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Part A (AB or BC): Graphing calculator required 
Question 1 9 points 

General Scoring Notes 

• The model solution is presented using standard mathematical notation. 

• Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should 
be accurate to three places after the decimal point. Within each individual free-response question, at most 
one point is not earned for inappropriate rounding. 

An invasive species of plant appears in a fruit grove at time t = 0  and begins to spread. The function C 
defined by C(t ) = 7.6arctan (0.2t )  models the number of acres in the fruit grove affected by the species t 

weeks after the species appears. It can be shown that 38C t′( ) = . 
25 + t2

(Note: Your calculator should be in radian mode.) 

Model Solution Scoring 

A Find the average number of acres affected by the invasive species from time t = 0  to time t = 4  weeks. 
Show the setup for your calculations. 

1 4
C(t ) dt4 0− ∫  

0

Average value 
formula 

Point 1 (P1) 

1= (11.112896) = 2.778224  4

From time t = 0  to t = 4  weeks, the average number of acres 
affected by the invasive species was 2.778 acres. 

Answer Point 2 (P2) 
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 Scoring Notes for Part A 

 

 

 

  

• P1 is earned for the correct integral, with or without the differential, along with evidence of division 
by 4. In the presence of the correct integral, the correct answer will suffice as evidence of division 
by 4. These may appear all in one step, as in the model solution, or in multiple steps. 

• P2 is earned for the correct answer, with or without supporting work. A reported answer should be 
accurate to three places after the decimal point, rounded or truncated. An inappropriately rounded 
answer does not earn the point. 

• Incorrect or unclear communication between the correct integral and the correct answer is treated as 
scratch work and is not considered in scoring. For example: 

o ∫
4
C(t ) dt = 11.112896

0
so the average velocity is 2.778224. 

Note: This response earns P1 for the correct integral with the correct answer as evidence of 
division by 4. It also earns P2 for the correct answer. 

o ∫
4 11.112896C(t ) dt = = 2.778 422  
0 4

Note: This response earns P1 for the correct integral with the correct answer as evidence of 
division by 4. It also earns P2 for the correct answer. (In this instance, incorrect linkage is not 
considered in scoring.) 

o ∫
4
C(t ) dt = 2.778224  

0

Note: This response earns P1 for the correct integral with the correct answer as evidence of 
division by 4. It also earns P2 for the correct answer. (In this instance, incorrect linkage is not 
considered in scoring.) 

• Note that the values 1 (11.112)4  and 1 (11.113)4 are accurate to three digits after the decimal and 

therefore earn P2. 
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Find the time t when the instantaneous rate of change of C equals the average rate of change of C over 
the time interval 0 4≤ ≤t . Show the setup for your calculations. 

C(4) − C(0)
= 1.282008  4 0−

Uses average rate of 
change 

Point 3 (P3) 

38C t′( ) = = 1.282008 ⇒ =t 2.154298  
25 + t2

The instantaneous rate of change of C equals the average rate of 
change of C over the interval 0 4≤ ≤t  at time t = 2.154 . 

Answer with 
supporting work 

Point 4 (P4) 

Scoring Notes for Part B 

• P3 may be earned by presenting the expression or value for the average rate of change. Note that 

because C(0) =  and the interval is 0 ≤ t , any of the following will earn ∫
4
C′(t ) dt

P3: 0 , 4
C(4 0) − C( ) C(4) 5.128 − 0 5.128, , , ,4 0− 4 4 0− 4 or 1.282. However, neither P3 nor P4 is earned by just 

presenting t = 1.282 . 

• P4 is earned for the correct answer supported by the appropriate equation. A reported answer should 
be accurate to three places after the decimal point, rounded or truncated. An inappropriately rounded 
answer does not earn the point, unless an earlier point was not earned due to inappropriate rounding. 

The following response, for example, earns both P3 and P4: C(4) − ( )C t′( ) = 4  when t = 2.154 . 

C Assume that the invasive species continues to spread according to the given model for all times t > 0 . 
Write a limit expression that describes the end behavior of the rate of change in the number of acres 
affected by the species. Evaluate this limit expression. 

38lim C t′( ) = lim  
t→∞ ∞t→ 25 + t2

Limit expression Point 5 (P5) 

= 0  Value Point 6 (P6) 

Scoring Notes for Part C 

• P5 can be earned for either lim C t′( )  or lim C(t ) . 
t→∞ t→∞

• A response that includes lim C(t )
t→∞

is not eligible to earn P6. 

• For P6, arithmetic with infinity, e.g., 38 = 0
25 + ∞2 , will be considered as scratch work and will not 

be considered in scoring. 
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D 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

At time t = 4  weeks after the invasive species appears in the fruit grove, measures are taken to counter 

the spread of the species. The function A, defined by ∫
t

A(t ) = C(t ) − ⋅0.1 ln (x) dx
4

, models the number 

of acres affected by the species over the time interval 4 ≤ ≤t 36 . At what time t, for 4 ≤ ≤t 36 , does 
A attain its maximum value? Justify your answer. 

A t′( ) = C′(t ) − 0.1 ⋅ ln t  

For 4 ≤ ≤t 36 , the maximum value of A(t )  occurs when 
A t′( ) = 0 or at an endpoint. 

A′(t ) = C t′( ) − ⋅0.1 ln t = 0 ⇒ C t′( ) = 0.1 ⋅ ln t  

Considers A t′( ) = 0  Point 7 (P7) 

⇒ =t 11.441700  

t A(t )
4 5.128031

11.441700 7.316978
36 1.743056

Justification Point 8 (P8) 

Therefore, the number of acres affected by the species is a 
maximum at time t = 11.442  (or 11.441) weeks. 

Answer with 
supporting work 

Point 9 (P9) 

Scoring Notes for Part D 

• P7 is earned for considering A t′( ) = 0 , C t′( ) − 0.1 ⋅ ln t = 0 , or C t′( ) = 0.1 ⋅ ln t . P7 is not earned 
by just presenting t = 11.441700 . 

A response that discusses the sign of A t′( ) changing or uses the phrase “critical points of A” also 
earns P7. 

• To earn P8 using a candidates test, a response must make a global argument by correctly evaluating 
A(t )  at t = 4 , t = 11.441700 , and t = 36 . The evaluations must be correct to the first digit after 

the decimal, rounded or truncated. 
• Alternate justifications: 

o A t′( ) > 0  for 4 11.442t< < , and A t′( ) < 0 for 11.442 < <t 36 . Therefore, t = 11.442  is the 
location of the absolute maximum for A on the interval 4 ≤ ≤t 36 . 

o Because A t′( )  changes sign from positive to negative at t = 11.442  (this might be presented as 
“ A t′( ) > 0  for t < 11.442 , and A t′( ) < 0  for t > 11.442 ”), it is the location of a relative 
maximum for A. And because t = 11.442  is the only critical point of A in the interval 
4 ≤ ≤t 36 , it is the location of the absolute maximum for A on the interval. 

