AP Calculus BC: 2023

AP Calculus BC: 2023

Part B (AB or BC): Graphing calculator not allowed

Question 4

9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.
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Graph of f”

The function f is defined on the closed interval [-2, 8] and satisfies f(2) = 1. The graph of f’, the
derivative of f, consists of two line segments and a semicircle, as shown in the figure.

(2)

Model Solution Scoring

Does f have a relative minimum, a relative maximum, or neither at x = 6 ? Give a reason for your

answer.

f'(x)>0 on (2,6) and f'(x) >0 on (6,8). Answer with reason 1 point

f'(x) does not change sign at x = 6, so there is neither a relative
maximum nor a relative minimum at this location.

Scoring notes:

e A response that declares f”(x) does not change sign at x = 6, so neither, is sufficient to earn
the point.

e A response does not have to present intervals on which f”(x) is positive or negative, but if any are
given, they must be correct. Any presented intervals may include none, one, or both endpoints.

e Aresponse that declares f'(x) > 0 before and after x = 6 does not earn the point.

Total for part (a) 1 point

(b) On what open intervals, if any, is the graph of f* concave down? Give a reason for your answer.
The graph of f is concave down on (-2, 0) and (4, 6) because Intervals 1 point
f' is decreasing on these intervals. Reason 1 point
Scoring notes:
e The first point is earned only by an answer of (-2, 0) and (4, 6), or these intervals including one or
both endpoints.
e A response must earn the first point to be eligible for second point.
e To earn the second point a response must correctly discuss the behavior of f” or the slopes of f'.
e Special case: A response that presents exactly one of the two correct intervals with a correct reason
earns 1 out of 2 points.
Total for part (b) 2 points
© 6f(x)=3x

Find the value of lim

5 , or show that it does not exist. Justify your answer.
x22x" —5x+6

Because f is differentiable at x = 2, f is continuous at x = 2,
so lim f(x) = f(2) =1.
x—2

lim (6/(x)=3x)=6-1-3-2=0
x—2

Limits of numerator 1 point
and denominator

lim(x2—5x+6)=0

x—>2
6 -3 Uses L’Hospital’s 1 point
Because lim M is of indeterminate form 9, P P
22 _5x4+6 0 Rule
L’Hospital’s Rule can be applied. Answer 1 point

Using L’Hospital’s Rule,

. 6f(x)=3x .. 6f'(x)-3 6-
lgnlzx275x+6_ll”r% 2x-5  2-

0-3
2 5—3.

Scoring notes:

e The first point is earned by the presentation of two separate limits for the numerator and
denominator.

e A response that presents a limit explicitly equal to % does not earn the first point.

e The second point is earned by applying L’Hospital’s Rule, that is, by presenting at least one correct
derivative in the limit of a ratio of derivatives.

e The third point is earned for the correct answer with supporting work.

Total for part (c) 3 points
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(d)

Find the absolute minimum value of f on the closed interval [-2, 8]. Justify your answer.

S()=0=x=-1, x=2,x=6 Considers f'(x) =0 1 point
The function f is continuous on [-2, 8], so the candidates for the = Justification 1 point
location of an absolute minimum for f are x = -2, x = -, Answer 1 point

x=2, x=6, and x = 8.

The absolute minimum value of f is f(2) =1.

Scoring notes:

e To earn the first point a response must state f’ = 0 or equivalent. Listing the zeros of f" is not
sufficient.

e A response that presents any error in evaluating f at any critical point or endpoint will not earn the
justification point.

e A response need not present the value of f(—1) provided x = -1 is eliminated because it is the
location of a local maximum. A response need not present the value of f(6) provided x = 6 is
eliminated by reference to part (a) or eliminated through analysis.

e A response need not present the value of f(8) provided there is a presentation that argues

f'(x) 2 0 for x > 2 and, therefore, f(8) > f(2).

e A response that does not consider both endpoints does not earn the justification point.
e The answer point is earned only for indicating that the minimum value is 1. It is not earned for
noting that the minimum occurs at x = 2.

Total for part (d) 3 points

Total for question 4 9 points

Part B (AB or BC): Graphing calculator not allowed
Question 4 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

Graph of f

Let f* be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = J.: f(¢) dt.

Model Solution Scoring

G'(x) = f(x) in any part of the response. G'(x) = f(x) 1 point

Scoring notes:

e This “global point” can be earned in any one part. Expressions that show this connection and
therefore earn this point include: G’ = f, G'(x) = f(x), G"(x) = f'(x) in part (a),
G'(3) = f(3) inpart (b), or G'(2) = f(2) in part (c).

Total 1 point
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On what open intervals is the graph of G concave up? Give a reason for your answer.

G'(x) = /()

The graph of G is concaveup for -4 < x < -2 and 2 <x <6,

Answer with reason 1 point

because G’ = f is increasing on these intervals.

Scoring notes:

e Intervals may also include one or both endpoints.

