energy (in J)?
J

2. A constant torque of 6 N - m turns a wheel through ¢ = 4 rad. The work done (in J)?
J

w

. A flywheel with I =5 kg - m? spins at w = 4 rad/s. Its angular momentum (in kg - m?/s)?

kg - m?/s

4. A skater with I; = 8 kg - m? spins at 2 rad/s, then pulls in to I; = 4 kg - m?. Her new angular
speed (in rad/s)?

rad/s

5. A wheel of radius 0.3 m rolls without slipping at w = 10 rad/s. Its forward speed (in m/s)?

m/s

(=]

. A satellite moves to a lower circular orbit. Its orbital speed...
[ increases
[J decreases

L] stays the same

\]

. If you triple a wheel’s angular speed but keep its rotational inertia, its rotational kinetic energy
becomes...

L] 3 times larger
L] 6 times larger
[J 9 times larger

[J unchanged

8. Angular momentum is conserved exactly when...
[J the net external torque is zero
[J the object is at rest

O no forces act at all

9. For a wheel rolling without slipping, the point touching the ground is momentarily...
L] at rest

[J moving at v

AP Physics C: Mechanics - Starter quiz $Eaj/N @ @



L] moving at 2v

10. What provides the centripetal force that holds a satellite in a circular orbit?
L gravity
L] air resistance

[J the satellite’s engine

AP Physics C: Mechanics - Starter quiz HEpij/Nill @



6. Energy and Momentum of Rotating Systems

AP Physics C: Mechanics

1.97J
K=31Iw=1(2)(32=91J
2.24J

W=10=6x4=241].

3. 20 kg - m?/s

L=1Iw=5x4=20kg -m?/s.

4. 4 rad/s

Liw; = Tywy = 8 x2 =4 X wy, sows =4 rad/s.

5.3 m/s

v=wr=10x0.3 =3 m/s.

6. increases

v =+/GM/r, so a smaller r gives a larger v.

7. 9 times larger

. a9 .
w is squared, so 3 = 9 times the energy.

8. the net external torque is zero

Zero net external torque means dL/dt = 0, so L stays constant.

9. at rest

The contact point has zero velocity at that instant — that is the no-slip condition.

10. gravity

GMm/r?* = mv?/r — gravity is the centripetal force.

AP Physics C: Mechanics - Starter quiz i/l
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AP PHYSICS C: MECHANICS « EXERCISE SHEET

6.1 Rotational Kinetic Energy

Name: - Class: - Date: Total: 14 marks

KEY WORDS rotational kinetic energy %211 2jfi¢

Objective
Build the skills to answer exam questions on rotational kinetic energy.

You must be able to:

« use rotational kinetic energy #%#3liE: K = %I w?

e recognise it as the analogue of %mv2
» add translational and rotational kinetic energy for a rolling object
o find K, I, or w given the others

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The rotational KE formula
17,2
A disc with T = 0.5 kg m? spinning at w = 4 rad s™* stores

K =1(05)4)*=41J.

1
2
B The square of omega

Because w is squared, doubling the spin rate quadruples the stored energy.

B Rolling: two kinds of KE
A rolling object has both, so its total is

K= %mvz + %[wz.

AP Physics C: Mechanics o 6.1 Rotational Kine gy @
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2 Practice

Now apply the methods above.

2.1 A wheel with I = 2 kg m? spins at 3 rad s—*. Find its rotational KE. 2]

2.2 If a spinning object’s angular speed triples, by what factor does its rotational KE

change?

1]

2.3 State the two terms in the total kinetic energy of a rolling object. 2]

2.4 A flywheel stores 18 J of rotational KE at I = 4 kg m?. Find its angular speed. [2]

3 Exam-style questions

3.1 Rotational kinetic energy is

« A %va
B 1/w?
C lw

D Ska?

3.2 A rolling ball’s total kinetic energy is

« A only 1mu?
B only 1/w?
C imv? + L1w?

D zero

AP Physics C: Mechanics ¢ 6.1 Rotational Kine



3.3 A solid disc has I = 0.8 kg m? and spins at 5 rad s .
(a) Find its rotational kinetic energy. 2]

(b) State its energy if the spin rate doubles. (1]

3.4 A rolling wheel has translational KE = 12 J and rotational KE = 6 J.

(a) Find the total kinetic energy. 1]
(b) State the fraction stored in rotation. 1]
AP Physics C: Mechanics ¢ 6.1 Rotational Kine Ty @
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Solutions

2.1 K =11w?=1(2)(3)>=91J.
2.2 Nine times (w is squared).
2.3 Translational %mv2 and rotational %I w?.

2.4w=2K/I=./2(18)/4=+9=3rad s™".
31B — K =1Iu%

3.2 C — a rolling object has both terms.
3.3 (a) K = 3(0.8)(5)> =10 J. (b) Four times, 40 J.
3.4 (a) 124+6=18J. (b) 6/18 = 3.

AP Physics C: Mechanics ¢ 6.1 Rotational Kine Ty



Name: ( ) AP Physics C: Mechanics: 2026

4. A unicycle is placed on a stand such that the wheel does not touch the ground. The rotational
inertia of the wheel about the axle is /;. One end of a crank arm can be attached to the wheel,
as shown in the side view.

Wheel

Side View

In Scenarios 1 and 2, crank arms of different lengths are connected to the wheel. In each
scenario, the wheel is initially at rest. A force of magnitude F is then exerted at the end of each
crank arm. The direction of the force remains perpendicular to each crank arm at all times. The
mass of each crank arm is negligible. The scenarios differ as described.

» Scenario 1: The length of the crank arm is ¢,. The angular speed of the wheel
immediately after the crank arm has been turned through one rotation is ;.

» Scenario 2: The length of the crank arm is ¢,, where ¢, > {,. The angular speed of the
wheel immediately after the longer crank arm has been turned through one rotation is
@,.
Part A

Indicate whether w, is greater than, less than, or equal to @, by writing one of the following.

. W, > w,
c w,<w
° a)zza)l

Justify your answer. Your justification may reference equations but must include conceptual
reasoning beyond algebraic solutions.
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PartB

Derive an expression for the angular speed @, of the wheel in Scenario 1 immediately after
the crank arm has been turned through one rotation. Express your answer in terms of /y,, F, ¢,
and physical constants, as appropriate. Begin your derivation by writing a fundamental physics
principle or an equation from the reference information.

Part C

In Scenario 3, the unicycle is placed on the ground such that the unicycle can move forward
without the wheel slipping on the ground. A force of the same magnitude F is exerted at the end
of the crank arm of length ¢, as in Scenario 1. The direction of the force remains perpendicular
to the crank arm at all times. The resulting angular speed of the wheel immediately after the
crank arm has been turned through one rotation is @;.

Indicate whether @, is greater than, less than, or equal to @, by writing one of the following.

« Wy > W,
¢« w5 <o,
° a)3:a)1

Briefly justify your answer. Your justification may reference equations but must include
conceptual reasoning beyond algebraic solutions.

STOP
END OF EXAM
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Note: Figure not drawn to scale.

Figure 1

3. A system consists of a small sphere of mass m and radius R at rest on a horizontal surface and a uniform rod of
mass M = 2m and length / attached at one end to a pivot with negligible friction, where R <« /. There is
negligible friction between the surface and the sphere to the right of Point A and nonnegligible friction to the left
of Point A. The rod is held horizontally as shown in Figure 1, then is released from rest. The total rotational
inertia of the rod about the pivot is %M ¢? and the rotational inertia of the sphere about its center is % mR?. After
the rod is released, the rod swings down and strikes the sphere head-on. As a result of this collision, the rod is
stopped, and the ball initially slides without rotating to the left across the horizontal surface.

(a) Derive an expression for the angular speed of the rod just before striking the sphere in terms of the length ¢
and physical constants as appropriate.

GO ON TO THE NEXT PAGE.
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VHIUTITULY Yy UL T UUNVIIIVUY LV SAW kW 1 IWIY W VI UIITY Uy,

(b) Derive an expression for the linear speed v of the sphere immediately after colliding with the rod in terms of
the length ¢ and physical constants as appropriate.

