AP Calculus BC: 2023

AP Calculus BC: 2023

Part B (AB or BC): Graphing calculator not allowed
Question 3 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

A Dottle of milk is taken out of a refrigerator and placed in a pan of hot water to be warmed. The increasing
function M models the temperature of the milk at time #, where M (¢) is measured in degrees Celsius (°C)

and ¢ is the number of minutes since the bottle was placed in the pan. M satisfies the differential equation

% = %(40 — M). At time ¢ = 0, the temperature of the milk is 5°C . It can be shown that M(¢) < 40 for

all values of .

Model Solution Scoring

@ A slope field for the differential equation dd—]\f = %(40 — M) is shown. Sketch the solution curve

through the point (0, 5).

M) Solution curve 1 point
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Scoring notes:

o The solution curve must pass through the point (0, 5), extend reasonably close to the left and right
edges of the rectangle, and have no obvious conflicts with the given slope lines.

e Only portions of the solution curve within the given slope field are considered.

e The solution curve must lie entirely below the horizontal line segments at M = 40.

[ NP SN . e

(b)  Use the line tangent to the graph of M at ¢ = 0 to approximate M (2), the temperature of the milk at
time ¢ = 2 minutes.
M 1 35 am 1 point
- =—(40-5)=— —_—
dt |, 4( ) 4 dt |-
The tangent line equation is y = 5 + %([ -0). Approximation 1 point
ME)~5+22-25
The temperature of the milk at time ¢ = 2 minutes is
approximately 22.5° Celsius.
Scoring notes:
e The value of the slope may appear in a tangent line equation or approximation.
e Aresponse of 5+ % -2 is the minimal response to earn both points.
e A response of %(40 —5) earns the first point. If there are any subsequent errors in simplification,
the response does not earn the second point.
e In order to earn the second point the response must present an approximation found by using a
tangent line that:
o passes through the point (0, 5) and
o has slope %TS or a nonzero slope that is declared to be the value of dd—ﬁ;l
e An unsupported approximation does not earn the second point.
e The approximation need not be simplified, but the response does not earn the second point if the
approximation is simplified incorrectly.
Total for part (b) 2 points
¢ 2 2
© Write an expression for ddﬁ/f in terms of M. Use ddﬁ/f to determine whether the approximation from
t t
part (b) is an underestimate or an overestimate for the actual value of M (2). Give a reason for your
answer.
d°M _ 1dM _ 1 ( 1 ) 1 d*M 1 point
=———=—=|—-(40-M)|=——(40 - M
dr? 4 dt 4 4( ) 16( ) dr?
d*M . Overestimate with 1 point
Because M (1) < 40, < 0, so the graph of M is concave reason

dr’
down. Therefore, the tangent line approximation of M (2) is an

overestimate.
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Scoring notes: 40 — M = 35¢7114 Solves for M 1 point
2 2
e The first point is earned for either ddt];/[ = 7%(%(40 - M)) or ddt};/[ = 7%(40 - M) (or M =40 - 35¢7/4
equivalent). A response that presents any subsequent simplification error does not earn the Scoring notes:
second point. e A response with no separation of variables earns 0 out of 4 points.

2

. d‘M e A response that presents an antiderivative of —In(40 — M) without absolute value symbols is
e A response that presents an expression for

in terms of da,—]l;[ but fails to continue to an

t eligible for all 4 points.
2 . . . .
expression in terms of M (i.e., dd/;/f _ 7% d‘;l;f ) does not earn the first point but is eligible for the e A response with no constant of integration can earn at most the first 2 points.
t

e A response is eligible for the third point only if it has earned the first 2 points.
second point.
2 o Special Case: A response that presents +In(40 — M) = Lic (or equivalent) does not earn
) a*m . o 4
e If the response presents an expression for ——— that is incorrect, the response is eligible for the o ) ) A

dt the second point, is eligible for the third point, but not eligible for the fourth.

second point only if the expression is a nonconstant linear function that is negative for 5 < M < 40. e Aneligible response earns the third point by correctly including the constant of integration in an

. M1 . . equation and substituting 0 for ¢ and 5 for M.
o Special case: A response that presents ——— = —-(40 — M) does not earn the first point but is

dt 16 e A response is eligible for the fourth point only if it has earned the first 3 points.
eligible to earn the second point for a consistent answer and reason. (/4

e A response earns the fourth point only for an answer of M = 40 —35¢™"/" or equivalent.

