AP Calculus BC: 2025

Part A (AB or BC): Graphing calculator not allowed
Question 4 9 points

General Scoring Notes

e The model solution is presented using standard mathematical notation.

e Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should
be accurate to three places after the decimal point. Within each individual free-response question, at most
one point is not earned for inappropriate rounding.

The continuous function f'is defined on the closed interval —6 < x < 12. The graph of f; consisting of two

semicircles and one line segment, is shown in the figure.
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Graph of f

Let g be the function defined by g(x) = Lx f(¢t)dr.

Model Solution Scoring

A Find g'(8). Give a reason for your answer.

g'(x) = f(x) Considers Point 1 (P1)
g'(x) = f(x)
g'(8)=r(8)=1 Answer Point 2 (P2)

Scoring Notes for Part A
e Plisearnedfor g’ = f, g'(x) = f(x),or g'(8) = f(8) in part A.
e Aresponse of g'(8) = f(8) =1 earns both P1 and P2.

e A response that does not earn P1 can earn P2 with an implied application of the Fundamental
Theorem of Calculus (e.g., g'(8) =1 or f(8) =1).

e Aresponse of g'(8) = f(8) — f(6) =1 earns P2 but not P1.
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Find all values of x in the open interval —6 < x < 12 at which the graph of g has a point of inflection.
Give a reason for your answer.

The graph of g has a point of inflection where g"” = f' changes = Answer Point 3 (P3)
sign, which is where g’ = f changes from decreasing to Reason Point 4 (P4)

increasing or vice versa.

The graph of g has points of inflection at x = -3 and x = 6
because f changes from decreasing to increasing there.

The graph of g also has a point of inflection at x = 3 because
changes from increasing to decreasing there.

Scoring Notes for Part B

e P3is earned only for an answer of x = -3, x = 3, and x = 6. If any other/additional values of x in
—6 < x < 12 are declared to be points of inflection, the response does not earn either P3 or P4.

Consideration of x = —6 or of x = 12 does not impact scoring.

e To earn P4, a response must tie the reason to the given graph of 1.

o A response of “g has a point of inflection at x = -3, x = 3, and x = 6 because f changes from
increasing to decreasing or decreasing to increasing there” earns both P3 and P4.

o A response of “g has a point of inflection at x = =3, x = 3, and x = 6 because the slope of /'
changes sign there” earns both P3 and P4.

o A response of “g has a point of inflection at x = =3, x = 3, and x = 6 because f attains relative
extrema there” earns both P3 and P4.

o A response of “g has a point of inflection at x = -3, x = 3, and x = 6 because g changes
concavity there” earns P3 but not P4.

o A response of “g has a point of inflection at x = -3, x = 3, and x = 6 because g" = [’
changes sign there” earns P3 but not P4.

o A response that relies upon an ambiguous term such as “the function” or “the graph” does not
earn P4.

e Special case: A response with two of the three correct x-values with correct reasoning and no
other/additional values of x declared to be points of inflection earns P4 but not P3.
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Find g(12) and g(0). Label your answers.

g(12) = J;Zf(z) dt = %-6‘3 =9 g(12) Point 5 (P5)

_{° _ (¢ _ _mp_ 97 g(0) Point 6 (P6)
g(0) = [ 1(x) dv = [ f(x) dx = =53 = -2
Scoring Notes for Part C

e Unlabeled values do not earn either PS5 or P6.

e P5is earned for a response of g(12) = 9, with or without supporting work.

e P6is earned for a response of g(0) = —97”, with or without supporting work.

Note: Incorrect communication between the label “ g(0) ” and the answer will be treated as scratch

6
work and will not impact scoring. For example, g(0) = Io f(x)dx = —97” earns P6.
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Find the value of x at which g attains an absolute minimum on the closed interval —6 < x < 12. Justify
your answer.
For —6 < x <12, g attains a minimum either when Considers g'(x) =0  Point 7 (P7)

g'(x) = f(x) = 0 or at an endpoint.

g'(x)=f(x)=0
= x=0,x=6 Justification Point 8 (P8)
x | g(x)
-6 0
3
L
6 0
12 9
Therefore, on the closed interval —6 < x < 12, g attains an Answer Point 9 (P9)

absolute minimum value at x = 0.
Scoring Notes for Part D

e P7is earned for considering g'(x) = 0 or f(x) = 0.P7 is not earned by just presenting x = 0 and
x=6.
A response that discusses the sign of g'(x) or f(x) changing OR uses the phrase “critical points of
g” also earns P7.

e To earn P8 using a candidates test, a response must make a global argument by providing
evaluations or reasoning for each of g(—6), g(0), g(6),and g(12) (and no other x-values).

e Alternate justification and answer:
Because g'(x) <0 (or f(x)<0)for -6 <x <0 and g'(x) >0 (or f(x)>0)for 0 <x<12,
the absolute minimum of g occurs at x = 0.

e A response that presents a local argument (such as a First Derivative Test or a Second Derivative
Test) or an incorrect global argument does not earn P8 but is eligible for P9 with the correct answer
of x=0.

e For P8, values of g(0) and g(12) can be imported from part C. A response can earn P9 with an

answer that is consistent with the imported values.
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Part A (AB or BC): Graphing calculator required
Question 1 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

,t 0 |3]7]12
(minutes)
€W 100856955
(degrees Celsius)

The temperature of coffee in a cup at time ¢/ minutes is modeled by a decreasing differentiable function C,

where C(t) is measured in degrees Celsius. For 0 < ¢ <12, selected values of C(¢) are given in the table
shown.

Model Solution Scoring

(a) Approximate C'(5) using the average rate of change of C over the interval 3 < ¢ < 7. Show the work

that leads to your answer and include units of measure.

, C(7)-C(3) 69-385 , Estimate with 1 point
o - =4 1 .
C'(5) 773 1 degrees Celsius per supporting work
minute Units 1 point

Scoring notes:
e To earn the first point a response must include a difference and a quotient as the supporting work.

-16 69 -85 69 -85 . - . .
* T3 gz T4 s sufficient to earn the first point.

e A response that presents only units without a numerical approximation for C’(5) does not earn the

second point.

e The second point is also earned for “degrees per minute” attached to a numerical value.

Total for part (a) 2 points
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(b) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
value of J.(IZC(t) dt. Interpret the meaning of %J.SZC(Z) dt in the context of the problem.