After sliding a short distance, at time ¢t = O the sphere encounters a region of the horizontal surface with a
coefficient of kinetic friction i, beginning at Point A as indicated in Figure 1. The sphere begins rotating while
sliding and eventually begins rolling without sliding at Point B, also as indicated.

(c) In the following diagram, which represents the sphere while the sphere is traveling between Points A and B,
draw and label the forces (not components) that act on the sphere. Each force must be represented by a distinct
arrow starting on, and pointing away from, the point of application on the sphere.

O

(d) Derive an expression for each of the following as the sphere is rotating and sliding between points A and B in
terms of vy, i, R, t, and physical constants as appropriate.

i. The linear velocity v of the center of mass of the sphere as a function of time ¢

i1. The angular velocity @ of the sphere as a function of time ¢

GO ON TO THE NEXT PAGE.
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coniunue your response 10 WUESI1IVUN $ On 1nis page.

(e)
1. Derive an expression for the time it takes the sphere to travel from Point A to Point B in terms of v, u,
and physical constants as appropriate.

ii. Derive an expression for the linear velocity of the sphere upon reaching Point B in terms of vy.

GO ON TO THE NEXT PAGE.
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STOP

END OF EXAM




Name: ( ) AP Physics C: Mechanics: 2023 Set 2

Three-Blade System

Single Blade

/Axis of Rotation | L |

Blade \ﬁ
L

Center of Mass L
3

/Axis of Rotation

Figure 1 Figure 2

. A wind turbine includes a three-blade system that rotates about an axis through the end of each blade, as shown in
L
Figure 1. Each blade has a length L and mass M, with a center of mass located at a distance 3 from the axis of

rotation, as shown in Figure 2.

(a) Derive an expression for the rotational inertia of the three-blade system. Express your answer in terms of M,
L, and physical constants, as appropriate. The rotational inertia of each blade about an axis through its center

1
of mass is given by the equation 1, = 18 ML>.

GO ON TO THE NEXT PAGE.
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coniunue your response 10 WUESITIVUN $ On 1nis page.

(b) While the wind blows, the three-blade system operates at a constant angular speed @ = 2.6 rad/s. The length
of one blade is L = 36 m. The numerical value of the rotational inertia of the system is

lyys=6.7X 10° kg~m2. Calculate the time T it takes the outer edge of a single blade to complete one

revolution.

(c) When the wind stops blowing, the angular speed of the system decreases. The angular speed @ of the system

B

while slowing down is given as a function of time ¢ by the equation @ = wye o’ where By is a constant with

appropriate units, as shown on the graph in Figure 3.

o (rad/s)
3.0:
k\
1
204
|
T
: N
1.0+
i N
o+ L LU L L L L LT ===t e 1 ()
O 5 10 15 20 25 30 35

Figure 3

1. Calculate the amount of energy dissipated from ¢ = 0, when the wind stops blowing, until the system
comes to rest.

GO ON TO THE NEXT PAGE.
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MVLIUTITUGY y VUL T UUNVIIIVUY LV NAW kW 1 IWIY W VI UIITY MUy,

ii. Derive an expression for the net torque exerted on the system as a function of ¢ as the system slows down.

Express your answers in terms of f,, wg, M, L, Iy, and physical constants, as appropriate.

iii. Derive an expression for the angular displacement of the system A8 as a function of z. Express your
answer in terms of ﬂo, 0y, M, L, Isys, and physical constants, as appropriate.

The three-blade system is now replaced with a second three-blade system identical to the first, except that the
second three-blade system slows down according to the equation @ = @ e P! where wo = 2.6rad/s and B > B,

The original angular speed function is shown as a dashed line in Figure 4.

o (rad/s)

3.0?
A
K
Ak

2.0 g
| Ay
T \
TR

1.0 : <L
! N3

O+LL L LU L LIt pE et g (5)

0 5 10 15 20 25 30 35

Figure 4

(d) On the graph in Figure 4, sketch the angular speed of the second three-blade system as a function of time «.

GO ON TO THE NEXT PAGE.
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STOP

END OF EXAM
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A= yx2
P ¢ |
| |
| L |
x=0 x=L

3. A triangular rod of length L and mass M has a nonuniform linear mass density given by the equation 4 = yxz,

3IM
where y = ? and x is the distance from point P at the left end of the rod.

(a) Using integral calculus, show that the rotational inertia / of the rod about an axis perpendicular to the page

3
and through point P is 35 ML>.

(b) Determine the horizontal location of the center of mass of the rod relative to point P. Express your answer
in terms of L.

(c) For an axis perpendicular to the page, is the value of the rotational inertia of the rod around point P greater
than, less than, or equal to the value of the rotational inertia of the rod around the rod’s center of mass?

Greater than Less than Equal to

Justify your answer.

1authorized copying or reuse of this page is illegal. Page 8 GO ON TO THE NEXT PAG E.

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

®
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The rod is released from rest in the position shown, and the rod begins to rotate about a horizontal axis

perpendicular to the page and through point P.

(d) On the axes below, sketch graphs of the magnitude of the net torque 7 on the rod and the angular speed @
of the rod as functions of time ¢ from the time the rod is released until the time its center of mass reaches its

lowest point.

T
A A

>

> |

(e) As the rod rotates from the horizontal position down through vertical, is the magnitude of the angular
acceleration on the rod increasing, decreasing, or not changing?

Increasing Decreasing Not changing

Justify your answer.

GO ON TO THE NEXT PAGE.

Use a pencil or pen with black or dark blue ink onlv. Do NOT write vour name. Do NOT write outside the box.
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P
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(f) The mass of the rod is 3.0 kg, and the length of the rod is 1.0 m. Calculate the linear speed v of point S as
the rod swings through the vertical position shown.

GO ON TO THE NEXT PAGE.

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

@
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STOP

END OF EXAM

@
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Object A

Pivot M
1. |

- 2L -

2. Object A i1s a long, thin, uniform rod of mass M and length 2L that is free to rotate about a pivot of negligible
friction at its left end, as shown above.

(a) Using integral calculus, derive an expression to show that the rotational inertia I, of object A about the

4
pivot is given by 3 ML? |

y Object B

4 |
I = '

Qr

Object B of total mass M is formed by attaching two thin, uniform, identical rods of length L at a right angle
to each other. Object B is held in place, as shown above. Express your answers in part (b) in terms of L .

(b) Determine the following for the given coordinate system shown in the figure.

i. The x-coordinate of the center of mass of object B

ii. The y-coordinate of the center of mass of object B

GO ON TO THE NEXT PAGE.

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

@
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v

Object B has a rotational inertia of Ig about its pivot.
(c) Is the value of Iy greater than, less than, or equal to I, ?

Greater than Less than Equal to

Justify your answer.

Object B is released from rest and begins to rotate about its pivot.

(d) On the axes below, sketch graphs of the magnitude of the angular acceleration o and the angular speed @
of object B as functions of time ¢ from the time it is released to the time its center of mass reaches its lowest

point.

GO ON TO THE NEXT PAGE.

Use a pencil or pen with black or dark blue ink onlv. Do NOT write vour name. Do NOT write outside the box.
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(e) While object B rotates from the horizontal position down through the angle 6 shown above, is the
magnitude of its angular acceleration increasing, decreasing, or not changing?

Increasing Decreasing Not changing

Justify your answer.

Object B rotates through the position shown above.

(f) Derive an expression for the angular speed of object B when it is in the position shown above. Express your
answer in terms of M, L , Ig , and physical constants, as appropriate.

GO ON TO THE NEXT PAGE.

Use a pencil or pen with black or dark blue ink only. Do NOT write your name. Do NOT write outside the box.

®
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-

g Platform
IS

D ™ Motor-Driven Wheel

Vertical Axis

3. A horizontal circular platform with rotational inertia /, rotates freely without friction on a vertical axis. A small

motor-driven wheel that is used to rotate the platform is mounted under the platform and touches it. The wheel
has radius r and touches the platform a distance D from the vertical axis of the platform, as shown above. The
platform starts at rest, and the wheel exerts a constant horizontal force of magnitude F tangent to the wheel until
the platform reaches an angular speed w, after time Atz . During time Atr, the wheel stays in contact with the
platform without slipping.