2
e To earn the second point a response must include d ];/I <0, or ‘Z—Af is decreasing, or the graph of Total for part (d) 4 points
t
M is concave down, as well as the conclusion that the approximation is an overestimate. Total for question 3 9 points

2
e A response that presents an argument based on M

) or concavity at a single point does not earn AP Calculus BC: 2019

the second point. 20 1 9 AP 6 CollegeBoard
Total for part (c) 2 points

(d) Use separation of variables to find an expression for M(¢), the particular solution to the differential

equation ar_ %(40 — M) with initial condition M (0) = 5.

dt
v 1 di Separates variables 1 point
40-M 4

[ -4 AP Calculus BC

~In|40 - M| = %t iC Finds antiderivatives 1 point ] ] ]
Scoring Guidelines

-In|40-5|=0+C = C=-In35 Constant of 1 point
integration and uses
M(t)<40 > 40-M >0 = [40-M|=40-M initial condition

~In(40 - M) = %z ~In35

In(40 - M) = ¢ +1n35
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Question 1

(@

(b

~

(d

5
J'O E(1) dt = 153.457690

To the nearest whole number, 153 fish enter the lake from midnight
to 5 AM.

1 s ~
ﬂfo L(#) dt = 6.059038

The average number of fish that leave the lake per hour from
midnight to 5 A.M. is 6.059 fish per hour.

The rate of change in the number of fish in the lake at time 7 is
given by E(r) — L(?).

E(t)-L(t)=0 = t=620356

E(t) - L(t) > 0 for 0 <t < 6.20356, and E(t)— L(t) < 0 for
6.20356 < ¢ < 8. Therefore the greatest number of fish in the lake is
attime ¢ = 6.204 (or 6.203).

—_ OR —

Let A() be the change in the number of fish in the lake from
midnight to # hours after midnight.

A(r) = j;(E(s) ~ L(s)) ds

A(t)=E(t)-L(t)=0 = ¢t =C =6.20356
‘ | 4@
0 0
C 135.01492
8 80.91998

Therefore the greatest number of fish in the lake is at time
t = 6.204 (or 6.203).

E'(5)- L'(5) = -10.7228 < 0

Because E'(5) — L'(5) < 0, the rate of change in the number of fish
is decreasing at time ¢ = 5.

A

1 : integral
1 : answer

1 : integral
1 : answer

1 :sets E(t)
1 : answer

-L(t)=0

1 : justification

1 : considers E'(5) and L'(5)
1 : answer with explanation
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Question 2

(2)

(b)

(©

(d

7j 1(0))? d6 = 3.534292

The area of S is 3.534.

1
—_— 0)do =1.579933
NI — OJO )

The average distance from the origin to a point on the curve
r=r(0) for 0 <0 <Jr is 1.580 (or 1.579).

tan"'m

)dé'—f( j (r(6))? daj

tnf=2L=m = 0=
X

: J-lan U

As k — oo, the circle » = kcos@ grows to enclose all points to
the right of the y -axis.