J;zC(t) dt ~ (3-0)-C(0)+ (7 -3)-C(3) + (12 = 7)-C(7) z;)rrnm of left Riemann 1 point

=3-100+4-85+5-69 =985 .

Estimate 1 point

%I;ZC(t) dt 1is the average temperature of the coffee (in degrees Interpretation 1 point

Celsius) over the interval from ¢ = 0 to ¢t = 12.

Scoring notes:

e Read “=" as “=” for the first point.

e To earn the first point at least five of the six factors in the Riemann sum must be correct. If any of
the six factors is incorrect, the response does not earn the second point.

e Aresponse of (3—0)-C(0)+(7-3)-C(3)+(12—-7)-C(7) earns the first point. Values must be
pulled from the table to earn the second point.

e Aresponse of 3-100 +4-85 + 5-69 earns both the first and second points, unless there is a
subsequent error in simplification, in which case the response would earn only the first point.

e A completely correct right Riemann sum (e.g., 3-85+ 4-69 + 5-55) earns 1 of the first 2 points.
An unsupported answer of 806 does not earn either of the first 2 points.

e Units will not affect scoring for the second point.

e To earn the third point the interpretation must include both “average temperature” and the time
interval. The response need not include a reference to units. However, if incorrect units are given in
the interpretation, the response does not earn the third point.

Total for part (b) 3 points
(c) For 12 < ¢ < 20, the rate of change of the temperature of the coffee is modeled by

0.017
C'(t) = %, where C'(¢) is measured in degrees Celsius per minute. Find the temperature of

the coffee at time ¢ = 20. Show the setup for your calculations.

20 i
C(20) = C(12) + .[12 C'(¢t) dt Integral 1 point
Uses initial condition 1 point
=55-14.670812 = 40.329188 Answer 1 point

The temperature of the coffee at time ¢ = 20 is 40.329 degrees
Celsius.
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Scoring notes:

e The first point is earned for a definite integral with integrand C’(¢). If the limits of integration are
incorrect, the response does not earn the third point.

20
e A linkage error such as C(20) = .[12 C'(t) dt =55-14.670812 or

20
.[12 C'(t) dt = —14.670812 = 40.329188 earns the first 2 points but does not earn the third point.
e Missing differential (dt ):

20 20
o Unambiguous responses of C(20) = C(12) + LZ C'(t) or C(20) =55+ Lz C'(t) earn the

first 2 points and are eligible for the third point.

20 20
o Ambiguous responses of C(20) = Lz C'(t)+ C(12) or C(20) = LZ C'(t) + 55 do not earn
the first point, earn the second point, and earn the third point if the given numeric answer is
correct. If there is no numeric answer given, these responses do not earn the third point.

e The second point is earned for adding C(12) or 55 to a definite integral with a lower limit of 12,
either symbolically or numerically.

e The third point is earned for an answer of 55 —14.671 or —14.671 + 55 with no additional
simplification, provided there is some supporting work for these values.

e An answer of just 40.329 with no supporting work does not earn any points.

Total for part (¢) 3 points

(d)

0.2455¢"1 (100 — ¢)

l2

12 < t < 20, determine whether the temperature of the coffee is changing at a decreasing rate or at an

. For

For the model defined in part (c), it can be shown that C"(¢) =

increasing rate. Give a reason for your answer.

Because C"'(¢) > 0 on the interval 12 < ¢ < 20, the rate of change Answer with reason 1 point
in the temperature of the coffee, C'(¢), is increasing on this
interval.

That is, on the interval 12 < ¢ < 20, the temperature of the coffee
is changing at an increasing rate.

Scoring notes:

e This point is earned only for a correct answer with a correct reason that references the sign of the
second derivative of C.

e A response that provides a reason based on the evaluation of C"(¢) at a single point does not earn
this point.

e A response that uses ambiguous pronouns (such as “It is positive, so increasing”’) does not earn this
point.

e A response does not need to reference the interval 12 < ¢ < 20 to earn the point.

Total for part (d) 1 point

Total for question 1 9 points
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Part A (BC): Graphing calculator required
Question 2 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

A particle moving along a curve in the xy-plane has position (x(#), y(¢)) at time ¢ seconds, where x(¢) and

y(t) are measured in centimeters. It is known that x'(¢) = 8¢ — t* and y'(¢) = —¢ + Jt'* + 20. At time ¢ = 2
seconds, the particle is at the point (3, 6).

Model Solution Scoring

(a) Find the speed of the particle at time ¢ = 2 seconds. Show the setup for your calculations.

' 2 ' 2 tup f 1 int
V() + (7 (2)) Setup for speed poin

=12.3048506 Answer 1 point

The speed of the particle at time # = 2 seconds is 12.305 (or
12.304 ) centimeters per second.

Scoring notes:

e The first point is earned for the expression \/(x'(2))2 +(V'(2)), \/(x'(t))2 +('(0))* ,or

equivalent.

2
e A response that presents just the exact answer, \/144 + ( 2 +2'2 4 20) , earns both points.

e The second point is earned only for the answer 12.305 (or 12.304 ) regardless of whether the first

point is earned.

e A response that includes a linkage error, such as
2
JX(O)P + (V' ()P = \/144 (244272 4 20)" or y(x'(1))* + (5(1)° = 12305 (or 12.304),

earns at most 1 of the 2 points.

e Missing or incorrect units will not affect scoring in this part.

Total for part (a) 2 points
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(b) Find the total distance traveled by the particle over the time interval 0 < ¢ < 2. Show the setup for your
calculations.
2 N2 2 Integral 1 point
[ A + (') di
=15.901715 Answer 1 point
The total distance traveled by the particle over the time interval
0<¢r<2is15902 (or 15.901) centimeters.
Scoring notes:
2
e The first point is earned only for an integral of Io \/(x'(t))2 +(¥'(¢))* dt (or the mathematical
equivalent), with or without the differential.
2
o Note: Io JX'(1)* + y'(¢)* dt is not read as a parenthesis error.
e The second point is earned only for an answer of 15.902 (or 15.901), regardless of whether the
first point is earned.
e Missing or incorrect units will not affect scoring in this part.
Total for part (b) 2 points
(¢) Find the y-coordinate of the position of the particle at the time ¢ = 0. Show the setup for your

calculations.
0 s .
#(0) = 6+ [ y(r) dt = 6-7.173613 = ~1.173613 Definite integral 1 point
Uses initial condition 1 point
The y -coordinate of the position of the particle at time ¢ = 0 is Answer 1 point

~1.174 (or —-1.173).