(a) Derive an expression for the angular speed @, of the platform. Express your answer in terms of I, , 7, D, F,
At , and physical constants, as appropriate.

(b) Determine an expression for the kinetic energy of the platform at the moment it reaches angular speed @) .

Express your answer in terms of I, r, D, F, At, and physical constants, as appropriate.

(c) Derive an expression for the angular speed of the wheel @y, when the platform has reached angular

speed wp . Express your answer in terms of D, r, @p , and physical constants, as appropriate.

1

U >
When the platform is spinning at angular speed @, , the motor-driven wheel is removed. A student holds a disk

directly above and concentric with the platform, as shown above. The disk has the same rotational inertia /, as

the platform. The student releases the disk from rest, and the disk falls onto the platform. After a short time, the
disk and platform are observed to be rotating together at angular speed .

(d) Derive an expression for @, . Express your answer in terms of @p, I, and physical constants, as

appropriate.
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Name: (

3.1 kg-mz) to determine the rotational inertia /;; of an

A student now uses the rotating platform (I P

unknown object about a vertical axis that passes through the object’s center of mass. The platform is rotating at

an initial angular speed ®; when the unknown object is dropped with its center of mass directly above the center

of the platform. The platform and object are observed to be rotating together at angular speed @, . Trials are

repeated for different values of @; . A graph of @ as a function of @, is shown on the axes below.
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(e)

1. On the graph on the previous page, draw a best-fit line for the data.

ii. Using the straight line, calculate the rotational inertia of the unknown object I;; about a vertical axis

passing through its center of mass.
(f) The kinetic energy of the spinning platform before the object is dropped on itis K;. The total kinetic energy
of the platform-object system when it reaches angular speed @, is K ;. Which of the following
expressions is true?

Justify your answer.

(g) One of the students observes that the center of mass of the object is not actually aligned with the axis of
the platform. Is the experimental value of [;; obtained in part (e) greater than, less than, or equal to the

actual value of the rotational inertia of the unknown object about a vertical axis that passes through its
center of mass?

Greater than Less than Equal to

Justify your answer.

STOP

END OF EXAM
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3. A triangular rod, shown above, has length L, mass M, and a nonuniform linear mass density given by the

equation A = 2—];4)6 , where x is the distance from one end of the rod.
L

(a) Using integral calculus, show that the rotational inertia of the rod about its left end is MI? / 2.

Figure 1 Figure 2
The thin hoop shown above in Figure 1 has a mass M, radius L, and a rotational inertia around its center of MI? .
Three rods identical to the rod from part (a) are now fastened to the thin hoop, as shown in Figure 2 above.

(b) Derive an expression for the rotational inertia /,,, of the hoop-rods system about the center of the hoop.
Express your answer in terms of M, L, and physical constants, as appropriate.

The hoop-rods system is initially at rest and held in place but is free to rotate around its center. A constant force
F is exerted tangent to the hoop for a time Af.

(c) Derive an expression for the final angular speed @ of the hoop-rods system. Express your answer in terms
of M, L, F, Ar, and physical constants, as appropriate.

@)
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—

The hoop-rods system is rolling without slipping along a level horizontal surface with the angular speed @

found in part (c). At time ¢ = O, the system begins rolling without slipping up a ramp, as shown in the figure
above.

(d)

1. On the figure of the hoop-rods system below, draw and label the forces (not components) that act on
the system. Each force must be represented by a distinct arrow starting at, and pointing away from, the
point at which the force is exerted on the system.

ii. Justify your choice for the direction of each of the forces drawn in part (d)i.

(e) Derive an expression for the change in height of the center of the hoop from the moment it reaches the
bottom of the ramp until the moment it reaches its maximum height. Express your answer in terms of M, L,
I,,;, @, and physical constants, as appropriate.

STOP

END OF EXAM



Name: ( ) AP Physics C: Mechanics: 2017

M=0.50kg
R=0.10m

0.75 m . o~
l Floor N

| D |

3. A uniform solid cylinder of mass M = 0.50 kg and radius R = 0.10 m is released from rest, rolls without slipping
down a 1.0 m long inclined plane, and is launched horizontally from a horizontal table of height 0.75 m. The
inclined plane makes an angle of 30° with the horizontal. The cylinder lands on the floor a distance D away
from the edge of the table, as shown in the figure above. There is a smooth transition from the inclined plane to
the horizontal table, and the motion occurs with no frictional energy losses. The rotational inertia of a cylinder

around its center is MR> / 2.
(a) Calculate the total kinetic energy of the cylinder as it reaches the horizontal table.
(b) Calculate the angular velocity of the cylinder around its axis at the moment it reaches the floor.

(c) Calculate the ratio of the rotational kinetic energy to the total kinetic energy for the cylinder at the moment
it reaches the floor.

(d) Calculate the horizontal distance D.
A sphere of the same mass and radius is now rolled down the same inclined plane. The rotational inertia of

a sphere around its center is %MR2 .

(e)

i. Is the total kinetic energy of the sphere at the moment it reaches the floor greater than, less than,
or equal to the total kinetic energy of the cylinder at the moment it reaches the floor?

Greater than Less than Equal to
Justify your answer.

ii. Is the rotational kinetic energy of the sphere at the moment it reaches the floor greater than, less than,
or equal to the rotational kinetic energy of the cylinder at the moment it reaches the floor?

Greater than Less than Equal to
Justify your answer.

iii. Is the horizontal distance the sphere travels from the table to where it hits the floor greater than, less
than, or equal to the horizontal distance the cylinder travels from the table to where it hits the floor?

Greater than Less than Equal to

Justify your answer.

STOP

END OF EXAM

@
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L 4

Pivot Point

Mech.3.

A uniform, thin rod of length L and mass M is allowed to pivot about its end, as shown in the figure above.

(a) Using integral calculus, derive the rotational inertia for the rod around its end to show that it is MI? / 3.

The rod is fixed at one end and allowed to fall from the horizontal position A through the vertical position B.

(b) Derive an expression for the velocity of the free end of the rod at position B. Express your answer in terms
of M, L, and physical constants, as appropriate.

An experiment is designed to test the validity of the expression found in part (b). A student uses rods of
various lengths that all have a uniform mass distribution. The student releases each of the rods from the
horizontal position A and uses photogates to measure the velocity of the free end at position B. The data are
recorded below.

Length (m) 0.25 0.50 0.75 1.00 1.25 1.50

Velocity (m/s) 2.7 3.8 4.6 5.2 5.8 6.3

@)
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STOP
END OF EXAM

Name: (

(c) Indicate below which quantities should be graphed to yield a straight line whose slope could be used to

Use the remaining rows in the table above, as needed, to record any quantities that you indicated that are not

calculate a numerical value for the acceleration due to gravity g.
given. Label each row you use and include units.

Horizontal axis:
Vertical axis:

(d) Plot the straight line data points on the grid below. Clearly scale and label all axes, including units as

appropriate. Draw a straight line that best represents the data.
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(e)

i. Using your straight line, determine an experimental value for g.

ii. Describe two ways in which the effects of air resistance could be reduced.
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6.2 Torque and Work

Name: - Class: - Date: Total: 15 marks

KEY WORDS torque /% o rotational work #£24/j7)) « rotational power #£4/j3))2% « rotational kinetic energy %z} 5/If

Objective
Build the skills to answer exam questions on torque and work.

You must be able to:

o calculate rotational work ¥%#j3: W = 70

« use rotational power ##jI%: P = Tw

o apply the rotational work-energy theorem: W, = AK,.
o recognise these as analogues of W = F'd and P = Fv

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

® Work done by a torque
W =716,

with 6 in radians. A 5 N m torque turning a wheel through 27 rad does W = 5 x 27 ~
314 J.

B Rotational power

P =r1w.
A motor delivering 4 N m to a shaft at 10 rad s~ ' outputs P = 40 W.

B Work-energy theorem

The net rotational work equals the change in rotational kinetic energy:

AP Physics C: Mechanics ¢ 6.2 Torque and Wos @



2 Practice

Now apply the methods above.