• A response that presents a local argument (such as a First Derivative Test or a Second Derivative 
Test) or an incorrect global argument does not earn P8 but is eligible for P9 with the correct answer. 
A reported answer should be accurate to three places after the decimal point, rounded or truncated. 
An inappropriately rounded answer does not earn the point, unless an earlier point was not earned 
due to inappropriate rounding. 
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Part B (AB or BC): Graphing calculator not allowed 
Question 4 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

 

,f 6 7,x   2x  
0 7.x  R ,f

6,x   x y R 12.

 

 Model Solution Scoring 

(a) 
g    

0
.

x
g x f t dt   6 ,g   4 ,g  6 .g  

      
6 0

0 6
6 12g f t dt f t dt




         6g   1 point 

    
4

0

14 44
2

2g f t dt      4g  1 point 

    
6

0 2
4 2 1

2
2 116 3g f t dt         6g  1 point 
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 Scoring notes: 

 

 Special case: A response that explicitly presents    
6

x
g x f t dt


   does not earn the first point it 

would have otherwise earned. The response is eligible for all subsequent points for correct answers, 
or for consistent answers with supporting work. 

o Note:  
6

6
0,f t dt




   

4

6
16,f t dt


   

6

6
15f t dt


   

 
 6 ,g   4 ,g  6 ,g

 

 Total for part (a) 3 points 

(b) g x 0 6x 

g  

    g x f x   

 

    0 4g x f x x      

 

Therefore, the graph of g  has a critical point at 4.x   

Fundamental 
Theorem of Calculus 

1 point 

 Answer with reason 1 point 

 Scoring notes: 

 g f   in this part.

o g f 

0.f 

 
 4 0,g  4x 

 0 6x    

o 0 6x   

 Total for part (b) 2 points 

  

6



AP Calculus BC: 2024
AP® Calculus AB/BC 2024 Scoring Guidelines  

© 2024 College Board 

(c) 
h    

6
.

x
h x f t dt


   6 ,h  6 ,h  6 .h

 

        
6

6
6 6 6 1 0.5 1.5h f t dt f f


          

Uses Fundamental 
Theorem of Calculus 

1 point 

  6h  
 

1 point 

     ,h x f x   so     16 6 .
2

h f      6h  1 point 

     ,h x f x   so    6 6 0.h f     6h  1 point 

 Scoring notes: 

 

  6 ,h  6 ,h  6 ,h

  6 1.5h  

     6 6 6h f f  

  6 1 0.5h   

    h x f x     6 6 ,h f 

1 .
2



  6 0,h 

 

    16
2

h x f   

   6 0.h x f    

 Total for part (c) 4 points 

 Total for question 4 9 points 
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Part B (BC): Graphing calculator not allowed 
Question 5 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

 

 
0 2

5 6 0

x

f x

 


f x  0 0.f  ,f  ,f

.x  

 

 Model Solution Scoring 

(a) 
0,x  h     2

0
1 .

x
h x f t dt    .h 

 

     21h x f x    Fundamental 
Theorem of Calculus 

1 point 

     2 21 1 6 37h f        Answer 1 point 

 Scoring notes: 

   21 f  

 21 6

     21 37,h x f x   

 

  h x  h 

    2
0

1 ,dh x f t dt
dx


    

 Total for part (a) 2 points 
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(b)   2
0

1 f x dx


 ?f  

   2
0

1 f x dx


  is the arc length of the graph of f  on  0, .  
Arc length of f  1 point 

 Interval  0,   1 point 

 Scoring notes: 

 
.f

 f

f

 f

  0, 

 Total for part (b) 2 points 

  

9



AP Calculus BC: 2024
AP® Calculus AB/BC 2024 Scoring Guidelines  

© 2024 College Board 

(c) ’ 0x   2 .f 
 

      0 0 0 5 5f f f         

 

     2f f f      

Euler’s method 1 point 

 5 6 11      Answer 1 point 

 Scoring notes: 

 To earn the first point a response must demonstrate two Euler’s steps, with use of the correct 

expression for ,
dy
dx

 and at most one error. If there is an error, the second point is not earned.

 In order to earn the first point, a response that presents a single error in computing the 
approximation of  f   must import the incorrect value in computing the approximation of 

 2 .f   

 

 (or )

0 0 5

5 6

2 11

dy dy
x y x

dx dx


  
 

 

 

o 

 Both points are earned for 5 6 .   

 The response may report the final answer as  2 , 11 .   

 Total for part (c) 2 points 
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(d)    5 cos .
4
tt dt


 

  
 

5 cos
4

4sin
4

tu t dv dt

tdu dt v

  

 
 

u  and dv  1 point 

          5 cos 4 5 sin 4sin
4 4 4
t t tt dt t dt     

 
 uv v du   1 point 

      4 5 sin 16cos
4 4
t tt C     

Answer 1 point 

 Scoring notes: 

 u dv

     4 5 sin 4sin
4 4
t tt dt  



 

5t   cos .
4
t

     4 5 sin 4sin
4 4
t tt dt  



 

     4 5 sin 16cos
4 4
t tt C        4 sin 20sin 16cos

4 4 4
t t tt C  

  

  

       5 cos cos 5cos
4 4 4
t t tt dt t dt dt      

  
  

 
 

cos
4

4sin
4

tu t dv dt

tdu dt v

 

 
  

         
     

cos 5cos 4 sin 4sin 5cos
4 4 4 4 4

4 sin 16cos 20sin
4 4 4

t t t t tt dt dt t dt dt

t t tt C

   

   

      
     

o A response can earn the first and second points for correctly applying integration by parts to 

 cos .
4
tt dt


 The tabular method may be used to show integration by parts. The third point is 

earned for the correct answer. 

 Total for part (d) 3 points 

 Total for question 5 9 points 
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Part A (BC): Graphing calculator required 
Question 2 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 
 

 
 

For 0 ,t π≤ ≤  a particle is moving along the curve shown so that its position at time t  is ( ) ( )( ), ,x t y t  where 

( )x t  is not explicitly given and ( ) 2sin .y t t=  It is known that cos .tdx edt =  At time 0,t =  the particle is at 

position ( )1, 0 .  

 

 Model Solution Scoring 

(a) Find the acceleration vector of the particle at time 1.t =  Show the setup for your calculations. 

 ( ) ( )cos

1
1 1.444407t

t

dx edt =
′′ = = −  

 

( ) ( )2sin 2cosy t t y t t′= ⇒ =  

( ) ( )
1

1 2cos 1.682942
t

dy tdt =
′′ = = −  

 
The acceleration vector at time 1t =  is 
( )1 1.444, 1.683 (or 1.682) .a = − − −  

( )1x′′  with setup 1 point 

 ( )1y′′  with setup 1 point 

 Scoring notes: 

• The exact answer is ( ) ( ) cos 1 sin 1, 2sin 1 .1 , 1x ey′′ = −′′ −  

• cos sin , 2sint t te −−  together with an incorrect or missing evaluation at 1t =  earns 1 of the 

2 points. 

12
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• A response of cos cos 1sin , 2sin sin 1, 2sin 1t t te e− −−− =  or equivalent earns only 1 of the  

2 points because it equates an expression to a numerical value. 

• An unsupported correct acceleration vector earns 1 of the 2 points. 