Scoring notes:

e Ananswer of —1.174 (or —1.173) with no supporting work does not earn any points.
0 2
e The first point is earned for either of the definite integrals J.z Y'(t) dt or Io V'(¢t) dt.

e The second point is earned for any of:

o y@)x [ (0, 6% [ ()

o ¥t [y, 6% [ ()

o »(2)£7.173613, or 6 £ 7.173613.

e A response that attempts to evaluate I ¥'(t) dt does not earn the first or the third point.

o Such a response can earn the second point by attempting to solve for the constant of integration
by presenting an expression as an antiderivative for y'(¢), evaluating this expression at ¢ = 2,

and setting this expression equal to 6.
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2
A response that reverses the limits of integration, e.g., y(0) = 6 + .[o Y'(¢)dt or 6 +7.173613,

earns the second point but does not earn the third point.
In order to earn the third point, a response must have earned at least 1 of the first 2 points.

A response containing any linkage error can earn at most 2 of the 3 points. For example:

0 0
o Equating two unequal quantities: L Y'(¢) dt = -1.174, L Y'(¢)dt =6—-7.173613,

2 2
6+ [ y'(r)dt =6-7.173613, or 6 + [ y'(t)dr = 6 +7.173613 = ~1.173613
Oy Oy

0
o Equating an expression to a numerical value: y(¢) = 6 + Iz V'(t)dt =-1.174

Missing differentials (d? ):

0 2 0 2
o Unambiguous responses of y(2) + L Y'(t), y(2)- Io V'(t), 6+ L y'(t), or 6 — Io Y'(t) earn

the first 2 points and would earn the third point for the correct numerical answer.

2 2
o Unambiguous responses of y(2) + Io Y'(t) or 6+ jo ¥'(¢) with reversed limits of integration

and missing differential earn the first 2 points but cannot earn the third point.

0 2 0 2
o Ambiguous responses of J.z V'(t)+ y(2), _Io V'(t)+ ¥(2), L y'(t)+ 6, or _.[0 y'(t)+6

earn the first point, do not earn the second point, but do earn the third point if a correct numeric
answer is provided. If no numeric answer is given, none of these responses earn the third point.

2 2
o Ambiguous responses of J.o Y'(t)+ y(2) or .[0 ¥'(¢) + 6 with reversed limits of integration and

no differential earn 1 out of 3 points.
If a response provides work for both the x- and y -coordinates, the work for the x-coordinate will
not affect scoring.

However, a response that reports only a completely correct x -coordinate of the particle’s position

0
at time ¢ = 0 with all supporting work, e.g., x(0) =3 + Iz x'(t) dt = —% = —10.333, earns 2 out

of 3 points.

Total for part (c) 3 points
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(d)

For 2 <t < 8, the particle remains in the first quadrant. Find all times ¢ in the interval 2 < ¢ < 8 when

the particle is moving toward the x-axis. Give a reason for your answer.

Because y(¢) > 0 when 2 < ¢ < 8, the particle will be moving Considers sign of 1 point

toward the x-axis when »'(¢) < 0. This occurs when y'(1)

5.222 (or 5.221) <t < 8.
(or ) <t< Answer with reason 1 point

Scoring notes:
e The first point can be earned by stating y'(#) =0, »'(¢) <0, »'(t) >0, or t = 5.222 (or 5.221).

Note: y'(#) may be written as %

e The second point cannot be earned without the first.

e To earn the second point, a response must identify the correct interval (and no additional intervals
in [2, 8] ) and explicitly state the need for y'(¢) < 0. The interval can be open, closed, or half-open.

Total for part (d) 2 points

Total for question 2 9 points
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Part B (AB or BC): Graphing calculator not allowed
Question 4 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

y
/
34
14
(-6.05). K \
f f f f f f f f t f X
6 -5-4-32-10 1 2 4 6 7
-7 (6,-1)
24
Graph of f

The graph of the differentiable function f, shown for —6 < x < 7, has a horizontal tangent at x = -2 and is
linear for 0 < x < 7. Let R be the region in the second quadrant bounded by the graph of f, the vertical line
x = —6, and the x- and y-axes. Region R has area 12.

Model Solution Scoring

@ The function g is defined by g(x) = jo £(t) dt. Find the values of g(=6), g(4), and g(6).

g(-6) = Io_6f(t) dt = —j'_oéf(t) dr = —12 g(-6) 1 point
g(4)=J.:f(t)dt=%.4.2:4 g(4) 1 point
1 2(6) 1 point

6 1
g(6)=Iof(t)dt=§-4-2—§-2-l:3
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Scoring notes:

e Supporting work is not required for any of these values. However, any supporting work that is
shown must be correct to earn the corresponding point.

e Special case: A response that explicitly presents g(x) = .[x() f(¢) dt does not earn the first point it

would have otherwise earned. The response is eligible for all subsequent points for correct answers,
or for consistent answers with supporting work.

-6 4 6
o Note: j_é f(t)dt =0, I_Gf(t)dt = 16, I_éf(t) dt =15

e Labeled values may be presented in any order. Unlabeled values are read from left to right and
from top to bottom as g(—6), g(4), and g(6), respectively. A response that presents only 1 or 2

values must label them to earn any points.

Total for part (a) 3 points

(b)

For the function g defined in part (a), find all values of x in the interval 0 < x < 6 at which the graph

of g has a critical point. Give a reason for your answer.

g'(x) = f(x) Fundamental 1 point
Theorem of Calculus

g(x)=f(x)=0 = x=4 Answer with reason 1 point

Therefore, the graph of g has a critical point at x = 4.

Scoring notes:

e The first point is earned for explicitly making the connection g’ = f in this part.

o A response that writes g"” = f' earns the first point but can only earn the second point by

reasoning from f = 0.

e A response that does not earn the first point is eligible to earn the second point with an implied
application of the FTC (e.g., “Because g'(4) = 0, x = 4 is acritical point”).

e A response that reports any additional critical points in 0 < x < 6 does not earn the second point.

o Any presented critical point outside the interval 0 < x < 6 will not affect scoring.

Total for part (b) 2 points
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(©)

The function 4 is defined by A(x) = jx6f'(t) dt. Find the values of A(6), 4'(6), and A"(6). Show
the work that leads to your answers.

