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Kinematics

What we will cover

1  Vectors, components, products

2 | Velocity and acceleration as derivatives

<!

3 | Motion graphs
4 | Reference frames and relative motion

5 Motion in two dimensions






Kinematics

L Vectors

Vectors and components

Resolve every vector onto the axes with
unit vectors i j, k:

—

A=A+ A+ Ak

Al = /A2 + A2 + A2

Add vectors axis by axis to get the resultant .

Speedometer



components resolve every vector onto the axes first: vx = vcosf, vy, = vsinf

adding add the x's, add the y's — never add magnitudes

magnitude V] =/v2+ v}2, + v2

direction 0 = tan~!(v,/vx) — and check the quadrant against the signs of the components

A scalar carries only size (mass, time, energy); a vector carries size and direction. Half the
sign errors in this course come from treating one as the other.



Kinematics

L Vectors

Resolving a vector into its x and y components

V| =/V2+V2 - Vy=Vcos, V, = Vsin®

V,=Vsin@

6

V,=Vcoso

Resolving a vector into its x and y components



Kinematics

L Vectors

Two ways to multiply vectors

Dot product — a scalar

A-B=|A||B|cosb

ol

Work is defined this way.

|A x B| = |A||B|sin6 A

L to both (right-hand rule). Torque and angular
momentum use this.






Kinematics

L Derivatives

Velocity and acceleration are derivatives

Differentiate to move down the chain; integrate to move back up:

L. d/dt . d/dt
position — velocity —> acceleration
. «—— ., dr -« L dv
r V= — ) a= —
Jdt dt Jdt dt

. &

t
Soad= 2 and running it backwards: V(t) = +/ 3dt — valid even when a
0

is not constant.



In this course, ion is calculus

dx dv d?x
5= _

the derivatives v=—, = — = —

dt dt  dt?
reversed v= /adt and x = / vdt, each with a constant fixed by the initial condition
average velocity Ax/At over an interval — a chord on the graph

instantaneous velocity the derivative at one instant — the tangent

the SUVAT equations v = vy + at, x = xp + vot + %atQ, V2 = vg + 2alAx — valid only for constant a

The most important habit in this unit: check whether a is constant before reaching for a SU-
VAT equation. If it is not, integrate.






Kinematics

L Motion graphs

Motion graphs: slope and area

Va b ol dx
X—1r. slope = v = —.
P dt

v—t: slope = a; area = / vdt = Ax.

Constant a (a special case)
area = [vdt

—> v:v0+at,x:xo+v0t+%at2

slope = a




Kinematics

L Motion graphs

Worked example — differentiate, then integrate

(a) x(t) = 2t3 — 32 m: find vand a. (b)

From rest at the origin with a(t) = 6¢: find
vand xat t=2s.

dx dv

-(a)v:az6t2—6t, a= - =12t=6
m (b) v:/6tdt:3t2,
x:/3t2dt:t3

matt=2:v=12m/s, x=8m

Slopes are derivatives; ar-
eas are integrals — the two
are inverse operations.
Both constants of inte-
gration are zero here only
because the particle starts
from rest at the origin.



Motion in Two or Three Dimensions — one

(vosin 8)?

max height H = 29

vy =0, Vx=VvpcosHf

Voy = VvosSin @

Vox = VoCOSE

range R = v3sin 26/g
projectile: vy constant - a,=—g - x and y linked only by t
A projectile launched at an angle: the velocity splits into a constant horizontal

part and a vertical part that gravity changes — the two motions share only the
time.