• The acceleration vector may be presented with other symbols, for example ( ),  or [ ], .  

• The components may be listed separately, as long as they are labeled. 

• Degree mode: A response that presents answers obtained by using a calculator in degree mode does 
not earn the first point it would have otherwise earned. The response is generally eligible for all 
subsequent points (unless no answer is possible in degree mode or the question is made simpler by 
using degree mode). In degree mode, ( )1 0.000828x′′ = −  or 0.047433−  and ( )1 0.000609y′′ = −  or

0.034905.−  A response that presents one of these values with correct setups earns 1 of the 2 points. 

 Total for part (a) 2 points 

(b) For 0 ,t π≤ ≤  find the first time t  at which the speed of the particle is 1.5.  Show the work that leads to 

your answer. 

 ( ) ( ) ( )
22 2 2cosSpeed 2costdydx e tdt dt

 = + = + 
 

 

 

0 t π≤ ≤  and ( ) ( )
2 2cos 2cos 1.5te t+ =  

( ) ( )
2 2cos 2cos

1.5

te t+

=
 

1 point 

 1.254472, 2.358077t t⇒ = =  

 
The first time at which the speed of the particle is 1.5  is 

1.254.t =  

Answer 1 point 

 Scoring notes: 

• A response with an implied equation is eligible for both points. For example, a response of  

“ ( ) ( )
2 2cosSpeed 2coste t= +  and is first equal to 1.5  at 1.254t = ” earns both points. 

• ( ) 22
1.5dydx

dt dt
 + = 
 

 earns the first point. Speed 1.5=  by itself does not earn the first point. 

Both of these responses are eligible to earn the second point. 

• A response need not consider the value 2.358077.t =  

• A response of 1.254t =  alone does not earn either point. 

• A response with a parenthesis error(s) in either ( )2cos te  or ( )22cos t  does not earn the first point 

but does earn the second point for the correct answer. Note: 
22 dydx

dt dt+  is not considered a 

parenthesis error. 

13
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• Degree mode: In degree mode, ( ) ( )
2 2cos 2cos 1.5te t+ =  has no solution for 0 .t π≤ ≤  

A response that finds no time t  at which the speed of the particle is 1.5  cannot be assumed to be 
working in degree mode. 

 Total for part (b) 2 points 

(c) Find the slope of the line tangent to the path of the particle at time 1.t =  Find the x -coordinate of the 

position of the particle at time 1.t =  Show the work that leads to your answers. 

 
cos

2cos
t

dy dt tdy
dx dx dt e

= =  

cos 1
1

2cos1 0.629530
t

dy
dx e=

= =   

 
The slope of the line tangent to the curve at 1t =  is 0.630  (or 
0.629 ). 

Slope with supporting 
work 

1 point 

 
( ) ( )

1 1 cos
00

1 0 1 3.341575tdxx x dt e dtdt= + = + =⌠
⌡ ∫   

 
The x -coordinate of the position at 1t =  is 3.342  (or 3.341). 

1 cos
0

te dt∫  1 point 

 ( )1x  1 point 

 Scoring notes: 

• To earn the first point, the response must communicate ;dy dtdy
dx dx dt=  for example: 

o cos 1
2cos1dy

dx e
=  

o 0.63dy dt
dx dt =  

o ( )1 1.716526,x′ =  ( )1 1.080605,y′ =  slope 0.63=  

o 2cos ,dy tdt =  slope 0.63=  

• A response may import an incorrect expression for ( )y t′  or value of ( )1y′  from part (a), provided it 

was declared in part (a).  

• The second point is earned for a response that presents the definite integral 
1 cos
0

te dt∫  or 
1

0

dx dtdt
⌠
⌡  

with or without the initial condition. 
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• For the second point, if the differential is missing: 

o 
1 cos
0

te∫  earns the second point and is eligible for the third point. 

o ( )
1 cos
0

1 tx e= ∫  earns the second point but is not eligible for the third point. 

o ( )
1 cos
0

1 1 tx e= + ∫  earns the second point and is eligible for the third point. 

o ( )
1 cos
0

1 1tx e= +∫  does not earn the second point but earns the third point for the  

correct answer. 

• The third point is not earned for a response that presents an incorrect statement, such as 

( )
1 cos
0

1 1 2.342.tx dte= = +∫  

• Degree mode: In degree mode, 0.735759dy
dx =  or 0.012841 and 

1 cos
0

1 3.718144.te dt+ =∫  

 Total for part (c) 3 points 

(d) Find the total distance traveled by the particle over the time interval 0 .t π≤ ≤  Show the setup for your 
calculations. 

 ( ) ( )
2 2cos

0
2coste t dt

π
+∫  

Integral 1 point 

 6.034611=   

 
The total distance traveled by the particle over 0 t π≤ ≤  is 
6.035  (or 6.034 ). 

Answer 1 point 

 Scoring notes: 

• The first point is earned for presenting the correct integrand in a definite integral. 

• Parentheses errors were assessed in part (b) and, therefore, will not affect the scoring in part (d). 

• If the integrand is an incorrect speed function imported from part (b), the response earns the first 
point and does not earn the second point. 

• An unsupported answer of 6.035  (or 6.034 ) does not earn either point. 

• Degree mode: In degree mode, the total distance is 10.596835  or 8.536161.  

 Total for part (d) 2 points 

 Total for question 2 9 points 
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Part A (AB or BC): Graphing calculator required 
Question 1 9 points 

General Scoring Notes 
The model solution is presented using standard mathematical notation. 

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

From 5 A.M. to 10 A.M., the rate at which vehicles arrive at a certain toll plaza is given by 
A(t ) = 450 sin (0.62t ) , where t is the number of hours after 5 A.M. and A(t ) is measured in vehicles 
per hour. Traffic is flowing smoothly at 5 A.M. with no vehicles waiting in line. 

Model Solution Scoring 

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the 
toll plaza from 6 A.M. ( t = 1) to 10 A.M. ( t = 5 ). 

The total number of vehicles that arrive at the toll plaza from Answer 1 point 

∫1
5

6 A.M. to 10 A.M. is given by A(t ) dt. 

Scoring notes: 

• The response must be a definite integral with correct lower and upper limits to earn this point. 

• Because (A t ) = (A t ) for 1 t 5,≤ ≤  a response of 
5
∫1 

(450 sin 0.62t ) dt or 
5
∫1 

(A t ) dt earns the 

point. 

• A response missing dt or using dx is eligible to earn the point. 

• A response with a copy error in the expression for A(t ) will earn the point only in the presence of 

∫1
5 

A(t ) dt. 

Total for part (a) 1 point 

© 2022 College Board 

16



AP Calculus BC: 2022
      

  

  
      

  

 
 

       

 

 

 

   

   

       
    

  

  
 

  

    

   

     
  

   

   

       

    

  

AP® Calculus AB/BC 2022 Scoring Guidelines 

(b) Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from 
6 A.M. ( t = 1) to 10 A.M. ( t = 5 ). 

1 ∫
5 

Average = A( )t dt = 375.5369665 − 1 1 

The average rate at which vehicles arrive at the toll plaza from 
6 A.M. to 10 A.M. is 375.537 (or 375.536 ) vehicles per hour. 