Uses Fundamental 1 point
Theorem of Calculus

W6)= [ 1ty di = £(6) = f(~6) = ~1-05 = 1.5

h(6) with supporting 1 point

work
K(x) = f(x), so K'(6) = f(6) = _%_ H'(6) 1 point
h'(x) = f"(x), so '(6) = f"(6) = 0. h'(6) 1 point

Scoring notes:
e Labeled values may be presented in any order.

e Unlabeled values are read from left to right and from top to bottom as 4(6), 4'(6), and A"(6),

respectively. A response that presents only 1 or 2 values must label them in order to earn any
points.

e Aresponse of 4(6) = —1.5 does not earn either of the first 2 points. A response of

h(6) = f(6) — f(—6) earns the first point but not yet the second point.
e Aresponse of 4(6) = —1- 0.5 is the minimum work required to earn both of the first 2 points.

e To earn the third point a response must state either /'(x) = f'(x) or A'(6) = f'(6), and provide

1
an answer of —5

e The fourth point is earned for a response of 4"(6) = 0, with or without supporting work.
e A response that has one or more linkage errors does not earn the first point it would have otherwise

earned. For example, A'(x) = f'(6) = —% does not earn the third point but is eligible for the fourth

point even in the presence of another linkage error, such as 4"(x) = f"'(6) = 0.

Total for part (¢) 4 points

Total for question 4 9 points
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Part B (AB or BC): Graphing calculator not allowed
Question 3 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

y
A
6, 2
51 (6,2)
It (7, 1)
} t } } t } > X
?__ 1 2 3 5 6 7
_2—-

Graph of [’

Let f be a differentiable function with f(4) = 3. On the interval 0 < x < 7, the graph of f”, the derivative

of f, consists of a semicircle and two line segments, as shown in the figure above.

Model Solution Scoring
(@) Find £(0) and f£(5).
Area of either region 1 point

FO)= f@)+ [ () de =3[ f(x)de=3+22 !
—OR - Io Sf'(x) dx

5
f(5):f(4)+_|.jf'(x)dx:3+%:% —OR—Lf(x)dx
£(0) 1 point
f(5) 1 point

Scoring notes:

e A response with answers of only f(0) = +27, oronly f(5) = %, or both earns 1 of the 3 points.

e A response displaying f(5) = % and a missing or incorrect value for f(0) earns 2 of the 3 points.

e The second and third points can be earned in either order.
e Read unlabeled values from left to right and from top to bottom as f(0) and f(5). A single value
must be labeled as either f(0) or f(5) in order to earn any points.

M _ 4 £ . 4 L\ o JENS N
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(b) Find the x-coordinates of all points of inflection of the graph of f for 0 < x < 7. Justify your answer.
The graph of f has a point of inflection at each of x = 2 and Answer 1 point
x = 6, because f'(x) changes from decreasing to increasing at Justification 1 point
x = 2 and from increasing to decreasing at x = 6.

Scoring notes:

e A response that gives only one of x = 2 or x = 6, along with a correct justification, earns 1 of the
2 points.

e A response that claims that there is a point of inflection at any value other than x =2 or x = 6
earns neither point.

e To earn the second point a response must use correct reasoning based on the graph of f’. Examples
of correct reasoning include:

o Correctly discussing the signs of the slopes of the graph of f’
o Citing x =2 and x = 6 as the locations of local extrema on the graph of f”

e Examples of reasoning not (sufficiently) connected to the graph of f” include:

o Reasoning based on sign changes in "' unless the connection is made between the sign of £
and the slopes of the graph of f’
o Reasoning based only on the concavity of the graph of f

e The second point cannot be earned by use of vague or undefined terms such as “it” or “the function”
or “the derivative.”

e Responses that report inflection points as ordered pairs must report the points (2, 3 + 7) and (6, 5)
in order to earn the first point. If the y -coordinates are reported incorrectly, the response remains
eligible for the second point.

Total for part (b) 2 points

(¢) Let g be the function defined by g(x) = f(x) — x. On what intervals, if any, is g decreasing for

0 < x <7 ? Show the analysis that leads to your answer.

g'(x) = f(x)-1 g'(x)=f'(x)-1 1 point

f'(x)-120 = f'(x)<1 Interval with reason 1 point

The graph of g is decreasing on the interval 0 < x < 5 because

g'(x) £ 0 on this interval.

Scoring notes:

e The first point can be earned for f'(x) <1 or the equivalent, in words or symbols.

e Endpoints do not need to be included in the interval to be eligible for the second point.

Total for part (c) 2 points
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(d)

For the function g defined in part (c), find the absolute minimum value on the interval 0 < x < 7.

Justify your answer.

g is continuous, g'(x) <0 for 0 < x <5, and g'(x) > 0 for Considers g'(x) =0 1 point

d<x<T Answer with 1 point
justification

Therefore, the absolute minimum occurs at x = 5, and

g(5)=f(5)-5= %— 5= —% is the absolute minimum value

of g.

Scoring notes:

e A justification that uses a local argument, such as “ g’ changes from negative to positive (or g

changes from decreasing to increasing) at x = 5” must also state that x = 5 is the only critical
point.

If g'(x) = 0 (or equivalent) is not declared explicitly, a response that isolates x = 5 as the only

critical number belonging to (0, 7) earns the first point.

A response that imports g'(x) = f'(x) from part (c) is eligible for the first point but not the second.

o In this case, consideration of x = 4 as the only critical number on (0, 7) earns the first point.

Solution using Candidates Test:

g(x)=f(x)-1=0=>x=5x=7

X g(x)

0 3+ 27
3

> )
1

/ )

The absolute minimum value of g on the interval 0 < x <7 is —%.

e When using a Candidates Test, a response may import an incorrect value of f(0) = g(0) > —%

from part (a). The second point can only be earned for an answer of —%.

Total for part (d) 2 points

Total for question 3 9 points
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Part B (BC): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Figure 1 Figure 2

Figures 1 and 2, shown above, illustrate regions in the first quadrant associated with the graphs of y = % and

y = Lz’ respectively. In Figure 1, let R be the region bounded by the graph of y = %, the x -axis, and the
X

vertical lines x =1 and x = 5. In Figure 2, let W be the unbounded region between the graph of y = % and
X

the x -axis that lies to the right of the vertical line x = 3.

Model Solution Scoring

(a) Find the area of region R.