Total for part (a) 1 point

(b)

Let P be the function defined by P(x) = G(x)- f(x). Find P'(3).

P'(x)=G(x) f'(x)+ f(x)-G'(x) Product rule 1 point
P(3)=G()- 1'()+ £(3)-G(3)

Substituting G(3) = [ /(1) dt =-3.5 and G(3) = 7(3) =3 “)r ) 1 point
into the above expression for P'(3) gives the following:

P'(3)=-35-1+(-3):(-3)=55 Answer 1 point

Scoring notes:
o The first point is earned for the correct application of the product rule in terms of x or in the
evaluation of P'(3). Once earned, this point cannot be lost.

e The second point is earned by correctly evaluating G(3) = -3.5, G'(3) = -3, or f(3) = 3.
e To be eligible to earn the third point a response must have earned the first two points.
o  Simplification of the numerical value is not required to earn the third point.

Total for part (b) 3 points

Find lim—2()
¥>2x7 = 2x

lim (x2 _ 2x) =0 Uses L’Hospital’s 1 point
¥2 Rule

Because G is continuous for -4 < x < 6,

lim G(x) = [ ryae=o.

Therefore, the limit lim ﬂ is an indeterminate form of
X2 x% - 2x
0
type o
Using L’Hospital’s Rule, Answer with 1 point
. G(x) G'(x) justification
lim ——— = lim——~

X2 x° - 2x x—>22x =2

i S0 Q)4

Tx22x-20 2 2
Scoring notes:

e To earn the first point the response must show lim2 (x2 - Zx) =0 and lirri G(x) = 0 and must show
xX—> xX—>

aratio of the two derivatives, G'(x) and 2x — 2. The ratio may be shown as evaluations of the
G¢'(2)
5
e To earn the second point the response must evaluate correctly with appropriate limit notation. In
G'(x) o gim L)
w-2 ilaI%Zx—Z'

derivatives at x = 2, such as

particular the response must include lim
X—>.

G'(x) _

ith link: h
e With any linkage errors (such as )

2 .
% ), the response does not earn the second point.

Total for part (c) 2 points




AP Calculus BC: 2021 AP Calculus BC: 2019
4UL1lY DUUKING GUIUELINED
(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee
avalue ¢, —4 < ¢ < 2, for which G'(c) is equal to this average rate of change? Justify your answer. Question 1
2 -4 .
G(2) :I F(t)di =0 and G(~4) :J' f(t)di = 16 Average rate of 1 point s .
0 0 change (a) .[o E(t) dt =153.457690 5 1 : integral
" | 1: answer
A feh G(2)-G(-4) 0-(-16) 8 To the nearest whole number, 153 fish enter the lake from midnight
verage rate of change = —>"— = 3 =3 05 AM.
Yes, G'(x) = f(x) so G is differentiable on (-4, 2) and Answer with 1 point . 1 5 Ui = 6.059038 . |
.. . —— | L(t)dt =6. : Integra
continuous on [—4, 2]. Therefore, the Mean Value Theorem Justification ®) 5-0 -[0 ) 2: { 1 ansv%er
li lue ¢, — h th '
applies and guarantees a value ¢, —4 < ¢ <2, such that The average number of fish that leave the lake per hour from
G'(c) = 8 midnight to 5 AM. is 6.059 fish per hour.
3
Scoring notes: (c) The rate of change in the number of fish in the lake at time ¢ is 1:sets E(1)—L(t)=0
e To earn the first point a response must present at least a difference and a quotient and a correct given by E(r) - L(¢). 319 1:answer
T 1 : justification
evaluation. For example, 0+16 0(2) - G(=4) _ 16 E(t)-L(t)=0 = t=620356
6 6 6
o Simplification of the numerical value is not required to earn the first point, but any simplification E(t)- L(t) > 0 for 0 < ¢ < 6.20356, and E(t) - L(t) < 0 for
must be correct. 6.20356 < ¢ < 8. Therefore the greatest number of fish in the lake is
e The second point can be earned without the first point if the response has the correct setup but an at time ¢ = 6.204 (or 6.203).
incorrect or no evaluation of the average rate of change. The Mean Value Theorem need not be
explicitly stated provided the conditions and conclusion are stated. —OR—
Total for part (d) 2 points Let A(t) be the change in the number of fish in the lake from
Total for question 4 9 points midnight to ¢ hours after midnight.
t
AP Calculus BC: 2019 A(t) = J.O(E(s) - L(s)) ds
. A(t)=E(t)-L(t)=0 = t=C =6.20356
2019 AP GCollegeBoard ) (1) = L(2)
t | A1)
0 0
C 135.01492
8 80.91998
Therefore the greatest number of fish in the lake is at time
t = 6.204 (or 6.203).
®
AP ‘ :alcu1us B‘ : d) E'(5)-L'(5)=-10.7228< 0 5 1 : considers E'(5) and L'(5)
" | 1: answer with explanation
o o o Because E'(5) — L'(5) < 0, the rate of change in the number of fish
Scorlng G‘Uld@llnes is decreasing at time ¢ = 5.
@
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Question 2

() %jf(r(a))z d6 = 3.534292

The area of S is 3.534.

b [ h6) a6 = 1579933
(b) Gfojo r(0)do = 1.