Uses average value 1 point 
formula: 

b1 A( )t dtb a  ∫a− 

Answer 1 point 

Scoring notes: 

• The use of the average value formula, indicating that a = 1 and b = 5, can be presented in single or 
multiple steps to earn the first point. For example, the following response earns both points: 

∫1
5 

A( )t dt = 1502.147865, so the average value is 375.536966. 

• A response that presents a correct integral along with the correct average value, but provides 
incorrect or incomplete communication, earns 1 out of 2 points. For example, the following response 

∫1
5

earns 1 out of 2 points: A( )t dt = 1502.147865 = 375.536966. 

• The answer must be correct to three decimal places. For example, 
51 A( )t dt = 375.536966 ≈ 376 earns only the first point. 5 1  ∫1− 

• Degree mode: A response that presents answers obtained by using a calculator in degree mode 
does not earn the first point it would have otherwise earned. The response is generally eligible 
for all subsequent points (unless no answer is possible in degree mode or the question is made 

5
simpler by using degree mode). In degree mode, A( )t dt = 79.416068.1

4 ∫1 

5 
• Special case: A( )t dt = 300.429573 earns 1 out of 2 points. 1

5 ∫1 

Total for part (b) 2 points 

© 2022 College Board 
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(c) Is the rate at which vehicles arrive at the toll plaza at 6 A.M. ( t = 1) increasing or decreasing? Give a 
reason for your answer. 

A′(1) = 148.947272 

Because A′(1) > 0, the rate at which the vehicles arrive at the toll 
plaza is increasing. 

Considers A′(1) 1 point 

Answer with reason 1 point 

Scoring notes: 

• The response need not present the value of A′(1 .) The second line of the model solution earns both 
points. 

• An incorrect value assigned to A′(1) earns the first point (but will not earn the second point). 

• Without a reference to t = 1, the first point is earned by any of the following: 

o 148.947 accurate to the number of decimals presented, with zero up to three decimal places 
(i.e., 149, 148, 148.9, 148.95, or 148.94 ) 

o A t′( ) = 148.947 by itself 

• To be eligible for the second point, the first point must be earned. 

• To earn the second point, there must be a reference to t = 1. 

• Degree mode: A′(1) = 23.404311 

Total for part (c) 2 points 

(d) A line forms whenever A(t ) ≥ 400. The number of vehicles in line at time t, for a t 4,≤ ≤  is given by 

∫a
t

N (t ) = (A( )x − 400) dx, where a is the time when a line first begins to form. To the nearest whole 

number, find the greatest number of vehicles in line at the toll plaza in the time interval t 4.a ≤ ≤  
Justify your answer. 

N (′ t ) (= A t ) − 400 = 0 
⇒ (A t ) = 400 t⇒ = 1.469372, t = 3.597713 

a = 1.469372 

b = 3.597713 

Considers (N t′ ) 0= 1 point 

t a= and t = b 1 point 

t 
t (N t ) = ( ( ) A x − 400) dx∫a 

a 0 
b 71.254129 
4 62.338346 

The greatest number of vehicles in line is 71. 

Answer 1 point 

Justification 1 point 

© 2022 College Board 
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Scoring notes: 

• It is not necessary to indicate that A t( ) = 400 to earn the first point, although this statement alone 
would earn the first point. 

• A response of “ A t( ) ≥ 400 when 1.469372 t 3.597713 ” will earn the first 2 points. A response ≤ ≤  

of “ A t( ) ≥ 400 ” along with the presence of exactly one of the two numbers above will earn the 
first point, but not the second. A response of “ A t( ) ≥ 400 ” by itself will not earn either of the first 
2 points. 

• To earn the second point the values for a and b must be accurate to the number of decimals 
presented, with at least one and up to three decimal places. These may appear only in a candidates 
table, as limits of integration, or on a number line. 

• A response with incorrect notation involving t or x is eligible to earn all 4 points. 

• A response that does not earn the first point is still eligible for the remaining 3 points. 

• To earn the third point, a response must present the greatest number of vehicles. This point is earned 
for answers of either 71 or 71.254*** only. 

• A correct justification earns the fourth point, even if the third point is not earned because of a 
decimal presentation error. 

• When using a Candidates Test, the response must include the values for ( ) ( )N b , and N ( )4 toN a , 
earn the fourth point. These values must be correct to the number of decimals presented, with up to 
three decimal places. (Correctly rounded integer values are acceptable.) 

• Alternate solution for the third and fourth points: 

For a t , ( ≥ 400. b t 4, (≤ ≤ b  A t ) For ≤ ≤  A t ) ≤ 400. 

∫a
t

Thus, N t( ) = (A x( ) − 400) dx is greatest at t = b. 

N b( ) = 71.254129, and the greatest number of vehicles in line is 71. 

• Degree mode: The response is only eligible to earn the first point because in degree mode 
A t( ) < 400. 

Total for part (d) 4 points 

Total for question 1 9 points 

© 2022 College Board 
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Part B (AB or BC): Graphing calculator not allowed 
Question 3 9 points 

General Scoring Notes 
The model solution is presented using standard mathematical notation. 

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

Let f be a differentiable function with f (4) = 3. On the interval 0 ≤ x ≤ 7, the graph of f ′, the derivative 
of f , consists of a semicircle and two line segments, as shown in the figure above. 

Model Solution Scoring 

(a) Find f (0) and f (5 .) 

0 4
f ( )0 = f ( )4 + f ( )′ x dx = 3 − ( )f x′ dx = 3 2+ π∫ ∫4 0 

5 1 7f ( )5 = f ( )4 + ∫ f ( )′ x dx = 3 + = 
4 2 2 

Area of either region 
4 

– OR – f ( )′ x dx∫0 

5 
– OR – f ( )′ x dx∫4 

1 point 

f (0) 1 point 

f (5) 1 point 

Scoring notes: 

1• A response with answers of only f (0) = ±2 ,π or only f (5) = , or both earns 1 of the 3 points. 2 

7• A response displaying f (5) = and a missing or incorrect value for f (0) earns 2 of the 3 points. 2 

• The second and third points can be earned in either order. 

• Read unlabeled values from left to right and from top to bottom as f (0) and f (5 .) A single value 
must be labeled as either f (0) or f (5) in order to earn any points. 

Total for part (a) 3 points 

© 2022 College Board 
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(b) Find the x -coordinates of all points of inflection of the graph of f for 0 < x < 7. Justify your answer. 

The graph of f has a point of inflection at each of x = 2 and Answer 1 point 
x = 6, because f x changes from decreasing to increasing at ′( ) Justification 1 point 
x = 2 and from increasing to decreasing at x = 6. 

Scoring notes: 

• A response that gives only one of x = 2 or x = 6, along with a correct justification, earns 1 of the 
2 points. 

• A response that claims that there is a point of inflection at any value other than x = 2 or x = 6 
earns neither point. 