5 Integral 1 point
Area = f 1 dx 8 P

1 X
—In x|f Answer 1 point
=In5-Inl=In5
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Scoring notes:
e A definite integral with incorrect bounds does not earn either point.
e An unevaluated indefinite integral does not earn either point.

e An indefinite integral that is evaluated in a later step may earn one or both points. For example,

f% dx =In5—-1In1 (or In 5) does not earn the first point but does earn the second. However,
f% dx =Inx+ C = Area =1In5—1In1 earns both points.

Total for part (a) 2 points

(b)

Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis is

a rectangle with area given by xe*/3. Find the volume of the solid.

5 ite i 1 point
Volume — J~1 o !5 dx Definite integral poin
Using integration by parts, u and dv 1 point
u=x dv=e" dx
du =dx v=5¢"
J.xex/sdx:5xex/5—.|.5ex/5dx J‘xex/5 dx 1 point
= 5xe*/® —25¢"/° + C = 5xe*/3 - ISex/S dx
= 5ex/5(x—5)+C
Answer 1 point

5
Volume = 5¢*/° (x - 5)‘1

= 5¢(0) — 5¢!/3 (-4) = 20¢'/°
Scoring notes:

5
e The first point is earned for cjl xe*/’ dx, where ¢ # 0. Errors of ¢ # 1, for example ¢ = 7, will

not earn the fourth point.
e Incorrect integrals that require integration by parts are still eligible for the second and third points.
Both of these points will be earned with at least one correct application of integration by parts.

e The second point will be earned with an implied u and dv in the presence of 5xe*/> — ISex/ > db.

e The tabular method may be used to show integration by parts. In this case, the second point is earned

x/5

by having columns (labeled or unlabeled) that begin with x and e/~. The third point is earned for

either 5xe*/° — ISex/S dx or 5xe*!® — 250"/,
e Limits of integration may be present, omitted, or partially present in the work for the second and
third points.

e The fourth point is earned only for the correct answer.

Total for part (b) 4 points
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(¢) Find the volume of the solid generated when the unbounded region W is revolved about the x -axis.

0 1V by Improper integral 1 point
Volume = ﬂf (—Zj dx =7 lim | —dx
3 X b—o0 3 X
b Antiderivative 1 point
=7 lim 3
b—o0 _3x 3
_ ~ lim ( 1 ) 1 1 Answer 1 point
b—oo\—3 b3 33

Scoring notes:

o0

2 b
(%) dx or limc L4 dx, where ¢ # 0. Errors of

e The first point is earned for either cj
X b—o0 3 X

3
¢ # m will not earn the third point.

e The second point is earned for a correct antiderivative of any integrand of the form Ln, for any
X

integer n > 2.

e To earn the answer point, a response must use correct limit notation and cannot include arithmetic

with infinity, such as ——
o0

Total for part (c) 3 points

Total for question S 9 points

AP Calculus BC: 2019
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4ZULlY DUUKINGU GUIVULELINLED

Question 1

(@)

(b)

(©

(d)

5
jo E(t) dt =153.457690

To the nearest whole number, 153 fish enter the lake from midnight
to 5 AM.

L PrLir)dr = 6.059038
5—0.[0 () dt = 6.

The average number of fish that leave the lake per hour from
midnightto 5 A.M. is 6.059 fish per hour.

The rate of change in the number of fish in the lake at time ¢ is
given by E(t) — L(¢).

E(t)-L(t) =0 = t=6.20356

E(t)— L(t) > 0 for 0 <¢ < 6.20356, and E(¢) — L(t) < 0 for
6.20356 < ¢ < 8. Therefore the greatest number of fish in the lake is
at time ¢ = 6.204 (or 6.203).

— OR —

Let A(t) be the change in the number of fish in the lake from
midnight to ¢ hours after midnight.

A(t) = [ (E(s) - L(s)) ds
A(t) = E(t) - L(t) =0 = t=C = 6.20356

t ‘ A(t)

0 0

C 135.01492
8 80.91998

Therefore the greatest number of fish in the lake is at time
t =6.204 (or 6.203).

E'(5)—L'(5) = —10.7228 < 0

Because E'(5) — L'(5) < 0, the rate of change in the number of fish
is decreasing at time ¢ = 5.

g

1 : integral
1 : answer

1 : integral
1 : answer

l:sets E(t)—L(t)=0
1 : answer
1 : justification

1 : considers E'(5) and L'(5)
1 : answer with explanation
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Question 2
vz .
@ 2] ((0)) 40 = 3534292 . [ 1integral
" | 1:answer
The area of S is 3.534.
1 T .
b) —— =1. 1 : integral
(b) e 0.[0 r(0) do =1.579933 5. { integra
1 : answer
The average distance from the origin to a point on the curve
r=r(0) for 0 <0 <Jr is 1.580 (or 1.579).

(c) tan@ = % =m = O=tan 'm 1 : equates polar areas
| ctanlm L1 V7 1 : inverse trigonometric function
Lo a0 =431 @) o) 321 applied to m as imitof

integration
1 : equation
(d) As k& — oo, the circle » = kcos@ grows to enclose all points to 5. 1 : limits of integration
the right of the y -axis. " | 1: answer with integral
. 172 2
lim A(k) = jo (r(6))* d6
_ 1 7/2 . 21\2 _
= 3], (3V@sin(60)) d6 = 3.324
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Question 3

@ [ feyde=[" r(xyde+ [ f(x)ds V[ pyde= [ pydes [ f(x) d
:>7=J.__62f(x)dx+2+(9—%Tﬂ) 3 I:Jif(x)dx

97 O 1 : answer

= j_jf(x)dx=7—(11—7)=7—4

(b) LS(Zf (x) +4) dx = 2{; J'(x) dx + LS4 dx 5. { 1 : Fundamental Theorem of Calculus
= 2(f(5) - f(3)) +4(5-3) " | 1:answer
=2(0-(3-+5))+38
=2(-3+5)+8=2+2J5
— OR—
[J@r)+ 4y dv = [2/(x) + 4253
=(2/(5)+20) - (2/(3) +12)
=(2:0+20)-(2(3-+5)+12)
=2+2J5
(c) g'(x)zf(x)=0:>xz—l,x:%,xzs 11 g'(x) = £(x)
X g(x) 3: 4 1:1dentifies x = —1 as a candidate
) 0 1 : answer with justification
1
-1 5
1 1
2 4
O
5 11— T

On the interval —2 < x < 5, the absolute maximum value
or

Ofg is g(S)ZII_T

10" =3f'(x) 10' - 377(1)

d =
@ }cl—>nll f(x)—arctanx  f(1)— arctan 1
_10-3-2 4
- l-arctanl ]

1 : answer

_x
4
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Question 4

(@) V =7xr’h = 7r(1)2h = 7h
ar
dt |-

=T = 72'( — V4 ) =—-= cublc feet per second
4 dt |4

by Ch_ 1 dh_ 1 ( 1f)

dr* 208k dt — 204h 200
Because d—zh _ 1 > 0 for & > 0, the rate of change of the
dt2 200

height is increasing when the height of the water is 3 feet.