- %J.”/z(r(ﬁ) 2
2[ (3v@sin(6%))” d6 = 3.324

lim A(k)
k—o0

—_

: integral
: answer

: integral
: answer

: equates polar areas
: inverse trigonometric function

applied to m as limit of
integration

: equation

: limits of integration
: answer with integral
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Question 3

(@ f6_f'(x) dx = j:ézf(x) dx + [5 S (x) dx
=7 =j:§f(x)dx+2+(9-9i)

= [Lrydr=7-(11-2) =22 -4

5 5 5
(b) L (2f'(x) + 4) dx = 2[3 F(x)dx+ L 4 dx
=2(f(5)-f(3)) +4(5-3)
=2(0-(3-+5))+8
=2(-3+5)+8=2+2V5

__ OR—

Ls(zf'(x) +4)dx = [2f(x) + 4x]5)

=(2/(5) +20) - (2/(3) +12)
=(2:0+20)-(2(3-+5)+12)

=2+2J5
© gx)=f(x)=0= x=-1, x=%, x=5
x g(x)
-2 0
1
1 5
1 1
2 4
o
5 _2r
11 7

On the interval -2 < x < 5, the absolute maximum value

of g is g(S)_11—9T”
10 -3/"(x) _ 10" -3/7(1)
@ 11“1 f(x)—arctanx ~ f(1) — arctan 1
10-3-2 4

" l-arctanl 71_

ESEY

1: J.;f‘(x) dx = j:jf(x) dx + Jif(x) dx
1: Jif(x) dx

1 : answer

Y 1 : Fundamental Theorem of Calculus
" | 1:answer

1: g'(x) = f(x)
3:4 1:identifies x = —1 as a candidate
1 : answer with justification

1 : answer
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Question 4

@ V=axzr’h= 7[(1)2]’! = 7h {
av 2:
raf e = ( I) -= cublc feet per second

1 dh 1 1 1

® &h_ 7‘f:_7.(_f\/ﬁ):7
dr? 204h dt 204k \ 10 200
Because dzh 1 > 0 for 4 > 0, the rate of change of the 3

a2 200
height is increasing when the height of the water is 3 feet.
dh _ 1
(c) T 10 dt
fﬁi dt 4:
2f = ’E’ +C
25 =-—7-0+C = C=25
Note:
2Jh = z +245
Note:
W(t) = (——t 3 )

dv dh

1.4 -

ar T ar

1 : answer with units

) 1

'dh( 10{) 20«/%
Jdh_ 1 dh

T oa? 20vh dt

1 : answer with explanation

: separation of variables

1 : antiderivatives
1 : constant of integration

and uses initial condition

1: h(2)

0/4 if no separation of variables

max 2/4 [1-1-0-0] if no constant
of integration
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Question 5

@ fn=—2=2
(x —2x+k)
00)= 2 - 2_1 L
j(O)_k2_6:k 33]{_@
1 1 A B
®) x2,2x,g=(x—4)(x+2)=x74+x+2
= 1=A4(x+2)+B(x—4)
1 1
= A:E,B:—g

| 11
.[of(x)dxj[ 6 __6 ]dx
o\x—4 x+2
1 1 x=1
:[gln\x—4\—gln\x+2\lzo

(L3 Llms)o(Lipa-l __1
—(61n3 6ln3) (6ln4 6lr12)— 61r12

o(x—l) (x—l) 1(x—1)2
1imJ ! 2dx+1imj%
1" Jo (x — 1) b1ty (x - 1)
1 x=b x=2

lim (— J+ lim [ J
s X~ llzo =

. . 1
llm(———l)+l1m( 1+ )
b\ b - b1* b-1

Because lim (—L) does not exist, the integral diverges.
b\ b=l

2
c ———dx =
©) Lx2—2x+l

-1,

3:

1 : denominator of f(x)
s f(x)

1 : answer

1 : partial fraction

decomposition
1 : antiderivatives
1 : answer

1 : improper integral
1 : antiderivative
1 : answer with reason
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Question 6

(@ £(0)=3 and f/(0) = -2 ). {
The third-degree Taylor polynomial for f* about x = 0 is
23
3—2x+%x2+ 3'2 x’ =3-2x +§x2 —% 3
(b) The first three nonzero terms of the Maclaurin series for e¢* are o {
I+x+ %xz.