Kinematics

L Motion graphs

Worked example — motion in two dimensions

A(t) = (282)i+ (4t— t3)j metres. Find v and 3. Components are indepen-
dent: the 7 motion never
enters the j derivative.
That independence is the
whole reason projectile
motion splits into two
one-dimensional problems.

m differentiate each component separately:
mV= 4t/+ (4—382)]
mF=47i—6t)




Motion in Two or Three Dimensions — two

Yy
at the top: vy = 0, vy = ucos6
U
- usin g
0 |
L :I
u cos 0

A projectile launched at an angle: the horizontal and vertical motions are inde-
pendent



Representing Motion — one
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A displacement-time graph: the slope at any instant is the velocity



Representing Motion — two

position x(t)

time t

- ax : dv
velocity v==2 leration a ===
elocity dt acceleration a dt
slope of x d | slope of v
dt
R
—
area = Ax fdt area = Av
time t time t

AP Physics C Mech - U1 - differentiate to the right, integrate to the left

Position, velocity, and acceleration are linked by differentiation






Kinematics

L Relative motion

Reference frames and relative motion

Velocities add as vectors between frames:

Frame conversion —_ 415

va/c = Va/B+ VB/c —> +30
. . train
Frames moving at constant relative
velocity share the same acceleration — N
. . , +31.5m/s over the ground
they are inertial , and Newton's laws

hold identically.



Kinematics

L Relative motion

Relative motion is vector addition

the rule VA/C = VA/B + VB/C — the inner subscripts cancel

reversing VB/A = —Va/B

add the boat’s velocity through the water to the water's velocity

a boat crossing over the ground

reference frame all motion is measured relative to one; there is no absolute rest

Write the subscripts before the numbers. If the inner pair does not cancel, you have chained
the frames the wrong way round.



Kinematics

L Relative motion

A boat crossing a river

The boat’s ground velocity is the vector
sum of its velocity through the water and
the current: Vw6

VB/G = VB/W T Vw/c
VB/w VB/G
Across 3.0, downstream 2.0

current

[Ve/cl = V/3.02+2.02 ~ 3.6m/s






Kinematics

L Projectiles

Projectile motion

The axes are independent, joined only by
time t:

m horizontal: ay, = 0, so v, constant
m vertical: a, = —g (free fall)

Eliminating t makes y a quadratic in x — ) H
the trajectory is a parabola .

A dropped and a launched ball land
together.



Kinematics

L Projectiles

Projectile formulas

Fired from the ground at speed vy, angle 6:

Three key results Range is greatest at § = 45°;

9V sin 0 angles like 30° and 60° land at

tight = ——— the same distance.
4
2
= M Uniform circular motion : a. = — toward

H . R=

r
2g g the centre — a preview of dynamics.
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L Projectiles

Displacement, Velocity, and Acceleration

A high-speed train: kinematics describes displacement, velocity and acceleration
over time



Kinematics

L Projectiles

On a velocity-time graph the gradient is
Av

121
slope = acceleration a=%7~
101 At

Ny

Av

velocity v (m/s)

area = displacement Ax

0 1 2 3 4 5 6
time t (s)

On a velocity-time graph the gradient is the acceleration and the area is the dis-
placement



Kinematics

L Projectiles

Exam tips

m Resolve every vector into components before adding — never add magnitudes at an
angle directly.

m On Physics C you are expected to use calculus: velocity is v = %f and
dv.

¢ reverse with integration.

acceleration 3 =

m Carry and check units and treat direction with signs (choose a positive axis and
stick to it).

m Use the dot product for work-type quantities and the cross product for torque and
angular momentum.

m Sketch the vectors — a diagram catches sign and direction errors the algebra hides.






Kinematics

L Recap

Unit 1 — key takeaways

a Vectors e Calculus

components 1, j, k; dot — scalar, v = dr/dt, 3 = dv/dt; integrate to
cross — vector reverse

e Relative o Projectiles
Va/c = Va/gt+Vg/c; inertial frames independent axes; range peaks at

45°



Kinematics

L Recap

Check yourself

What operation takes velocity back to
position?

Dot product or cross product — which
gives a scalar?

Two frames move at constant relative ve-

locity — do they measure the same acceler- R
ation?

Which launch angle gives the greatest

range?

| Answers 1. integration 2. the dot product 3. yes 4. 45°