(©) %:—idt
f—mdt
2x/_——mt+C
25 =—104C = C=2\5
2J—=——z+2J§
h(t) = (——t+«/—)

ld_V:ﬂ'ﬁ
2: T odt dt

1 : answer with units

_ 1 1
'dh( lor) 20V
3: .M:_ 1 dh
Cds? 20h  dt

1 : answer with explanation

1 : separation of variables

1 : antiderivatives

4 : 5 1 : constant of integration
and uses initial condition

1: h(t)

Note: 0/4 if no separation of variables

Note: max 2/4 [1-1-0-0] if no constant
of integration
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Question 5

@ fx) =D
(x —2x+k)
o) = 2 — 2 _1 _ L
f(O)—k2 6 = k 3:>k 5
1 1 A4 B

(®) x2_2x_8=(x—4)(x+2) x4 x+2

= 1=A(x+2)+B(x—-4)
_1 p_ 1
= 4 6,B 3

. Ir 1
jf(x)dx=“ 6 __6 de
0 o\x—4 x+2

1 1 x=1
_ [gln|x 4]~ Linjx+ 2|L_O
(L3 tms) o (Lma-Ltima) =L
—(6ln3 6ln3) (61114 6ln2)— 6ln2
2 2
©) %dxzj L —J d
0 x°—2x+1 0o (x—1) o(x—l) (x—l

= lim J dx + lim J
b1~ (x— l b>1"Jp (x — l)

x=b 1 x=2
+ lim | -
x=0j b—>1+( x—1 x=b]
=1im(—L—1)+1im( 141 )
b—1" b-1 b—1" b-1

Because lim (—L) does not exist, the integral diverges.
b—1" b-1

1 : denominator of f'(x)
L f(x)

1 : answer

1 : partial fraction

decomposition
1 : antiderivatives
1 : answer

1 : improper integral
1 : antiderivative
1 : answer with reason
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Question 6

(@ f(0)=3 and /'(0) = -2
The third-degree Taylor polynomial for f about x = 0 is

23
_ 32, 2.3 _5_ 3.2 233
3 2x+2!x + 3] x =3 2x+2x l2x.

(b) The first three nonzero terms of the Maclaurin series for e* are

1+x+lx2.

2!

The second-degree Taylor polynomial for e* f(x) about x = 0 is

3(1 +x+ lxz) - 2x(1+x)+ %xz(l)

21
=3+(3—2)x+(%—2+%)x2
=3+ x+x°.

© ()=, £(r)ds

1
- 432 233
~L(3 2t+2t lzt)dt

[a 2,13 2347
—|:3l 4 +2l 48t :lt:()
1 2397

=3 TR TR

(d) The alternating series error bound is the absolute value of the first
omitted term of the series for A(1).

1 t=1
[ (T3
0 : t=0

2 1= 045

Error < 20

: two terms
: remaining terms

: three terms for ¢*

: three terms for e” f(x)

: antiderivative
: answer

: uses fourth-degree term

of Maclaurin series for f

: uses first omitted term

of series for A(1)

: error bound
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Question 1

(2)

(b)

(©)

(d)

300
jo r(t) dt = 270

According to the model, 270 people enter the line for the escalator
during the time interval 0 < ¢ < 300.

300 300
20 + fo (r(t)=0.7) dt =20 + jo r(t) dt —0.7-300 = 80
According to the model, 80 people are in line at time # = 300.

Based on part (b), the number of people in line at time ¢ = 300 is 80.

The first time ¢ that there are no people in line is

300 + % _ 414.286 (or 414.285) seconds.

The total number of people in line at time ¢, 0 < ¢ < 300, is modeled by
t
20 + jo r(x) dx — 0.7¢.

r(t)—0.7=0 = #, =33.013298, ¢, = 166.574719

t People in line for escalator
20
4 3.803
t 158.070
300 80

The number of people in line is a minimum at time ¢ = 33.013 seconds,
when there are 4 people in line.

5. 1 : integral
"1 1:answer

5. 1 : considers rate out
" | 1:answer

1 : answer
1 : considers r(¢) —0.7 =0
4- 1 : identifies t = 33.013
" | 1:answers
1 : justification
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Question 2
(a) p'(25)=-1.179 5. 1 : answer
" | 1 : meaning with units
At a depth of 25 meters, the density of plankton cells is changing at a
rate of —1.179 million cells per cubic meter per meter.
30 _
(b) jo 3p(h) dh = 1675.414936 , . [ 1+ integrand
" | 1:answer
There are 1675 million plankton cells in the column of water between
h =0 and 7 = 30 meters.
(©) LIZ 3f(h) dh represents the number of plankton cells, in millions, in 1 : integral expression

the column of water from a depth of 30 meters to a depth of K meters. | 5 - | 1 : compares improper integral
1 : explanation
The number of plankton cells, in millions, in the entire column of

o 30 K
water is given by Io 3p(h) dh + Lo3f(h) dh.

Because 0 < f(h) < u(h) forall h > 30,

305 £y an < 3[5u(hy an < 3[u(h) dn = 3105 = 315
I3of( ) dh < jsou( ) dh < j30u( )dh =3 h :

The total number of plankton cells in the column of water is bounded
by 1675.415 + 315 =1990.415 < 2000 million.

1
(@ [N (0)) + (' (1)) de = 757455862 [ 1:integrand
" | 1: total distance

The total distance traveled by the boat over the time interval 0 <7 <1
is 757.456 (or 757.455) meters.
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Question 3

@ £(-5)= )+ [ g(x)dr= 7(1)- [ g(x) dx

3o 3 i)y (1o 25
-3 (9 2+1)_3 ( 2)_2

(b) Jfg(x) dx = Jfg(x) dx + _[36g(x) dx

= I132 dx + .[362(x — 4)* dx

2 3776 16 ( 2)
—44+|Z(x—4 —4+2_ (%)=
+[3(x )L_} +3 3 0

(c) The graph of f is increasing and concave up on 0 < x < 1 and
4 < x < 6 because f'(x)=g(x)>0 and f'(x)= g(x) is
increasing on those intervals.