The second-degree Taylor polynomial for e”f(x) about x = 0 is
3(1+x+ix )72x(l +x)+%x2(l)

o1
=3+(3—2)x+(%—2+%)x2
=3+ x+x
1
© h(1)=[ f(r)de 2:
L(3 2t+jt 23 2)

[3t—t +Lp 23/‘} )

2 48
1 23 97
=3 TRTR

(d) The alternating series error bound is the absolute value of the first
omitted term of the series for A(1).

j(fﬁ 4)6” [290 5} =%

9
<|Z|=
Error < 20‘ 0.45

—_—

—

—_

. two terms
: remaining terms

: three terms for e*

: three terms for e” /'(x)

: antiderivative
: answer

: uses fourth-degree term

of Maclaurin series for f

: uses first omitted term

of series for i(1)

: error bound
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Question 1

@ Volume = [* 4(h) d

~(2-0)-A4(0)+(5-2)-A(2) + (10 - 5)- A(5)
=2-503+3-144+5-6.5
=176.3 cubic feet

(b) The approximation in part (a) is an overestimate because a left Riemann
sum is used and A4 is decreasing.

© Liof(h) dh = 101325338

The volume is 101.325 cubic feet.

(d) Using the model, V' (/) = j;’f(x) dx.

dl‘ {dl,@}
dt |5 dh dt |,_s

dh
- [f(h) .E]h:s
= £(5)-0.26 = 1.694419

When 4 =5, the volume of water is changing at a rate of
1.694 cubic feet per minute.

1 : units in parts (a), (c), and (d)

5. 1 : left Riemann sum
" | 1 : approximation

1 : overestimate with reason

5. 1 : integral
" | 1:answer

7
3:{2' dt

1 : answer
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Question 2

@ 1 j:/ 2(£(6)) d0 = 0.648414

The area of R is 0.648.

®) [(((0)? - (7©@)?) a0 = L[ (((0)? - ((9)?) a0

__OR—

[{ (e ~(r0)7) a0 = [ ((2(0)? -~ (/(0)) do

(c) w(9) =g(0) - f(0)
/2
[ w0y do
wy="C — — =0.485446
% -0

The average value of w(@) on the interval [O, %} is 0.485.

(d) w(0) =w, for 0<6< % = 0 =0517688
w(0) = w, at 6 = 0.518 (or 0.517).

w(0.518) <0 = w(0) is decreasing at & = 0.518.

1 : integral
1 : answer

1 : integral expression
2: for one region
1 : equation

1:w(0)
3:4 1:integral
1 : average value

5- 1 :solves w(6) = wy
| 1 : answer with reason

AP Calculus BC: 2017

Question 3

@ f(-6)= (D) + [ Sy dv =7 [ fxydx=7-4=3

15) = f(—2)+fzf’(x) dx=7-27+3=10-2x

(b) f'(x) > 0 on the intervals [-6, —2) and (2, 5).

Therefore, f is increasing on the intervals [-6, —2] and [2, 5].

(c) The absolute minimum will occur at a critical point where f'(x) =0
or at an endpoint.

f(x)=0= x=-2,x=2

The absolute minimum value is f(2) = 7 — 2.

@ /(5= 3= 3

JACIENAE)

lim —2and fim L3 =S0G) _

x—3" x=3 x—3" x-=3

/"(3) does not exist because
S0 -10) e S0 - 10)
x-3 o3t x-=3

lim
x—3"

1 : uses initial condition
3:41: f(-6)
1: £(5)

2 : answer with justification

iy 1 : considers x = 2
" | 1: answer with justification

1 f(es)
2:9 1: f"(3) does not exist,
with explanation
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Question 4

2017 SCORING GUIDELINES

Question 5

(2)

(b)

(©

H'(0) = 5 (91 -
H(0) =91

27) = -16

An equation for the tangent line is y = 91 — 16¢.