2.1 A 6 N m torque turns a wheel through 4 rad. Find the work done.

2.2 A motor supplies 8 N m at 5 rad s~'. Find the power.

2.3 State what the net rotational work done on a body equals.

2.4 In W = 70, in what unit must 6 be?

3 Exam-style questions
3.1 The work done by a constant torque is

e AT/
« B0
e Crw
e DI«

3.2 Rotational power is the analogue of

e AW =Fd
e BP=Fv
e CF=ma
e Dp=mv

3.3 A motor applies 10 N m while a wheel turns through 3 rad in 2 s.
(a) Find the work done.

AP Physics C: Mechanics ¢ 6.2 Torque and Wos

©



(b) Find the average power.

3.4 A net torque does 50 J of work on a wheel with I = 4 kg m?, starting from rest.
(a) State the change in rotational kinetic energy.

(b) Find the final angular speed.

AP Physics C: Mechanics ¢ 6.2 Torque and Wos



Solutions

21 W=710=6x4=24J.

22P=7w=8x5=40 W.

2.3 The change in its rotational kinetic energy.

2.4 Radians.

3.1B — W =r76.

3.2 B — P = 7w mirrors P = Fv.

33(a)W=10x3=30J. (b) P=W/t=30/2=15W.

3.4 (a) AK,p =50 J. (b) 1Iw? =50 = w = \/100/4 = 5 rad s~ .

AP Physics C: Mechanics ¢ 6.2 Torque and Wos
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4. A unicycle is placed on a stand such that the wheel does not touch the ground. The rotational
inertia of the wheel about the axle is /;. One end of a crank arm can be attached to the wheel,
as shown in the side view.

Wheel

Side View

In Scenarios 1 and 2, crank arms of different lengths are connected to the wheel. In each
scenario, the wheel is initially at rest. A force of magnitude F is then exerted at the end of each
crank arm. The direction of the force remains perpendicular to each crank arm at all times. The
mass of each crank arm is negligible. The scenarios differ as described.

» Scenario 1: The length of the crank arm is ¢,. The angular speed of the wheel
immediately after the crank arm has been turned through one rotation is ;.

» Scenario 2: The length of the crank arm is ¢,, where ¢, > {,. The angular speed of the
wheel immediately after the longer crank arm has been turned through one rotation is
@,.
Part A

Indicate whether w, is greater than, less than, or equal to @, by writing one of the following.

. W, > w,
c w,<w
° a)zza)l

Justify your answer. Your justification may reference equations but must include conceptual
reasoning beyond algebraic solutions.



Name: ( ) AP Physics C: Mechanics: 2026

PartB

Derive an expression for the angular speed @, of the wheel in Scenario 1 immediately after
the crank arm has been turned through one rotation. Express your answer in terms of /y,, F, ¢,
and physical constants, as appropriate. Begin your derivation by writing a fundamental physics
principle or an equation from the reference information.

Part C

In Scenario 3, the unicycle is placed on the ground such that the unicycle can move forward
without the wheel slipping on the ground. A force of the same magnitude F is exerted at the end
of the crank arm of length ¢, as in Scenario 1. The direction of the force remains perpendicular
to the crank arm at all times. The resulting angular speed of the wheel immediately after the
crank arm has been turned through one rotation is @;.

Indicate whether @, is greater than, less than, or equal to @, by writing one of the following.

« Wy > W,
¢« w5 <o,
° a)3:a)1

Briefly justify your answer. Your justification may reference equations but must include
conceptual reasoning beyond algebraic solutions.

STOP
END OF EXAM
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®
-
?/2
d
+ .
R=2d
Figure 1 Figure 2

Mech.3.

A uniform rod of length d has one end fixed to the central axis of a horizontal, frictionless circular platform of
radius R = 2d . Fixed at the other end of the rod is an ideal spring of negligible mass to which a block is
attached. The block is set in frictionless grooves so that it can only move along a radius of the platform, as
shown in Figure 1 above. The equilibrium length of the spring is d/2 . Below is a table showing the mass of the
block and the masses and rotational inertias of the rod and platform.

Mass Rotational Inertia
Block m
my, d?
Rod mp = 3m R3 (about the end of the rod)
R2
Platform mp = Sm mP2 (about the central axis)

A motor begins to slowly rotate the platform counterclockwise as viewed from above until the platform reaches
a constant angular speed @. Under these conditions, the spring has stretched by an additional length d/2, as
shown in Figure 2.

Answer the following questions for the platform rotating at constant angular speed @. Express all algebraic
answers in terms of m, d, @, and physical constants, as appropriate.

(a) Derive an expression for the spring constant of the spring.
(b)

1. Determine an expression for the rotational inertia of the block around the axis of the platform.

ii. Derive an expression for the rotational inertia of the entire system about the axis of the platform.

(c) Determine an expression for the angular momentum of the entire system about the axis of the platform.
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dr2

Figure 3

While the system continues to rotate, a small mechanism in the pivot moves the rod slowly until the center of the
rod is positioned on the axis, as shown in Figure 3 above. The same constant angular speed @ is maintained by
the motor driving the platform.

(d) Derive an expression for the distance x that the spring is stretched when the rod reaches the position shown
in Figure 3 above.

For parts (e), (), and (g), assume the center of the rod is still moving toward the axis of the platform.
(e) Is the angular momentum of the entire system increasing, decreasing, or staying the same?
Increasing Decreasing Staying the same

Justify your answer.

(f) In order to keep the system rotating with constant angular speed @, is the motor doing positive work,
negative work, or no work on the rotating system?

Positive Negative No work

Justify your answer.
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(g) On the block in Figure 4 below, draw a single vector representing the direction of the acceleration
of the block. Draw the vector so that it is starting on, and pointing away from, the block.

Figure 4

STOP

END OF EXAM
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6.3 Angular Momentum and Angular
Impulse

Name: - Class: - Date: Total: 14 marks

KEY WORDS angular momentum ffjzfj & « angular impulse ffi#ji& o torque Jj4f

Objective

Build the skills to answer exam questions on angular momentum and angular im-
pulse.

You must be able to:

 use angular momentum ffizfj5E: L = [w (and L = mor for a point mass)
o use angular impulse fifi&: 7 At = AL

o recognise the analogy with p = mv and FAt = Ap

« state the unit of angular momentum (kg m* s=!)

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Angular momentum
L=1Iw.

A wheel with I =3 kg m? at w = 2 rad s has L = 6 kg m? s~'. For a point mass,
L = muor.

B Angular impulse

A torque acting over a time changes the angular momentum:
T At = AL.

A 4 N m torque for 3 s adds AL =12 kg m* s~

B The rate form

dL
Equivalently 7 = o torque is the rate of change of angular momentum.

AP Physics C: Mechanics o 6.3 Angular Momer 1d Angular Impulse @



2 Practice

Now apply the methods above.
2.1 A flywheel with I = 5 kg m? spins at 4 rad s~*. Find its angular momentum. 2]

2.2 State the unit of angular momentum. 1]

2.3 A 3 N m torque acts for 5 s. Find the change in angular momentum. 2]

2.4 A 2 kg ball moves at 3 m s~ in a circle of radius 4 m. Find its angular momentum.|2]

3 Exam-style questions
3.1 Angular momentum is the rotational analogue of 1]

e A force

e B momentum
e C energy

D acceleration

3.2 For a rigid body, L equals 1]

e Al
e Blw
« C3lw?
e« D70

3.3 A wheel with 7 =2 kg m? at w = 3 rad s~ receives a steady 2 N m torque for 4 s.

AP Physics C: Mechanics o 6.3 Angular Momer 1d Angular Impulse @



(a) Find its initial angular momentum.

(b) Find its angular momentum after the torque acts.

3.4 A skater has I = 4 kg m® spinning at 2 rad s~

(a) Find her angular momentum.

(b) State what quantity torque is the rate of change of.

AP Physics C: Mechanics o 6.3 Angular Momer 1d Angular Impulse



Solutions

21 L=Jw=>5x4=20kgm?s "

2.2 kg m? s

23 AL =7At=3x5=15kgm?® s "

24L=mur =2x3x4=24kgm?s "

3.1 B — angular momentum is the rotational analogue of linear momentum.
32B— L=lw.

33()L;=2x3=6kgm’s™'. (b) AL=2x4=8 L;=6+8=14kgm’s'.
3.4 (a) L=4x2=8kgm®s"'. (b) Angular momentum (7 = dL/dt).