(d) The graph of f has a point of inflection at x = 4 because
f'(x) = g(x) changes from decreasing to increasing at x = 4.

: integral
: answer

:splitat x =3
: antiderivative of 2(x — 4)2
: answer

: intervals
: reason

. answer
. reason
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Question 4

etk Al W W N & AP Wl Bl O Bl O NP Bl

H(7)-H(5) _11-6 _5

@ H(6)>===3 2 2

H'(6) is the rate at which the height of the tree is changing, in meters
per year, at time ¢ = 6 years.

H(5)-HB) _6-2

(b) 5-3 7 =2

Because H is differentiable on 3 <t <5, H is continuous on 3 < ¢ < 5.

By the Mean Value Theorem, there exists a value ¢, 3 < ¢ < 5, such that
H'(c) =2.

(c) The average height of the tree over the time interval 2 < ¢ <10 is given

1 10
by mjz H(t) dt.

] [10 1(15+2 ;. 2+46 o, 6+11 ,  11+15
§J’ZH(z)arz~§( i R aatr R -3)
1 263
= 5(65.75) = 2=

The average height of the tree over the time interval 2 <7 <10 is

@ meters
32 ’

d) G(x)=50 = x=1

d _d cdx _ (1+x)100 —100x-1 dx _ 100 dx
a1\ 000) = 5 (G(x)) -G = (1+x) i~ (14x) di
d 100 3
L (G(x)| = 0.03=>
df( (*)) =1 (1+ 1)2 4

According to the model, the rate of change of the height of the tree with

respect to time when the tree is 50 meters tall is % meter per year.

g

: estimate
: interpretation with units

CH(5)-HE3)

5-3

: conclusion using

Mean Value Theorem

: trapezoidal sum
: approximation

d
2: £(G(x))

1 : answer

Note: max 1/3 [1-0] if

no chain rule
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Question 5

_1 57[/3 2 2
(a) Area_EJ‘”B (4% - (3 + 205 0)*) a6
ar _ s dr __
(b) 70" 2sin 6 = d6ly_rs = -2
T\ _ T\ _
r(E) =3+ 2cos(2) 3
y=rsinf = %=%sin0+rcos9
x=rcosb = %=%cos6’—rsin0
. (7 T
dy _ dy/do B —2s1n(3)+3cos(5) 2
dx|g_r/2 dx/do

(c)

0=2/2  ncosZ)_3sn(Z) 3
7/ 2003(2) 3s1n(2)

The slope of the line tangent to the graph of » = 3 4+ 2cos 8

_E 2
atg_2183'

— OR—

y=rsin@ =(3+2cosf)sinfd =

B =3cos 6 + 2¢cos’ O — 2sin’ 0

do
x=rcosf =(3+2cosf)cos b = % = —3sin € — 4sin 6 cos &

r 2o\ _Hun2(
dy :dy/dﬁ :3cos(2)+200s (2) 2sin (2):2
dx | g_r/2 dx/do 0=r/2 3

. . (7 T
—3sin (3) — 4sin (3) cos (E

The slope of the line tangent to the graph of » = 3 + 2cos &

_Z 2
at 0 = S s
dr _dr d0 _ 5 .40  dO _dr 1
d do dt dt dt dt —2sinf
% =3 ! = ?/_ = —/3 radians per second
tlo=n/3 —2sin(—) —3

|

1 : constant and limits
2 : integrand

l'd—y— dr
“de  do
dx dr

°"d0 T do

|- _do

=—sin@ + rcos @
=—cos@ —rsin @

dr .
——sin @ + rcos @

“dx  dr
do
1 : answer

| dr_dr do
“dt dO dt
dO _dr 1
“dt  dt —2siné

1 : answer with units

——cos @ —rsin 0
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Question 6
4 > 1 : first four t
(a) The first four nonzero terms are r X X X 2: st fourterms
3 2.32 3.3 4.34 1 : general term
The general term is (—
(_1)n+2 xn+2
(n+ 1)(3”*‘) .
(b) lim T E— 3 ( " 1) 1 : sets up ratio
o (_ n
" (D" x 1 : computes limit of ratio
n-3" 5. 1 : radius of convergence
X " | 1: considers both endpoints
=| <1 for |x| <3 . .
3 1 : analysis and interval of
Therefore, the radius of convergence of the Maclaurin series for f is 3. convergence
— OR — __ OR_
The radius of convergence of the Maclaurin series for In(1+ x) is 1, I : radius for In(1 + x) series
so the series for f(x) = xln(l + %) converges absolutely for % <1. 1 : substitutes =
’ 3
Xlel = x| <3 5. J 1 :radius of convergence
3 1 : considers both endpoints
Therefore, the radius of convergence of the Maclaurin series for £ is 3. 1 - analysis and interval of
o (-3 "o, convergence
When x = -3, the series is Z(—l)”HT = Z;, which
n- n=1
diverges by comparison to the harmonic series.
When x = 3, the series is Z( 1)”Jrl i Z( 1) 3, which
converges by the alternating series test.
The interval of convergence of the Maclaurin series for f is
-3 <x<3.
(c) By the alternating series error bound, an upper bound for 1 : uses fifth-degree term
|P,(2) — f(2)| is the magnitude of the next term of the alternating 2: as error bound
series. 1 : answer

[P(2) - f(2)] <
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Question 1

10
(a) Volume = Io A(h) dh

#(2-0)-4(0)+(5-2)- A(2) + (10— 5)- A(5)
=2-503+3-144+5-6.5
=176.3 cubic feet

(b) The approximation in part (a) is an overestimate because a left Riemann
sum is used and A is decreasing.

10
(©) jo f(h) dh =101.325338

The volume is 101.325 cubic feet.

() Using the model, ¥/(h) = [ f(x) d.

ar
dt

:[d_V.ﬁ}
hes  Ldh " dr s

dh
= [f(h)'z}hzs
= £(5)-0.26 = 1.694419

When /=5, the volume of water is changing at a rate of
1.694 cubic feet per minute.