• To earn the second point a response must use correct reasoning based on the graph of f ′ . Examples 
of correct reasoning include: 

o Correctly discussing the signs of the slopes of the graph of f ′ 

o Citing x = 2 and x = 6 as the locations of local extrema on the graph of f ′ 

• Examples of reasoning not (sufficiently) connected to the graph of f ′ include: 

o Reasoning based on sign changes in f ′′ unless the connection is made between the sign of f ′′ 

and the slopes of the graph of f ′ 

o Reasoning based only on the concavity of the graph of f 

• The second point cannot be earned by use of vague or undefined terms such as “it” or “the function” 
or “the derivative.” 

• Responses that report inflection points as ordered pairs must report the points (2, 3 + π ) and (6, 5) 
in order to earn the first point. If the y -coordinates are reported incorrectly, the response remains 
eligible for the second point. 

Total for part (b) 2 points 

(c) Let g be the function defined by g x( ) = f x( ) − x. On what intervals, if any, is g decreasing for 
0 ≤ x ≤ 7 ?  Show the analysis that leads to your answer. 

′ ′g x( ) = f x( ) − 1 

′( ) 1 0  ⇒ f x′( ) ≤ 1f x − ≤  

The graph of g is decreasing on the interval 0 ≤ x ≤ 5 because 
g x( ) ≤ 0′ on this interval. 

′ ′g x( ) = f x( ) − 1 1 point 

Interval with reason 1 point 

Scoring notes: 
′• The first point can be earned for f x( ) ≤ 1 or the equivalent, in words or symbols. 

• Endpoints do not need to be included in the interval to be eligible for the second point. 

Total for part (c) 2 points 

© 2022 College Board 
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(d) For the function g defined in part (c), find the absolute minimum value on the interval 0 x 7.≤ ≤  

Justify your answer. 

g is continuous, ′( ) < 0 for 0 x 5, ′( ) > 0 for g x  < <  and g x  

5 x 7.< <  

Therefore, the absolute minimum occurs at x = 5, and 
7 3 g( ) f ( )5 − =  − =5 − is the absolute minimum value 5 = 5 2 2 

of g. 

′Considers g x( ) = 0 1 point 

Answer with 1 point 
justification 

Scoring notes: 

• A justification that uses a local argument, such as “ g′ changes from negative to positive (or g 

changes from decreasing to increasing) at x = 5 ” must also state that x = 5 is the only critical 
point. 

′ 

critical number belonging to ( ) earns the first point. 
• If g x( ) = 0 (or equivalent) is not declared explicitly, a response that isolates x = 5 as the only 

0, 7 

′ ′• A response that imports g x( ) = f x( ) from part (c) is eligible for the first point but not the second. 

o In this case, consideration of = 0, 7 x 4 as the only critical number on ( ) earns the first point. 

• Solution using Candidates Test: 
′( ) = f x′( ) 1 0 x = 5,− =  ⇒  x = 7g x  

x 

0 

5 

7 

g x( ) 

3 2+ π 

3− 2 
1− 2 

3The absolute minimum value of g on the interval 0 x 7 − .≤ ≤  is 2 

3• When using a Candidates Test, a response may import an incorrect value of f ( )0 = g ( )0 > − 2 
3from part (a). The second point can only be earned for an answer of − .2 

Total for part (d) 2 points 

Total for question 3 9 points 

© 2022 College Board 
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Part B (AB or BC): Graphing calculator not allowed 
Question 4 9 points 

 
General Scoring Notes 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 
 
Scoring guidelines and notes contain examples of the most common approaches seen in student responses. 
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored 
appropriately. 
 

 
 
Let f  be a continuous function defined on the closed interval 4 6.x− ≤ ≤  The graph of ,f  consisting of four 

line segments, is shown above. Let G  be the function defined by ( ) ( )
0

.
x

G x f t dt= ∫  

 
 Model Solution Scoring 

 ( ) ( )G x f x′ =  in any part of the response. ( ) ( )G x f x′ =  1 point 

 Scoring notes: 
• This “global point” can be earned in any one part. Expressions that show this connection and 

therefore earn this point include: ,G f′ =  ( ) ( ) ,G x f x′ =  ( ) ( )G x f x′′ ′=  in part (a),  

( ) ( )3 3G f′ =  in part (b), or ( ) ( )2 2G f′ =  in part (c). 

 Total 1 point 
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(a) On what open intervals is the graph of G  concave up? Give a reason for your answer. 

 ( ) ( )G x f x′ =  

The graph of G  is concave up for 4 2x− < < −  and 2 6,x< <  
because G f′ =  is increasing on these intervals. 

Answer with reason 1 point 

 Scoring notes: 
• Intervals may also include one or both endpoints. 

 Total for part (a) 1 point 

(b) Let P  be the function defined by ( ) ( ) ( ).P x G x f x= ⋅  Find ( )3 .P′  

 ( ) ( ) ( ) ( ) ( )f x f x G xP x G x′ = ′ ′⋅ + ⋅  

( ) ( ) ( ) ( ) ( )3 33 33 f f GP G′ += ′ ′⋅ ⋅  

Product rule 1 point 

 Substituting ( ) ( )
3

0
3 3.5G f t dt= = −∫  and ( ) ( )3 3 3G f′ = = −  

into the above expression for ( )3P′  gives the following: 

( )3G  or ( )3G′  1 point 

 ( ) ( ) ( )3.5 1 3 3 5.53P − ⋅ + − ⋅ − =′ =  Answer 1 point 

 Scoring notes: 
• The first point is earned for the correct application of the product rule in terms of x  or in the 

evaluation of ( )3 .P′  Once earned, this point cannot be lost. 

• The second point is earned by correctly evaluating ( )3 3.5,G = −  ( )3 3,G′ = −  or ( )3 3.f = −  

• To be eligible to earn the third point a response must have earned the first two points. 

•  Simplification of the numerical value is not required to earn the third point. 

 Total for part (b) 3 points 
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(c) 
Find ( )

22
lim .

2x

G x
x x→ −

 

 ( )2
2

lim 2 0
x

x x
→

− =  

Because G  is continuous for 4 6x− ≤ ≤ , 

( ) ( )
2

02
lim 0
x

G x f t dt
→

= =∫ . 

Therefore, the limit ( )
22

lim
2x

G x
x x→ −

 is an indeterminate form of  

type 0 .0  

Uses L’Hospital’s 
Rule  

1 point 

 Using L’Hospital’s Rule,  
( ) ( )

( ) ( )
22 2

2

lim lim 2 22
2 4lim 22 2 2 2

x x

x

G x G x
xx x

f x f
x

→ →

→

′
=

−−
−= = = = −

−

 

Answer with 
justification 

1 point 

 Scoring notes: 

• To earn the first point the response must show ( )2
2

lim 2 0
x

x x
→

− =  and ( )
2

lim 0
x

G x
→

=  and must show 

a ratio of the two derivatives, ( )G x′  and 2 2.x −  The ratio may be shown as evaluations of the 

derivatives at 2,x =  such as ( )2 .2
G′  

• To earn the second point the response must evaluate correctly with appropriate limit notation. In 

particular the response must include ( )
2

lim 2 2x

G x
x→

′
−

 or ( )
2

lim .2 2x

f x
x→ −

 

• With any linkage errors (such as ( ) ( )2
2 2 2
G x f
x
′

=
−

), the response does not earn the second point. 