AP Physics C: Mechanics o 6.3 Angular Momer 1d Angular Impulse
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3. A triangular rod, shown above, has length L, mass M, and a nonuniform linear mass density given by the
equation A = 2—];4)6 , where x is the distance from one end of the rod.
L

(a) Using integral calculus, show that the rotational inertia of the rod about its left end is MI? / 2.

Figure 1 Figure 2

The thin hoop shown above in Figure 1 has a mass M, radius L, and a rotational inertia around its center of MI? .
Three rods identical to the rod from part (a) are now fastened to the thin hoop, as shown in Figure 2 above.

(b) Derive an expression for the rotational inertia /,,, of the hoop-rods system about the center of the hoop.
Express your answer in terms of M, L, and physical constants, as appropriate.

The hoop-rods system is initially at rest and held in place but is free to rotate around its center. A constant force
F is exerted tangent to the hoop for a time Af.

(c) Derive an expression for the final angular speed @ of the hoop-rods system. Express your answer in terms
of M, L, F, Ar, and physical constants, as appropriate.
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—

The hoop-rods system is rolling without slipping along a level horizontal surface with the angular speed @

found in part (c). At time ¢ = O, the system begins rolling without slipping up a ramp, as shown in the figure
above.

(d)

1. On the figure of the hoop-rods system below, draw and label the forces (not components) that act on
the system. Each force must be represented by a distinct arrow starting at, and pointing away from, the
point at which the force is exerted on the system.

ii. Justify your choice for the direction of each of the forces drawn in part (d)i.

(e) Derive an expression for the change in height of the center of the hoop from the moment it reaches the
bottom of the ramp until the moment it reaches its maximum height. Express your answer in terms of M, L,
I,,;, @, and physical constants, as appropriate.

STOP

END OF EXAM
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d
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R=2d
Figure 1 Figure 2

Mech.3.

A uniform rod of length d has one end fixed to the central axis of a horizontal, frictionless circular platform of
radius R = 2d . Fixed at the other end of the rod is an ideal spring of negligible mass to which a block is
attached. The block is set in frictionless grooves so that it can only move along a radius of the platform, as
shown in Figure 1 above. The equilibrium length of the spring is d/2 . Below is a table showing the mass of the
block and the masses and rotational inertias of the rod and platform.

Mass Rotational Inertia
Block m
my, d?
Rod mp = 3m R3 (about the end of the rod)
R2
Platform mp = Sm mP2 (about the central axis)

A motor begins to slowly rotate the platform counterclockwise as viewed from above until the platform reaches
a constant angular speed @. Under these conditions, the spring has stretched by an additional length d/2, as
shown in Figure 2.

Answer the following questions for the platform rotating at constant angular speed @. Express all algebraic
answers in terms of m, d, @, and physical constants, as appropriate.

(a) Derive an expression for the spring constant of the spring.
(b)

1. Determine an expression for the rotational inertia of the block around the axis of the platform.

ii. Derive an expression for the rotational inertia of the entire system about the axis of the platform.

(c) Determine an expression for the angular momentum of the entire system about the axis of the platform.
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dr2

Figure 3

While the system continues to rotate, a small mechanism in the pivot moves the rod slowly until the center of the
rod is positioned on the axis, as shown in Figure 3 above. The same constant angular speed @ is maintained by
the motor driving the platform.

(d) Derive an expression for the distance x that the spring is stretched when the rod reaches the position shown
in Figure 3 above.

For parts (e), (), and (g), assume the center of the rod is still moving toward the axis of the platform.
(e) Is the angular momentum of the entire system increasing, decreasing, or staying the same?
Increasing Decreasing Staying the same

Justify your answer.

(f) In order to keep the system rotating with constant angular speed @, is the motor doing positive work,
negative work, or no work on the rotating system?

Positive Negative No work

Justify your answer.
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(g) On the block in Figure 4 below, draw a single vector representing the direction of the acceleration
of the block. Draw the vector so that it is starting on, and pointing away from, the block.

Figure 4

STOP

END OF EXAM
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6.4 Conservation of Angular Momen-
tum

Name: - Class: - Date: Total: 13 marks

KEY WORDS conserved ~J{H e rotational inertia #Zz/j[i 5  angular momentum ffjzfj &5 « torque Jj41

« rotational kinetic energy ¥/ 5/ fiE

Objective
Build the skills to answer exam questions on conservation of angular momentum.

You must be able to:
o state that angular momentum is conserved ff 3/ & 5F{H when no net external
torque acts

o apply Liw; = Trwy
« explain the skater effect (pulling arms in speeds the spin)
e mnote that kinetic energy need not be conserved

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Conservation condition

If the net external torque is zero,

Iiw,; = Ifwf.

B The skater effect

A skater pulls her arms in, lowering I. Since [w is fixed, w rises:

Iiwi
Iy

Lw; = ]f(.df = Wy =

If I halves, w doubles.

B Energy is not conserved here

The skater does work pulling her arms in, so the rotational kinetic energy actually
increases even though L stays constant.

AP Physics C: Mechanics o 6.4 Conservation of ar Momentum @
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2 Practice

Now apply the methods above.

2.1 State the condition for angular momentum to be conserved. 1]

2.2 A skater at I; = 6 kg m? spins at 2 rad s, then pulls in to Iy =2kg m?. Find the
new w. 2]

2.3 If a spinning body’s rotational inertia halves (no external torque), what happens to
w? 1]

2.4 Is rotational kinetic energy always conserved when angular momentum is? Answer
yes or no. [1]

3 Exam-style questions
3.1 Angular momentum is conserved when the net external torque is 1]

e A maximum
e B zero

o C increasing
e D equal to I«

3.2 A star collapses to one third of its rotational inertia. Its spin rate becomes 1]

e A one third

o B unchanged

e C three times faster
e D nine times faster

3.3 A turntable (I = 4 kg m?) spins at 3 rad s~'. A blob of clay is dropped on, raising
I to 6 kg m?.

AP Physics C: Mechanics o 6.4 Conservation of ar Momentum @
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(a) Find the new angular speed.

(b) State whether angular momentum is conserved and why.

3.4 A diver tucks to spin faster during a somersault.
(a) Explain, using Iw, why tucking speeds the spin.

(b) State what provides no external torque here.

AP Physics C: Mechanics o 6.4 Conservation of ar Momentum



Solutions

2.1 When the net external torque is zero.
2.2 6(2) = 2w; = wy =6 rad s~

2.3 It doubles.

2.4 No.

3.1 B — zero net external torque.

3.2C — [ — I/3 means w — 3w.

3.3 (a) 4(3) = 6w; = wy = 2rads . (b) Yes — no external torque acts on the
turntable-plus-clay system.

3.4 (a) Tucking lowers I; since [w is fixed, w rises. (b) Gravity acts through the center
of mass, giving no torque about it.

AP Physics C: Mechanics o 6.4 Conservation of ar Momentum @
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Note: Figure not drawn to scale.

Figure 1

3. A system consists of a small sphere of mass m and radius R at rest on a horizontal surface and a uniform rod of
mass M = 2m and length / attached at one end to a pivot with negligible friction, where R <« /. There is
negligible friction between the surface and the sphere to the right of Point A and nonnegligible friction to the left
of Point A. The rod is held horizontally as shown in Figure 1, then is released from rest. The total rotational
inertia of the rod about the pivot is %M ¢? and the rotational inertia of the sphere about its center is % mR?. After
the rod is released, the rod swings down and strikes the sphere head-on. As a result of this collision, the rod is
stopped, and the ball initially slides without rotating to the left across the horizontal surface.

(a) Derive an expression for the angular speed of the rod just before striking the sphere in terms of the length ¢
and physical constants as appropriate.

GO ON TO THE NEXT PAGE.
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(b) Derive an expression for the linear speed v of the sphere immediately after colliding with the rod in terms of
the length ¢ and physical constants as appropriate.