1 : units in parts (a), (c), and (d)

5. 1 : left Riemann sum
" | 1 : approximation

1 : overestimate with reason

5 1 : integral
" | 1 : answer

.4V
3:{2' dt

1 : answer
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Question 2

@ 5 J'O”/ (£(0)) dO = 0.648414

The area of R is 0.648.

(b) I;((g(@))z _ (f(g))Z) 40 = %J‘Oﬂ/Z((g(e))z B (f(H))z) ”

— OR —

[{((s(0)? ~(1(0)7) a0 = [*((s(0)) - ((9)}) a0

(c) w(0) = g(0) - f(0)

z[2
[ wo) a0
wy ="~ =0.485446
T
>0

The average value of w(@) on the interval [O, %J 1s 0.485.

(d) w() =w, for 0<6 < % = 6 =0.517688

w(@) = w, at 6 = 0.518 (or 0.517).

w(0.518) < 0 = w(0) is decreasing at 0 = 0.518.

1 : answer

5. { 1 : integral

for one region

{ 1 : integral expression
2 .

1 : equation

1:w(0)
3:< 1:integral

A

1 : average value

1 : solves w(0) = w,
1 : answer with reason
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Question 3

(a) f(—6)=f(—2)+J-__26f’(x)dx=7—I:§f'(x)dx=7—4=3
FO) = f(2)+ [ f(x)dv=7-22+3=10-22

(b) f'(x) > 0 on the intervals [-6, —=2) and (2, 5).
Therefore, f is increasing on the intervals [-6, —2] and [2, 5].

(c) The absolute minimum will occur at a critical point where f'(x) =0
or at an endpoint.

fl(x)=0= x=-2,x=2

x f(x)
-6 3
-2 7

2 7-2x
5 10 - 27

The absolute minimum value is f(2) =7 — 2.

n 0 l
(d) f ( 5) - 6—(2) _5
1imM=2 and mnwz_l
x—3" X = x—3" x-3
/" (3) does not exist because
GV C) I M
x—>3 x-3 x—>3+ X —

1 : uses initial condition
3:91:f(-6)
15 £(5)

2 : answer with justification

5 1 : considers x = 2
" | 1 : answer with justification

1: f"(-5)
2:91: f"(3) does not exist,
with explanation
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(a)

(b)

(c)

H'(0) = —£(91-27) = -16
H(0) =91

An equation for the tangent line is y = 91 —16¢.

The internal temperature of the potato at time ¢ = 3 minutes is
approximately 91 —16-3 = 43 degrees Celsius.

d*H _ 1dH [ AN 1\ o L
dt? ‘_ZW‘( 4)( 4)(H 27) = 1g(H# = 27)

d’H
dr’

H>27 fort>0 = =%(H—27)>Ofort>0

Therefore, the graph of H is concave up for ¢ > 0. Thus, the
answer in part (a) is an underestimate.

_ 4G __
(G -27)*/3

dG
[ =l
3(G-27)P ==+ C
391-27) =0+C = Cc=12
3(G-27)3 =124

12 —¢
3

3
G(t):27+( ) for 0 <7 <10
The internal temperature of the potato at time ¢ = 3 minutes is

12-3
3

3
27 + ( ) = 54 degrees Celsius.

1 : slope
3: 4 1:tangent line
1 : approximation

1 : underestimate with reason

1 : separation of variables

1 : antiderivatives

1 : constant of integration and
uses initial condition

1 : equation involving G and ¢

1:G(¢) and G(3)

Note: max 2/5 [1-1-0-0-0] if no constant
of integration

Note: 0/5 if no separation of variables
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Question 5

—3(4x—17)
(2x2 —7x + 5)2

iy~ (3B 15
f(3)_(18—21+5)2 4

2:/(3)

@ f(x)=

—23(4x =7) >=0=x= % 1 : x-coordinate
(2x - Tx + 5) 2 : < 1 :relative maximum

(b) f(x) =

.. . . . ith justificati
The only critical point in the interval 1 < x < 2.5 has x-coordinate % With Justitication

/" changes sign from positive to negative at x = %
Therefore, f has a relative maximum at x = %

b

) 1
dx = lim ( - ) dx 1 : antiderivative
5

© [ r(x)dv = lim 3 2L

b>®Js 2x* —Tx +5 b—o0 1 o .
b 3: < 1 :limit expression
:| 1 : answer

5

2x—5)
x—1

bli_)rg)[ln(Zx -5)—In(x - 1)}157 = lirglo[ln(

b—
) 2b-5 S5V a3 (8
bll)ngo[ln(ﬁ) - ln(zﬂ =In2 ln(4) = ln(s)

(d) f is continuous, positive, and decreasing on [5, 00). 2 : answer with conditions

0

The series converges by the integral test since j 3 dx

5 2x* —7x+5
converges.

2;>Oand%>0forr125.
2n° —=Tn+5 n

3

2 o0
Since lim 21~ =7n+5 _ 3 and the series Z% converges,
n=57

n—00 1 2

I’l2

-3
s 2n® —Tn+5

o0

the series converges by the limit comparison test.
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Question 6
(a) f(0)=0 1: £"(0), £(0), and £(0)
11(0)=1 314 1: verify terms
f"(0)=-1(1) = -1 1 : general term
f"0)==2(-1)=2
/(0)=-3(2) = -6
The first four nonzero terms are
o BET I S 0 SN SN S ai
O+1x+2!x +3!x+4!x =x 2+3 1
_\ntl_n
The general term is (l)—x
0 (_1)n+1
(b) For x =1, the Maclaurin series becomes ZT 2 : converges conditionally
n=l1

The series does not converge absolutely because the harmonic series
diverges.

The series alternates with terms that decrease in magnitude to 0, and
therefore the series converges conditionally.

x n+l n
(c) J-:f(t)dtzj [t—§+§—%+m+(_l)—t+--}dt

n
0
2 32743 3.4 (n+)n .
2 3 4 5 n+l _n+l
X ox x oxe E)T YT
"2 76 12 20 T e T

(d) The terms alternate in sign and decrease in magnitude to 0. By the

2(z)-(3)

/2y
20 |

alternating series error bound, the error is bounded

by the magnitude of the first unused term,

3] -ofa) <-4

__ 11
~32-20 © 500

Thus,

with reason

1 : two terms
3 : < 1:remaining terms
1 : general term

1 : error bound