 Total for part (c) 2 points 
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(d) Find the average rate of change of G  on the interval [ ]4, 2 .−  Does the Mean Value Theorem guarantee 
a value ,c  4 2,c− < <  for which ( )G c′  is equal to this average rate of change? Justify your answer. 

 ( ) ( )
2

0
2 0G f t dt= =∫  and ( ) ( )

4

0
4 16G f t dt

−
− = = −∫  

 

( ) ( )
( )

( )2 4 0 16 8Average rate of change 6 32 4
G G− − − −

= = =
− −

 

Average rate of 
change 

1 point 

 Yes, ( ) ( )G x f x′ =  so G  is differentiable on ( )4, 2−  and 
continuous on [ ]4, 2 .−  Therefore, the Mean Value Theorem 
applies and guarantees a value ,c  4 2,c− < <  such that 

( ) 8 .3G c′ =  

Answer with 
justification 

1 point 

 Scoring notes: 

• To earn the first point a response must present at least a difference and a quotient and a correct 

evaluation. For example, 0 16
6
+  or ( ) ( )2 4 16 .6 6

G G− −
=  

• Simplification of the numerical value is not required to earn the first point, but any simplification 
must be correct. 

• The second point can be earned without the first point if the response has the correct setup but an 
incorrect or no evaluation of the average rate of change. The Mean Value Theorem need not be 
explicitly stated provided the conditions and conclusion are stated. 

 Total for part (d) 2 points 

 Total for question 4 9 points 
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AP® CALCULUS AB/CALCULUS BC 
2019 SCORING GUIDELINES 

Question 1 

(a) 
5 

E t    d t  153.457690  
0 

To the nearest whole number, 153  fish enter the lake from midnight 
to 5 A.M. 

1
  : integral 

2 :  
1 : answer 

(b) 1 5 
 

  L t    d t  6.059038 
5 0 0 

The average number of fish that leave the lake per hour from 
midnight to 5 A.M. is 6.059  fish per hour. 

1
  : integral 

2 :  
1 : answer 

(c) The rate of change in the number of fish in the lake at time t is 
given by Et   Lt .   

E t   L t     0  t  6.20356 

E t   Lt    0 for 0  t 6.20356, and E t     Lt    0 for

6.20356  t 8.  Therefore the greatest number of fish in the lake is 
at time t  6.204  (or 6.203). 

— OR — 

Let A t   be the change in the number of fish in the lake from 

midnight to t  hours after midnight. 

 
t

A t     E s   L s   ds   
0 

A t    E t   L t   0  t  C  6.20356  

t A t   

0 0 
C 135.01492 
8 80.91998 

Therefore the greatest number of fish in the lake is at time 
t  6.204  (or 6.203). 

 1 : sets  E t   L t   0 


3 :  1 : answer  
 1 : justification 

(d) E 5  L5   10.722 8  0  

Because  E  5  L 5  0,  the rate of change in the number of fish 

is decreasing at time  t  5.  

 1 : considers  E5  and L5
2 :    

 1 : answer with explanation 

© 2019 The College Board. 
Visit the College Board on the web: collegeboard.org.  
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Question 2 

(a) 1  
r  2 d  3.534292  

2 0 

The area of S is 3.534. 

1
  : integral 

2 :  
1 : answer 

(b) 1  
r  d   1.579933  

  0 0 

The average distance from the origin to a point on the curve 
r  r   for 0      is 1.580  (or 1.579). 

1
  : integral 

2 :  
1 : answer 

(c) 
y 

tan    m    tan 1m  
x 

 

1 tan1


m 1 2  1 r   d   r  2 d   2 0 2   2 0 

 1  : equates polar areas 
 1 : inverse trigonometric function 


3 :   applied to m  as  limit of  
 integration
 
 1 : equation 

(d) As k  , the circle r  k cos  grows to enclose all points to 
the right of the y -axis. 

 

1  2
lim A k     r  2 d 

k 2 0 

1  2  2
  3  sin   2  d  3.324 

2 0 

 1 : limits of  integration 
2 :   

1 : answer with integral 
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Question 3 

(a) 
5 2 5

f x  d x    f x  d x   f  x d x
6 6 2 


2 9 7  f x  d x  2   9    
6 4  

 
2  9 4
  9 f x  d x  7   11     

6 4 4 

 5 2 5
1 :  f  x d x  f  x d x  f x d  x 6 6 2


3 :  5

1 :  f x  d x 2
 1 : answer 

(b) 
5 
 2 f  x  4 

5 5
dx  2 f 

3   x dx   4 dx 
3 3 

 2 f  5  f 3    45   3  
 2 0    3  5    8 

 2 3  5    8  2   2  5  

— OR — 


5
2 f x   4 dx  2 f  x   4x x5

x3 3 

 2 5f    20    2 f  3  12    
 2  0 20     2 3  5   12  
 2 2  5  

 

2  1 :  Fundamental Theorem of Calculus 
 :  

 1 :  answer 

(c) 1g x   f x    0  x  1, x   , x  5  
2 

x  g x   

2  0   

1 1  
2 

1  
2 

1  
4 

5  9 11   
4 

On the interval 2  x   5, the absolute  maximum value  

of g is 9g 5   11   
4 

.  

 1 :  g x   f  x  


3 :   1 : identifies  x  1 as a candidate  
 1 : answer  with justification 

(d) 
10 x  3 f x     10 1  3 f  1

lim 
x1 f x     arctan x f  1  arctan 1 

 10  3  2 4 
1 a rctan  1  1 

4 

1 : answer  
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Question 4 

(a) V   r2h     1 2 h  h  
dV dh 1      4     cubic feet per second
dt h4 dt h4 10 5

 dV dh  1 :   
2 :   dt dt 

 1 : answer with units 
 

(b) d h2  1 dh  1 1 1     
2 

    h    
dt 20 h dt 20 h  10 200

Because d h2  1 
2 

  0
dt 200 

 for h  0, the rate of change of the

height is increasing when the height of the water is 3  feet.  

 d 11 :   h     dh 10  1
20 h 


3 :   d h2  1 dh   

1 :   
2 

  dt 20 h dt 

 1 :  answer with explanation 

(c) dh 1   dt
h 10 

 dh  1  dt
 h  10 

12 h    t  C
10 
12 5     0  C  C  2 5  

10 
12 h    t  2 5  

10 

 1h t     t  5 2 

20 

 1 : separation of  variables 
 1 : antiderivatives 


4 :   1 : constant of integration  
 and uses  initial condition
 
 1 :  h t   

Note: 0 4  if no separation of variables 

Note: max 2 4  [1-1-0-0]  if no constant 
of integration 
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Question 5 

(a) 
2x  2

f x     
x 2  2x k 2  

2 2 1 1f  0   6 
2 

k   k 
k 3 3

 

 1 : denominator of  f x


3 :  1 : f x    
 1 : answer 

 

 

(b) 
1 1 A B   

x2  2x  8 x  4x  2 x  4 x  2 

 1  A x  2  B  x  4  

1 1 A  , B    
6 6 

1 1 1 


1   
f  x dx    6  6  dx 

0 0  x  4 x  2  
x1

 1 1  ln x  4  ln  x  2  6 6 


x0 

1 1 1 1 1 ln 3  ln 3    ln 4  ln 2    ln 2  
6 6 6 6 6 

 1 : partial fraction 
 decomposition 

3 :   
 1 : antiderivatives 
 1 : answer 

(c) 

 

2  2 1 2 
 1  1  1  1 2 

dx   dx   dx 
2 2  dx

0 x  2x  1 0  x  1 0 x  1 1 x  1 2
b 2

 1  1 lim  dx  lim  dx 
  2  2

b1 0 x  1 b 1  b x  1 
 1 x b   1 x2 

 lim     lim   
b   1 x  1 

 
 x0     b 1 x  1

1  lim   1  m 
 b  li

 1  b1 b1 
 
 xb 

1 1   
b  1

Because 1lim  
b1 b  1  does not exist, the integral diverges. 