After sliding a short distance, at time ¢t = O the sphere encounters a region of the horizontal surface with a
coefficient of kinetic friction i, beginning at Point A as indicated in Figure 1. The sphere begins rotating while
sliding and eventually begins rolling without sliding at Point B, also as indicated.

(c) In the following diagram, which represents the sphere while the sphere is traveling between Points A and B,
draw and label the forces (not components) that act on the sphere. Each force must be represented by a distinct
arrow starting on, and pointing away from, the point of application on the sphere.

O

(d) Derive an expression for each of the following as the sphere is rotating and sliding between points A and B in
terms of vy, i, R, t, and physical constants as appropriate.

i. The linear velocity v of the center of mass of the sphere as a function of time ¢

i1. The angular velocity @ of the sphere as a function of time ¢

GO ON TO THE NEXT PAGE.
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(e)
1. Derive an expression for the time it takes the sphere to travel from Point A to Point B in terms of v, u,
and physical constants as appropriate.

ii. Derive an expression for the linear velocity of the sphere upon reaching Point B in terms of vy.

GO ON TO THE NEXT PAGE.
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STOP

END OF EXAM
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g Platform
IS

D ™ Motor-Driven Wheel

Vertical Axis

3. A horizontal circular platform with rotational inertia /, rotates freely without friction on a vertical axis. A small

motor-driven wheel that is used to rotate the platform is mounted under the platform and touches it. The wheel
has radius r and touches the platform a distance D from the vertical axis of the platform, as shown above. The
platform starts at rest, and the wheel exerts a constant horizontal force of magnitude F tangent to the wheel until
the platform reaches an angular speed w, after time Atz . During time Atr, the wheel stays in contact with the
platform without slipping.

(a) Derive an expression for the angular speed @, of the platform. Express your answer in terms of I, , 7, D, F,
At , and physical constants, as appropriate.

(b) Determine an expression for the kinetic energy of the platform at the moment it reaches angular speed @) .

Express your answer in terms of I, r, D, F, At, and physical constants, as appropriate.

(c) Derive an expression for the angular speed of the wheel @y, when the platform has reached angular

speed wp . Express your answer in terms of D, r, @p , and physical constants, as appropriate.

1

U >
When the platform is spinning at angular speed @, , the motor-driven wheel is removed. A student holds a disk

directly above and concentric with the platform, as shown above. The disk has the same rotational inertia /, as

the platform. The student releases the disk from rest, and the disk falls onto the platform. After a short time, the
disk and platform are observed to be rotating together at angular speed .

(d) Derive an expression for @, . Express your answer in terms of @p, I, and physical constants, as

appropriate.
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Name: (

3.1 kg-mz) to determine the rotational inertia /;; of an

A student now uses the rotating platform (I P

unknown object about a vertical axis that passes through the object’s center of mass. The platform is rotating at

an initial angular speed ®; when the unknown object is dropped with its center of mass directly above the center

of the platform. The platform and object are observed to be rotating together at angular speed @, . Trials are

repeated for different values of @; . A graph of @ as a function of @, is shown on the axes below.
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(e)

1. On the graph on the previous page, draw a best-fit line for the data.

ii. Using the straight line, calculate the rotational inertia of the unknown object I;; about a vertical axis

passing through its center of mass.
(f) The kinetic energy of the spinning platform before the object is dropped on itis K;. The total kinetic energy
of the platform-object system when it reaches angular speed @, is K ;. Which of the following
expressions is true?

Justify your answer.

(g) One of the students observes that the center of mass of the object is not actually aligned with the axis of
the platform. Is the experimental value of [;; obtained in part (e) greater than, less than, or equal to the

actual value of the rotational inertia of the unknown object about a vertical axis that passes through its
center of mass?

Greater than Less than Equal to

Justify your answer.

STOP

END OF EXAM
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Mech.3.

A uniform rod of length d has one end fixed to the central axis of a horizontal, frictionless circular platform of
radius R = 2d . Fixed at the other end of the rod is an ideal spring of negligible mass to which a block is
attached. The block is set in frictionless grooves so that it can only move along a radius of the platform, as
shown in Figure 1 above. The equilibrium length of the spring is d/2 . Below is a table showing the mass of the
block and the masses and rotational inertias of the rod and platform.

Mass Rotational Inertia
Block m
my, d?
Rod mp = 3m R3 (about the end of the rod)
R2
Platform mp = Sm mP2 (about the central axis)

A motor begins to slowly rotate the platform counterclockwise as viewed from above until the platform reaches
a constant angular speed @. Under these conditions, the spring has stretched by an additional length d/2, as
shown in Figure 2.

Answer the following questions for the platform rotating at constant angular speed @. Express all algebraic
answers in terms of m, d, @, and physical constants, as appropriate.

(a) Derive an expression for the spring constant of the spring.
(b)

1. Determine an expression for the rotational inertia of the block around the axis of the platform.

ii. Derive an expression for the rotational inertia of the entire system about the axis of the platform.

(c) Determine an expression for the angular momentum of the entire system about the axis of the platform.
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dr2

Figure 3

While the system continues to rotate, a small mechanism in the pivot moves the rod slowly until the center of the
rod is positioned on the axis, as shown in Figure 3 above. The same constant angular speed @ is maintained by
the motor driving the platform.

(d) Derive an expression for the distance x that the spring is stretched when the rod reaches the position shown
in Figure 3 above.

For parts (e), (), and (g), assume the center of the rod is still moving toward the axis of the platform.
(e) Is the angular momentum of the entire system increasing, decreasing, or staying the same?
Increasing Decreasing Staying the same

Justify your answer.

(f) In order to keep the system rotating with constant angular speed @, is the motor doing positive work,
negative work, or no work on the rotating system?

Positive Negative No work

Justify your answer.
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(g) On the block in Figure 4 below, draw a single vector representing the direction of the acceleration
of the block. Draw the vector so that it is starting on, and pointing away from, the block.

Figure 4

STOP

END OF EXAM
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m/20 ,

Side View

Top View
Mech. 3.

A large circular disk of mass m and radius R is initially stationary on a horizontal icy surface. A person of mass
m/2 stands on the edge of the disk. Without slipping on the disk, the person throws a large stone of mass /20

horizontally at initial speed v, from a height 4 above the ice in a radial direction, as shown in the figures above.
The coefficient of friction between the disk and the ice is u . All velocities are measured relative to the ground.
The time it takes to throw the stone is negligible. Express all algebraic answers in terms of m, R, v, , h, p, and
fundamental constants, as appropriate.

(a) Derive an expression for the length of time it will take the stone to strike the ice.

(b) Assuming that the disk is free to slide on the ice, derive an expression for the speed of the disk and person
immediately after the stone is thrown.

(c) Derive an expression for the time it will take the disk to stop sliding.



Name: ( ) AP Physics C: Mechanics: 2014

Top View

The person now stands on a similar disk of mass m and radius R that has a fixed pole through its center so that it
can only rotate on the ice. The person throws the same stone horizontally in a tangential direction at initial speed

v, , as shown in the figure above. The rotational inertia of the disk is mR? / 2.
(d) Derive an expression for the angular speed @ of the disk immediately after the stone is thrown.

(e) The person now stands on the disk at rest R/2 from the center of the disk. The person now throws the
stone horizontally with a speed v, in the same direction as in part (d). Is the angular speed of the disk

immediately after throwing the stone from this new position greater than, less than, or equal to the angular
speed found in part (d) ?

Greater than Less than Equal to

Justify your answer.

STOP

END OF EXAM
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6.5 Rolling

Name: - Class: - Date: Total: 15 marks

KEY WORDS hoop |7+ « rolling without slipping JL/H %%l « rotational inertia /& zf1H H

Objective
Build the skills to answer exam questions on rolling.

You must be able to:

o use the rolling without slipping JGiFi&5)) condition: v = wr (and a = ar)
» state that a rolling object’s total kinetic energy is %mv2 + %Iaﬂ

o explain that the contact point is instantaneously at rest

e reason about which shape wins a downhill race

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The no-slip condition

When a wheel rolls without slipping, its speed and spin are locked:

vV = Wwr.

1 1

A wheel of radius 0.3 m spinning at 10 rad s~ rolls forward at v =3 m s™".