The internal temperature of the potato at time ¢ = 3 minutes is
approximately 91 —16-3 = 43 degrees Celsius.

d*H _ 1dH [ 1\ 1\ oy 1
s 1 7 CREURE (URED)

" d’H 1
>27 fort>0 = —5-=-—(H-27)>0forz>0
dt 16

Therefore, the graph of H is concave up for 7 > 0. Thus, the
answer in part (a) is an underestimate.

G _
(G - 27)*/3

J(G 27)*/3 I( )
3(G-271)P ==t+C

391-27)2 =0+ C = C=12
3(G-27) =121+

12-1¢
3

3
G(t)=27+( ) for 0 <t <10
The internal temperature of the potato at time ¢ = 3 minutes is

3
12; 3) = 54 degrees Celsius.

27+(

1 : slope
3:4 1:tangent line
1 : approximation

1 : underestimate with reason

1 : separation of variables

1 : antiderivatives

1 : constant of integration and
uses initial condition

1 : equation involving G and ¢

1:G(t) and G(3)

Note: max 2/5 [1-1-0-0-0] if no constant
of integration

Note: 0/5 if no separation of variables

, -3(4x-17)
@ f(x)=———2
S (2x2—7x+5)2
- (B3 15
f(3)7(18—21+5)2 4
, 3(4x —7) 7
(b) x) = =0 X =
&) (2x2—7x+5) - 4

The only critical point in the interval 1 < x < 2.5 has x-coordinate %

/" changes sign from positive to negative at x = %

Therefore, f has a relative maximum at x = %

© [ f(x)dv = lim hﬁdx:hlingoﬁb(zxz_s—xil)dx
[ 25)]
i (=) )] = m2 ()= )

(d) f is continuous, positive, and decreasing on [5, 00).

= bhﬁngo[ln(Zx—S) ln(x—l =

® 3

The series converges by the integral test since f S R — dx
5 2x°=Tx+5
converges.
__ OR—
3 1
27>0and—2>0f0rn25.
2n° —=Tn+5 n
3
2> —Tn+5 _3 oyl
Since lim =11+ = - and the series Z— converges,
n—0 L 2 n=5 i’l2
2
the series zé converges by the limit comparison test.
=5 2m® —Tn+5

2: 13)

1 : x-coordinate
2: 4 1 :relative maximum
with justification

1 : antiderivative
3: < 1:limit expression
1 : answer

2 : answer with conditions
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Question 6

@ £(0)=0
£1(0)=1
£1(0) = =1(1) = -1
/7(0) = =2(-1) = 2

190)=-3(2) = -6

The first four nonzero terms are
2 3

“l2, 23 =64_  x x x'
0+lx+jx +§x +ﬂx =X 2+3 7

&

_\ntlon
The general term is (1)7)(

0 (_1)n+]
(b) For x =1, the Maclaurin series becomes ZT

n=l1

The series does not converge absolutely because the harmonic series
diverges.

The series alternates with terms that decrease in magnitude to 0, and
therefore the series converges conditionally.

x B * t2 13 14 (_1)n+1 o
© J.of(t)dt7J [t7?+?7j+“.+T+”. dt

0

2 3 4 5 _ e+l I=x
I S A ST Gl ) S AAR
2 3.2 3 5.4 (n+1)n o
xz x3 x4 x5 (7l)n+1 xn+l
X X X X L3 2
276 12720 (n+)n

(d) The terms alternate in sign and decrease in magnitude to 0. By the
lz)-#[3)
€2) 782

(1/2)°
20 |

is bounded

alternating series error bound, the error

by the magnitude of the first unused term,

n2)-+(3)

1 1

LW 1
732:20 " 500°

20

Thus, <

L: £"(0). £"(0), and f**)(0)

319 1: verify terms

1 : general term

2 : converges conditionally
with reason

1 : two terms
3: 4 1 :remaining terms
1 : general term

1 : error bound




