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What we will cover

1 | Accumulation of change

2 | Riemann sums

3 | The definite integral

4 | The Fundamental Theorem

5 | Antiderivatives Bl
6 | wu-substitution

7 | BC techniques

Accumulation
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L Accumulation

Accumulation of change

Differentiation found rates.
Integration runs it in reverse:
given a rate, find the
accumulated change ZFfH754().

The area between a rate
graph and the x-axis is the
total accumulation.

Water tank
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L Riemann sums

Approximating area with a Riemann sum

= f
Split the interval and add y=10

rectangle areas — a Riemann
sum ZZ270. Each rectangle is
f(x) Ax.

As the strips narrow, the sum
approaches the definite inte- a b

gral. each rectanale o
area ~ sum of rectangles -> the definite integral
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L Riemann sums

The four standard estimates

Left sum — height from Right sum — height

each strip's left endpoint from the right endpoint
Midpoint sum — height Trapezoidal sum #7i% —
from the midpoint 125 average the two endpoint heights

Strips may be uniform or nonuniform — read the widths from the table.
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L Riemann sums

Over- or underestimate?

Ya
Y3
Y2
Y1
Judge from the behaviour of the function:
m increasing f. left sum under, right sum Yo
over

m concave up: trapezoidal over —F

m concave down: trapezoidal under

Exam parts ask you to state which
and why.
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L Riemann sums

Worked example — a right sum from a table

f(2) =5, f(4)
Estimate f(;) f with a

Ax = 2; use each strip’s right endpoint:
2((2) + fl4) + f(6)) = 2(5+ 8+ 9) = 44.

fis increasing, so this is an overestimate; the
left sum 2(3 + 5 + 8) = 32 would be an un- SN E ) N
derestimate.
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L Riemann sums

From Riemann sum to integral notation

As the widths shrink to zero the sum approaches

an exact value — the definite integral Eii4: A definite integral is the limit
b " of a Riemann sum — be ready
Ndx= lim ) Ax. to translate each into the
/a fx) maxAx;ﬁo;f( 7 A% other.
=

The Fundamental
Theorem
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L The Fundamental Theorem

Accumulation functions and the FTC

A definite integral with a variable

upper limit is an accumulation

function ZFfH k%L, The

Fundamental added

Theorem ﬁ)’[*ﬂﬁgzkﬁgfﬂ says subtracted
. o . (f<0)

differentiation undoes it:

di'x/:f(t) dt = f(x).

A’(x) =f(x) (Fundamental Theorem)

So g(x) = [Sfhas g = fand v =1t)
g ="
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The Fundamental Theorem

Behaviour of an accumulation function

Because g'(x) = f(x), everything from Unit 5 applies — read it off the graph of f.

g increasing where £ > 0, g has a local extremum
decreasing where f < 0 where f crosses zero

a value of g is the

g concave up where fis increasing .
signed area up to x
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_The Fundamental Theorem

Properties of definite integrals

a a b b b
/f:o /f:f/f /kf:k/f
a b a a a
b b b c b b
/(fig):/ fi/g /f+/ fz/f
a a a a c a

The last one — splitting at an interior point — lets you build a total from pieces
read off a graph.
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The Fundamental Theorem

Evaluating an integral — the second part of the FTC

Evaluate [](2x+ 1) dx

Find any antiderivative 23, then An antiderivative is F(x) = x* + x:

subtract its values at the limits.
F(3)—F(1) = (9+3)—(1+1) = 10.
Net change: fabg’(t) dt = g(b) — g(a), so
g(5) =g(0)+ [, ¢
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L Antiderivatives

Antiderivatives and indefinite integrals

An indefinite integral EFR4) is /)(’dx: X"t +C(nt—1)

the family of all antiderivatives: n+1

/f(x) dx= F(x) + C. /)l(dx= In|x| + C

/ efdx=€e+C
Never drop the constant of inte-
gration R E 4. /cosxdx =sinx+ C
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L Antiderivatives

u-substitution — reversing the chain rule

Evaluate |2

Choose an inside function u = g(x), so
du = g'(x) dx:

Inside is u = x2, and du = 2xdx is al-
ready there:

/f(g(x))g’(x) dx = /f(”) du. /cos udu=sinu+ C=sin(x*) + C.
Look for a function and its deriva- Spotting that 2x is exactly Z—)‘: is the
tive both present. whole trick.

For a definite integral: change the limits to

u-values, or convert back to x first.
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L Antiderivatives

Reshaping an integrand, and choosing a technique

try a basic antiderivative
Two algebraic set-up moves: ¢

m long division 155 {<[% % when

look for a u-substitution
the top degree > the bottom

m completing the square fi /7% to ¢
reach an arctangent or log form [ reshape with algebra ]

Naming the

structure first prevents wasted effort.

Techniques

Integration & Accumulation of Change

L Techniques

BC techniques for antidifferentiation

Integration by Partial frac- Improper inte-
tions & rals 75
parts $yEFRSY i . nBﬁ'ﬁ'Et g . ﬁ HERY
split a rational a limit at oo or
Judv=uv— [vdu . ; X . S
into simple pieces a discontinuity

Choose the technique by the form: a product — by parts, a rational — partial fractions, an
infinite bound — an improper integral (evaluate with a limit).
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L Recap

Unit 6 — key takeaways

o Accumulation

signed area under a rate graph is
the total change

e Riemann sums

left, right, midpoint, trapezoid —
and say over or under

o u-substitution

spot a function and its derivative;
never drop +C
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L Recap

Check yourself

0 For an increasing f, is a left sum an over-

or underestimate?

© Whatis & [Xf(t)de?
e Evaluate f13(2x+1)dx.

o In [ 2xcos(x*)dx, what is u?

left sum

| Answers 1. underestimate 2. flx) 3.10 4. u=x