B Total kinetic energy

A rolling object carries both translational and rotational KE:

K = %va + %IwQ.

B The downhill race

Sharing energy between motion and spin, a shape with a smaller rotational inertia
(per mr?) keeps more for speed and reaches the bottom first: solid sphere before
cylinder before ring.

AP Physics C: Mechanics ¢ 6.5 Rolling @



2 Practice

Now apply the methods above.

2.1 A wheel of radius 0.4 m rolls without slipping at w = 5 rad s~'. Find its forward

speed.

2.2 State the speed of the point where a rolling wheel touches the ground.

2.3 Write the two terms in the total kinetic energy of a rolling object.

2.4 A rolling ball of radius 0.1 m moves at 2 m s~!. Find its angular velocity.

3 Exam-style questions

3.1 For rolling without slipping, the link between speed and spin is

e Av=uw/r
e Bv=uwr
e Co=r/w

e Duv=uw?r

3.2 Released together down the same ramp, which reaches the bottom first?

e A a hollow ring

e B a solid cylinder
e C a solid sphere
e D they tie

AP Physics C: Mechanics ¢ 6.5 Rolling
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3.3 A hoop and a solid disc (same mass and radius) roll from rest down the same ramp.
(a) State which arrives first. 1]

(b) Explain why, in terms of how the energy is shared. 2]

3.4 A ball of radius 0.2 m rolls without slipping at 6 m s~

(a) Find its angular velocity. 2]
(b) State what happens to v if it begins to skid (slip). [1]
AP Physics C: Mechanics ¢ 6.5 Rolling @



Solutions

21v=wr=5x04=2ms %

2.2 Zero (instantaneously at rest).

2.3 tmov? (translational) and 1/w? (rotational).
24w=uv/r=2/0.1=20rads .

31B —v=uwr.

3.2 C — the solid sphere (smallest rotational inertia per mr?) wins.

3.3 (a) The solid disc. (b) The hoop puts more energy into spin (larger I), leaving less
for speed, so it is slower.

3.4 (a)w=wv/r =6/0.2=30rad s '. (b) v = wr no longer holds — the speeds decouple.

AP Physics C: Mechanics ¢ 6.5 Rolling @
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4. A unicycle is placed on a stand such that the wheel does not touch the ground. The rotational
inertia of the wheel about the axle is /;. One end of a crank arm can be attached to the wheel,
as shown in the side view.

Wheel

Side View

In Scenarios 1 and 2, crank arms of different lengths are connected to the wheel. In each
scenario, the wheel is initially at rest. A force of magnitude F is then exerted at the end of each
crank arm. The direction of the force remains perpendicular to each crank arm at all times. The
mass of each crank arm is negligible. The scenarios differ as described.

» Scenario 1: The length of the crank arm is ¢,. The angular speed of the wheel
immediately after the crank arm has been turned through one rotation is ;.

» Scenario 2: The length of the crank arm is ¢,, where ¢, > {,. The angular speed of the
wheel immediately after the longer crank arm has been turned through one rotation is
@,.
Part A

Indicate whether w, is greater than, less than, or equal to @, by writing one of the following.

. W, > w,
c w,<w
° a)zza)l

Justify your answer. Your justification may reference equations but must include conceptual
reasoning beyond algebraic solutions.
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PartB

Derive an expression for the angular speed @, of the wheel in Scenario 1 immediately after
the crank arm has been turned through one rotation. Express your answer in terms of /y,, F, ¢,
and physical constants, as appropriate. Begin your derivation by writing a fundamental physics
principle or an equation from the reference information.

Part C

In Scenario 3, the unicycle is placed on the ground such that the unicycle can move forward
without the wheel slipping on the ground. A force of the same magnitude F is exerted at the end
of the crank arm of length ¢, as in Scenario 1. The direction of the force remains perpendicular
to the crank arm at all times. The resulting angular speed of the wheel immediately after the
crank arm has been turned through one rotation is @;.

Indicate whether @, is greater than, less than, or equal to @, by writing one of the following.

« Wy > W,
¢« w5 <o,
° a)3:a)1

Briefly justify your answer. Your justification may reference equations but must include
conceptual reasoning beyond algebraic solutions.

STOP
END OF EXAM
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4. A uniform disk and ring, each of mass M and radius R, roll without slipping along a horizontal
surface, as shown in Figure 1. The outer edges of the disk and ring are made of the same
material. The center of mass of the disk and the center of mass of the ring each initially move
with the same constant speed v.

The disk and the ring then smoothly transition to a ramp that is inclined at an angle 6 above
the horizontal. Both the disk and the ring continue to roll without slipping as they move up the
ramp, as shown in Figure 2.

The ring travels a greater distance along the ramp than the disk travels before each
momentarily comes to rest.

Disk Ring

®-0 .

Figure 1

W

Figure 2

A. While the disk and the ring are rolling on the ramp without slipping, the magnitudes of
the static frictional force exerted on the disk and on the ring by the ramp are 1, and fg,
respectively.

Indicate whether f}, is greater than, less than, or equal to f; by writing one of the following.
* >k
* <R
* =k

Justify your answer using qualitative reasoning beyond referencing equations.
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A cylinder has mass M, radius R, and rotational inertia I about its central axis. The cylinder
rolls without slipping up a ramp that is inclined at an angle 6 above the horizontal.

Derive an expression for the magnitude of the static frictional force f exerted on the
cylinder by the ramp. Express your answer in terms of M, R, I, 6, and physical constants,
as appropriate. Begin your derivation by writing a fundamental physics principle or an
equation from the reference information.

. In a different scenario, the centers of mass of the original disk and ring each have the same

initial speed v as they did in the original scenario. The ramp is replaced by a new ramp on
which the disk and the ring initially slip as they roll up the new ramp.

Indicate whether the magnitude of the kinetic frictional force exerted on the disk by the
new ramp is greater than, less than, or equal to the magnitude of the kinetic frictional force
exerted on the ring by the new ramp while both are slipping.

Briefly justify your answer.

STOP
END OF EXAM
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Note: Figure not drawn to scale.

Figure 1

3. A system consists of a small sphere of mass m and radius R at rest on a horizontal surface and a uniform rod of
mass M = 2m and length / attached at one end to a pivot with negligible friction, where R <« /. There is
negligible friction between the surface and the sphere to the right of Point A and nonnegligible friction to the left
of Point A. The rod is held horizontally as shown in Figure 1, then is released from rest. The total rotational
inertia of the rod about the pivot is %M ¢? and the rotational inertia of the sphere about its center is % mR?. After
the rod is released, the rod swings down and strikes the sphere head-on. As a result of this collision, the rod is
stopped, and the ball initially slides without rotating to the left across the horizontal surface.

(a) Derive an expression for the angular speed of the rod just before striking the sphere in terms of the length ¢
and physical constants as appropriate.

GO ON TO THE NEXT PAGE.
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(b) Derive an expression for the linear speed v of the sphere immediately after colliding with the rod in terms of
the length ¢ and physical constants as appropriate.

After sliding a short distance, at time ¢t = O the sphere encounters a region of the horizontal surface with a
coefficient of kinetic friction i, beginning at Point A as indicated in Figure 1. The sphere begins rotating while
sliding and eventually begins rolling without sliding at Point B, also as indicated.

(c) In the following diagram, which represents the sphere while the sphere is traveling between Points A and B,
draw and label the forces (not components) that act on the sphere. Each force must be represented by a distinct
arrow starting on, and pointing away from, the point of application on the sphere.

O

(d) Derive an expression for each of the following as the sphere is rotating and sliding between points A and B in
terms of vy, i, R, t, and physical constants as appropriate.

i. The linear velocity v of the center of mass of the sphere as a function of time ¢

i1. The angular velocity @ of the sphere as a function of time ¢

GO ON TO THE NEXT PAGE.
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(e)
1. Derive an expression for the time it takes the sphere to travel from Point A to Point B in terms of v, u,
and physical constants as appropriate.

ii. Derive an expression for the linear velocity of the sphere upon reaching Point B in terms of vy.

GO ON TO THE NEXT PAGE.
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STOP

END OF EXAM
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Note: Figure not drawn to scale.