 

 1 : improper integral 


3 :  1 : antiderivative  
 1 : answer with reason 

© 2019 The College Board. 
Visit the College Board on the web: collegeboard.org. 

31



AP Calculus BC: 2019

  

 

AP® CALCULUS BC 
2019 SCORING GUIDELINES 

Question 6 

(a) f  0  3 and f  0  2  

The third-degree Taylor polynomial for f about x  0 is 

 

 

2333 2 2x 2  3 3 23    x  x  3 2 x   x 2  x3.  
2! 3! 2 12 

 1 : two terms 
2 :  

1 : remaining terms 

(b) The first three nonzero terms of the Maclaurin series for ex  are 
11  x x2

2! 
.  

 

The second-degree Taylor polynomial for e fx x  about  x  0 is 

 1  2 33 1   x x   2x 1  x  x 2  1
2! 2 

 3 3 3 3  2  x    2   x2  
2 2 

 3 x  x2 . 
 

 1 : three terms for  ex

2 :    
 1 : three t  x
 erms for e f  x  

(c) 
1 

h 1   f  t dt
0 

1
  3 23    3 2 t  t 2  t3 dt
0 2  12   

 
t1

   2 1t t 3 23  3   t  t4 
 2  48   t0 

1  23  97   3 1     
2  48  48  

 

1
   : antiderivative 

2 :  
 1 : answer 

(d) The alternating series error bound is the absolute value of the first 
omitted term of the series for h 1 .  
 

1 
 54    4  t1

  9 t   9dt t 5   
0 4! 20  t0 20 

 
9Error   0.45  
20 

 
 

 1 : uses fourth-degree term 
 of Maclaurin series for f


3 :   1 : uses first omitted term  
 of series for h 1
 
 1 : error bound 
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Question 1 
 

  
   
(a) ( )

300

0
270r t dt =∫   

 
According to the model, 270 people enter the line for the escalator 
during the time interval 0 300.t≤ ≤   
 

 1 : integral
2 : 

 1 : answer




 

 

(b) ( )( ) ( )
300 300

0 0
20 0.7 20 0.7 300 80r t dt r t dt+ − = + − ⋅ =∫ ∫   

 
According to the model, 80 people are in line at time 300.t =  
 

 1 : considers rate out
2 : 

 1 : answer




 

 

(c) Based on part (b), the number of people in line at time 300t =  is 80. 
 
The first time t that there are no people in line is  

80300 414.2860.7+ =  (or 414.285) seconds. 

 

1 : answer  
 

(d) The total number of people in line at time t, 0 300,t≤ ≤  is modeled by 

( )
0

20 0.7 .
t
r x dx t+ −∫  

 
( ) 1 20.7 0 33.013298, 166.574719r t t t− = ⇒ = =  

 
t People in line for escalator 
0 20 
1t   3.803 

2t   158.070 
300 80 

 
The number of people in line is a minimum at time 33.013t =  seconds, 
when there are 4 people in line. 
 

( ) 1 : considers 0.7 0
 1 : identifies 33.013

4 : 
 1 : answers
 1 : justification

r t
t

− =
 =



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Question 2 
 

  
   
(a) ( )25 1.179p′ = −  

 
At a depth of 25 meters, the density of plankton cells is changing at a 
rate of 1.179−  million cells per cubic meter per meter. 
 
 
 

{ 1 : answer
2 : 

 1 : meaning with units
 

 

(b) ( )
30

0
3 1675.414936p h dh =∫  

 
There are 1675 million plankton cells in the column of water between 

0h =  and 30h =  meters. 
 
 
 

{ 1 : integrand
2 : 

 1 : answer
 

 

(c) ( )
30

3
K

f h dh∫  represents the number of plankton cells, in millions, in 

the column of water from a depth of 30 meters to a depth of K meters. 
 
The number of plankton cells, in millions, in the entire column of 

water is given by ( ) ( )
30

0 30
3 3 .

K
p h dh f h dh+∫ ∫  

 
Because ( ) ( )0 f h u h≤ ≤  for all 30,h ≥   

( ) ( ) ( )
30 30 30

3 3 3 3 315.105
K K

f h dh u h dh u h dh
∞

≤ ≤ = =⋅∫ ∫ ∫  

 
The total number of plankton cells in the column of water is bounded 
by 1675.415 315 1990.415 2000+ = ≤  million. 
 
 
 

 1 : integral expression
3 :  1 : compares improper integral

 1 : explanation






 

(d) ( )( ) ( )( )
1 2 2
0

757.455862x t y t dt′ ′+ =∫  

 
The total distance traveled by the boat over the time interval 0 1t≤ ≤  
is 757.456 (or 757.455) meters. 
 
 
 

 1 : integrand
2 : 

 1 : total distance




 

 

 

35



AP Calculus BC: 2018
AP® CALCULUS AB/CALCULUS BC 

2018 SCORING GUIDELINES 

© 2018 The College Board.  
Visit the College Board on the Web: www.collegeboard.org. 

Question 3 
 

  
   
(a) ( ) ( ) ( ) ( ) ( )

( ) ( )
5 1

1 5
5 1 1

3 19 253 9 1 32 2 2

f f g x dx f g x dx
−

−
− = + = −

= − − − + = − − =

∫ ∫
 

 
 
 

{ 1 : integral
2 : 

 1 : answer
 

 

(b) ( ) ( ) ( )

( )

( ) ( )

6 3 6

1 1 3
3 6 2

1 3
6

3

3

2 2 4

2 16 24 4 4 103 3 3

x

x

g x dx g x dx g x dx

dx x dx

x
=

=

= +

= + −

 = + − = + − − =  

∫ ∫ ∫
∫ ∫  

 
 
 

( )2
 1 : split at 3

3 :  1 : antiderivative of 2 4
 1 : answer

x

x

=


−


 

 

(c) The graph of f is increasing and concave up on 0 1x< <  and 
4 6x< <  because ( ) ( ) 0f x g x′ = >  and ( ) ( )f x g x′ =  is 
increasing on those intervals. 
 
 
 

{ 1 : intervals
2 : 

 1 : reason
 

 

(d) The graph of f has a point of inflection at 4x =  because 
( ) ( )f x g x′ =  changes from decreasing to increasing at 4.x =  

 
 
 

{ 1 : answer
2 : 

 1 : reason
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Question 4 
 

  
   
(a) ( ) ( ) ( )7 5 11 6 56 7 5 2 2

H HH − −′ ≈ = =
−

 

 
( )6H ′  is the rate at which the height of the tree is changing, in meters  

per year, at time 6t =  years. 
 

{ 1 : estimate
2 : 

 1 : interpretation with units
 
 

(b) ( ) ( )5 3 6 2 25 3 2
H H− −= =

−
 

 
Because H is differentiable on 3 5,t≤ ≤  H is continuous on 3 5.t≤ ≤  
 
By the Mean Value Theorem, there exists a value c, 3 5,c< <  such that 

( ) 2.H c′ =  
 

( ) ( )5 3 1 : 5 32 :  1 : conclusion using 
Mean Value Theorem

H H−
 −




 

 

(c) The average height of the tree over the time interval 2 10t≤ ≤  is given 

by ( )
10

2
1 .10 2 H t dt
− ∫  

 

( ) ( )
( )

10

2
1.5 2 2 6 6

2

1 1

.

11 2 11 15
2 2 21 2 38 8

1 2636 58 3

2

5 7

H t dt + + + ++ + +≈ ⋅ ⋅ ⋅ ⋅

= =

∫
 

 
The average height of the tree over the time interval 2 10t≤ ≤  is  
263
32  meters. 

 

{ 1 : trapezoidal sum
2 : 

 1 : approximation
 

 

(d) ( ) 50 1G x x= ⇒ =  
 

( )( ) ( )( ) ( )
( ) ( )2 2

1 100 100 1 100
1 1

x xd d dx dx dxG x G xdt dx dt dt dtx x
+ − ⋅

= ⋅ = ⋅ = ⋅
+ +

 

 

( )( )
( )21

100 30.03 41 1x

d G xdt =
= ⋅ =

+
  

 
According to the model, the rate of change of the height of the tree with 

respect to time when the tree is 50 meters tall is 3
4  meter per year. 

 

( )( ) 2 : 3 : 
 1 : answer

d G xdt




 

 
Note: max 1 3  [1-0] if  

no chain rule 
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Question 5 
 

  
   
(a) ( )( )5 3 22

3
1Area 4 3 2cos2 d

π

π
θ θ= − +∫  

 
{ 1 : constant and limits

3 : 
 2 : integrand

 

 

(b) 
2

2sin 2dr dr
d d θ π

θ
θ θ =

= − ⇒ = −  

( ) ( )3 2cos 32 2r π π= + =  

 

sin sin cos

cos cos sin

dy dry r rd d
dx drx r rd d

θ θ θ
θ θ

θ θ θ
θ θ

= ⇒ = +

= ⇒ = −
 

( ) ( )
( ) ( )2 2

2sin 3cos 22 2
32cos 3sin2 2

dy ddy
dx dx dθ π θ π

π π
θ
θ π π= =

− +
= = =

− −
 

 
The slope of the line tangent to the graph of 3 2cosr θ= +   

at 2
πθ =  is 2 .3  

 
— OR — 
 

( )

( )

2 2sin 3 2cos sin 3cos cos 2sin

cos 3 2cos cos 3sin 4sin cos

dyy r d
dxx r d

θ θ θ θ θ θ
θ

θ θ θ θ θ θ
θ

= = + ⇒ = + 2 −

= = + ⇒ = − −
 

( ) ( ) ( )
( ) ( ) ( )

2 2

2 2

3cos cos 2sin 22 2 2
33sin 4sin cos2 2 2

dy ddy
dx dx dθ π θ π

π π π
θ
θ π π π= =

+ 2 −
= = =

− −
 

 
The slope of the line tangent to the graph of 3 2cosr θ= +   

at 2
πθ =  is 2 .3  

 

 1 : sin cos

or cos sin

3 : sin cos
 1 : 

cos sin

 1 : answer

θ θ
θ θ

θ θ
θ θ

θ θ
θ

θ θ
θ

 = +


= −

 + =

−



dy dr rd d
dx dr rd d

dr rdy d
dx dr rd

 

(c) 12sin 2sin
dr dr d d d dr
dt d dt dt dt dt

θ θ θθ
θ θ

= ⋅ = − ⋅ ⇒ = ⋅
−

 

 

( )3

1 33 3  radians per second
32sin 3

d
dt θ π

θ
π=

= ⋅ = = −
−−

 

 1 : 

13 :  1 : 2sin
 1 : answer with units

θ
θ

θ
θ

 = ⋅

 = ⋅

−


dr dr d
dt d dt
d dr
dt dt
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Question 6 
 

  
   
(a) The first four nonzero terms are 

2 3 4 5

2 3 4 .3 2 3 3 3 4 3
x x x x− + −

⋅ ⋅ ⋅
 

The general term is ( )
1

11 .
3

n
n

n
x
n

+
+−

⋅
 

 

{ 1 : first four terms
2 : 

 1 : general term
 

 

(b) 

( )
( )( )
( ) ( )

2 2

1

1 1

1
1 3

lim lim 3 311
3

n n

n

n nn n

n

x
n x n x

nx
n

+ +

+

+ +→ →∞ ∞

−

+ −= ⋅ =
+−

⋅

 

13
x <  for 3x <  

Therefore, the radius of convergence of the Maclaurin series for f is 3. 
 
— OR — 
 
The radius of convergence of the Maclaurin series for ( )ln 1 x+  is 1,  

so the series for ( ) ( )ln 1 3
xf x x= +  converges absolutely for 1.3

x <

1 33
x x< ⇒ <  

Therefore, the radius of convergence of the Maclaurin series for f is 3. 
 

When 3,x = −  the series is ( ) ( ) 1
1

1 1

3 31 ,
3

n
n

n
n n nn

+
+

= =

∞ ∞−
− =

⋅
∑ ∑  which 

diverges by comparison to the harmonic series. 
 

When 3,x =  the series is ( ) ( )
1

1 1

1 1

3 31 1 ,
3

n
n n

n
n n nn

+
+ +

= =

∞ ∞
− = −

⋅
∑ ∑  which 

converges by the alternating series test. 
 
The interval of convergence of the Maclaurin series for f is 

3 3.x− < ≤  
 

 1 : sets up ratio
 1 : computes limit of ratio
 1 : radius of convergence

5 : 
 1 : considers both endpoints
 1 : analysis and interval of 

convergence











 

 
— OR — 
 

( ) 1 : radius for ln 1  series

 1 : substitutes 3
 1 : radius of convergence5 : 
 1 : considers both endpoints
 1 : analysis and interval of 

convergence

x
x

+









 

(c) By the alternating series error bound, an upper bound for 
( ) ( )4 2 2P f−  is the magnitude of the next term of the alternating 

series. 

( ) ( )
5

4 4
2 82 2 814 3

P f− < − =
⋅

 

 1 : uses fifth-degree term
2 : as error bound

 1 : answer





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