3. The rotational inertia of a rolling object may be written in terms of its mass m and radius r as [ = bmr?,
where b is a numerical value based on the distribution of mass within the rolling object. Students wish to conduct
an experiment to determine the value of b for a partially hollowed sphere. The students use a looped track of
radius R >> r, as shown in the figure above. The sphere is released from rest a height 4 above the floor and rolls
around the loop.

(a) Derive an expression for the minimum speed of the sphere’s center of mass that will allow the sphere to just
pass point A without losing contact with the track. Express your answer in terms of b, m, R, and fundamental
constants, as appropriate.

(b) Suppose the sphere is released from rest at some point P and rolls without slipping. Derive an equation for
the minimum release height 4 that will allow the sphere to pass point A without losing contact with the track.
Express your answer in terms of b, m, R, and fundamental constants, as appropriate.

The students perform an experiment by determining the minimum release height 4 for various other objects of
radius r and known values of b. They collect the following data.

Object b h (m)
Solid sphere 0.40 1.08
Hollow sphere 0.67 1.13
Solid cylinder 0.50 1.10
Hollow cylinder 1.0 1.20
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(c) On the grid below, plot the release height £ as a function of b. Clearly scale and label all axes, including
units, if appropriate. Draw a straight line that best represents the data.
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(d) The students repeat the experiment with the partially hollowed sphere and determine the minimum release
height to be 1.16 m. Using the straight line from part (c), determine the value of b for the partially hollowed
sphere.

(e) Calculate R, the radius of the loop.

(f) In part (b), the radius r of the rolling sphere was assumed to be much smaller than the radius R of the loop.
If the radius r of the rolling sphere was not negligible, would the value of the minimum release height A
be greater, less, or the same?

Greater Less The same

Justify your answer.

STOP

END OF EXAM
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3. A triangular rod, shown above, has length L, mass M, and a nonuniform linear mass density given by the
equation A = 2—];4)6 , where x is the distance from one end of the rod.
L

(a) Using integral calculus, show that the rotational inertia of the rod about its left end is MI? / 2.

Figure 1 Figure 2

The thin hoop shown above in Figure 1 has a mass M, radius L, and a rotational inertia around its center of MI? .
Three rods identical to the rod from part (a) are now fastened to the thin hoop, as shown in Figure 2 above.

(b) Derive an expression for the rotational inertia /,,, of the hoop-rods system about the center of the hoop.
Express your answer in terms of M, L, and physical constants, as appropriate.

The hoop-rods system is initially at rest and held in place but is free to rotate around its center. A constant force
F is exerted tangent to the hoop for a time Af.

(c) Derive an expression for the final angular speed @ of the hoop-rods system. Express your answer in terms
of M, L, F, Ar, and physical constants, as appropriate.
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—

The hoop-rods system is rolling without slipping along a level horizontal surface with the angular speed @

found in part (c). At time ¢ = O, the system begins rolling without slipping up a ramp, as shown in the figure
above.

(d)

1. On the figure of the hoop-rods system below, draw and label the forces (not components) that act on
the system. Each force must be represented by a distinct arrow starting at, and pointing away from, the
point at which the force is exerted on the system.

ii. Justify your choice for the direction of each of the forces drawn in part (d)i.

(e) Derive an expression for the change in height of the center of the hoop from the moment it reaches the
bottom of the ramp until the moment it reaches its maximum height. Express your answer in terms of M, L,
I,,;, @, and physical constants, as appropriate.

STOP

END OF EXAM
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M=0.50kg
R=0.10m

0.75 m . o~
l Floor N

| D |

3. A uniform solid cylinder of mass M = 0.50 kg and radius R = 0.10 m is released from rest, rolls without slipping
down a 1.0 m long inclined plane, and is launched horizontally from a horizontal table of height 0.75 m. The
inclined plane makes an angle of 30° with the horizontal. The cylinder lands on the floor a distance D away
from the edge of the table, as shown in the figure above. There is a smooth transition from the inclined plane to
the horizontal table, and the motion occurs with no frictional energy losses. The rotational inertia of a cylinder

around its center is MR> / 2.
(a) Calculate the total kinetic energy of the cylinder as it reaches the horizontal table.
(b) Calculate the angular velocity of the cylinder around its axis at the moment it reaches the floor.

(c) Calculate the ratio of the rotational kinetic energy to the total kinetic energy for the cylinder at the moment
it reaches the floor.

(d) Calculate the horizontal distance D.
A sphere of the same mass and radius is now rolled down the same inclined plane. The rotational inertia of

a sphere around its center is %MR2 .

(e)

i. Is the total kinetic energy of the sphere at the moment it reaches the floor greater than, less than,
or equal to the total kinetic energy of the cylinder at the moment it reaches the floor?

Greater than Less than Equal to
Justify your answer.

ii. Is the rotational kinetic energy of the sphere at the moment it reaches the floor greater than, less than,
or equal to the rotational kinetic energy of the cylinder at the moment it reaches the floor?

Greater than Less than Equal to
Justify your answer.

iii. Is the horizontal distance the sphere travels from the table to where it hits the floor greater than, less
than, or equal to the horizontal distance the cylinder travels from the table to where it hits the floor?

Greater than Less than Equal to

Justify your answer.

STOP

END OF EXAM



AP PHYSICS C: MECHANICS « EXERCISE SHEET

6.6 Motion of Orbiting Satellites

Name: -~ Class: . Date: Total: 13 marks

KEY WORDS satellite [J 5 « kepler’s third law JJ3% 855 —Eff « centripetal force [i].[» /] o gravity 5| /)

Objective

Build the skills to answer exam questions on the motion of orbiting satellites.
You must be able to:

 explain that gravity 5| J7 provides the centripetal force for a circular orbit

GM

,
« use Kepler’s third law H3&#55 = F 8 T2 o r?
o state that a satellite’s own mass cancels out

e derive the orbital speed: v =

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Gravity is the centripetal force

For a circular orbit,
GMm  mv? GM
= .

Lower orbits are faster; higher orbits are slower.
B Kepler’s third law
The period and radius are linked by

T? = —13,

so T? oc r® — a bigger orbit takes much longer.

B The mass cancels

The satellite’s mass m cancels, so orbital speed and period do not depend on it.

AP Physics C: Mechanics o 6.6 Motion of Orbit ellites @



2 Practice

Now apply the methods above.
2.1 What provides the centripetal force that holds a satellite in orbit? 1]

2.2 A satellite moves to a lower orbit. State whether its speed increases or decreases. 1]

2.3 Compute the orbital speed where GM /r = 4.0 x 107 m? s72. 2]

2.4 State whether a heavier satellite at the same radius orbits faster, slower, or the
same. [1]

3 Exam-style questions
3.1 The orbital speed of a satellite depends on 1]

A its own mass

e B the central mass and the orbital radius
C its colour

D the launch angle

3.2 According to Kepler’s third law, a larger orbit has a 1]

e A shorter period

o B longer period

e C the same period
e D zero period

3.3 Satellite B orbits at twice the radius of satellite A (same planet).

(a) State how B’s orbital speed compares with A’s (qualitatively). 1]

AP Physics C: Mechanics o 6.6 Motion of Orbit ellites @



(b) Using T? o< 3, state how B’s period compares with A’s.

3.4 A satellite orbits where GM /r = 2.5 x 10" m? s72.
(a) Find its orbital speed.

(b) State whether doubling the satellite’s mass changes this speed.

AP Physics C: Mechanics ¢ 6.6 Motion of Orbit sellites



Solutions

2.1 Gravity.

2.2 It increases (lower orbits are faster).

2.3 v =1+/4.0 x 107 ~ 6300 m s~".

2.4 The same (mass cancels).

3.1 B — the central mass and the orbital radius.
3.2 B — a larger orbit has a longer period.

3.3 (a) B is slower (larger r gives smaller v). (b) T? o< 3, so Tg/Ty = 23/% ~ 2.8 times
longer.

3.4 (a) v =+/2.5 x 107 ~ 5000 m s~!. (b) No — mass cancels, so the speed is unchanged.

AP Physics C: Mechanics o 6.6 Motion of Orbit ellites @
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