The average distance from the origin to a point on the curve
r=r(@) for 0 < @ <z is 1.580 (or 1.579).

(c) tanﬁz%=m = O=tan"'m

e a0 =44 o) ao)

(d) As k — oo, the circle r = kcos@ grows to enclose all points to
the right of the y -axis.

Jim A(K) =3 j;/ 2(H(0)) do

- %J'g/z(%/gsin(ﬁz))z d6 = 3.324

—_

: integral
: answer

: integral
: answer

: equates polar areas
: inverse trigonometric function

applied to m as limit of
integration

: equation

: limits of integration
: answer with integral

AP Calculus BC: 2019
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Question 3

(@) J‘lf(x) dx = J.:zf(x) dx + Jif(x) dx
= 7= f:j_f(x) dx+2+ (9 _97”)

= J.:jf(x)dx:7—(ll—97”):97”—4
®) [r(x)+4yde=2f f(x)dv+ [T4ds
=2(/(5)-f(3))+4(5-3)
=2(0-(3-+5))+8
=2(-3+5)+8=2+25

__ OR—

j;(Zf'(x) +4)dv =[2f(x) + 4x]'
= (2£(5)+20) = (2/(3) +12)
=(2:0+20)-(2(3-5) +12)
=2+25

(c) g'(x)=f(x)=0:>x=—1,x:%,x=5

x g(x)
-2 0
1
-1 5
1 _1
2 4
o
5 _2r
11 7

On the interval =2 < x < 5, the absolute maximum value

of g is g(5)=11—97”.

10" =3f'(x) 10" =3/7(1)
@ IVILHJ f(x)—arctanx ~ f(1) - arctan 1
10-3-2 4

“T—arctanl 71_7r

&

VP de = [y e [ (o)
3: 1: f2f(x) dx

1 : answer

5 1 : Fundamental Theorem of Calculus
" | 1:answer

1:g'(x) = f(x)
3: 4 1:identifies x = —1 as a candidate
1 : answer with justification

1 : answer
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Question 5

Question 4
2 2 14 dh
= = 1 = 2 ===
@ V=ar‘h=r()"h=rh 2{1 7
ar an = ( —~J4 ) _r cublc feet per second 1 : answer with units
dr |j—4 dr |-y
®) ﬁz_;.ﬁz_;.(_L h):L l.i(_L )=_L
dr? 20vh  dt 208 10 200 “dh\ 10 20k
B Ch_ L6 for h> 0, th f change of th S0 i . Y
ecause 2200 > 0 for & > 0, the rate of change of the i 2045 dt
height is increasing when the height of the water is 3 feet. 1 : answer with explanation
(c) dh _ —L dt 1 : separation of variables
«/Z N
1 : antiderivatives
j** dt 4: 4 1 :constant of integration
) f _ 7—t L C and uses initial condition
10 12 k(1)
2W5=-—10+C = C=25
Note: 0/4 if no separation of variables
2Vh = z+ 25
Note: max 2/4 [1-1-0-0] if no constant

h(t) = (—%t + J?)

of integration

@ fil)-—2=2
(x2—2x+k)
2 1 1
f(O)_—z_6:>k2 3= k=5
1 1 A B

®) 2o g GG-HE+2) x-4"x+2

= 1=A4A(x+2)+B(x—4)
1 p__1
= A76,B7 3

. Ir 1

[(feya=|] 6 & |
o\x—4 x+2
[ In|x - 4\—fln\x+2q

x=1

x=

(L3 Lms) o (Lna—Lino) = -1
—(6ln3 6ln3) (6ln4 6ln2)— 6ln2

2 2 '
(c)fzidx=f 2dx=j 2dx+
0 x"—2x+1 0o (x=1) o(x-1)

" P
lim J dx + 1imJ .
b—>1"Jg (X71) b1t Jp (X*l)
x=b 1 x=2
+ lim | -
x:Oj b~>]+[ x-1 x:bj

. . 1
lim (_f - 1) + bl;nlq+ (—1 + ﬁ)

b1~

Il
L5
|

x-1

Because lim (—L) does not exist, the integral diverges.
b\ b1

3:

1 : denominator of f"(x)
e

1 : answer

1 : partial fraction

decomposition

1 : antiderivatives
1 : answer

1 : improper integral
1 : antiderivative
1 : answer with reason
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Question 6

(@ /(0)=3and f(0) = -2
The third-degree Taylor polynomial for f* about x = 0 is

23
oy 3223 3 9.,3.2_ 233
3 2x+2!x + T =3 2x+2x TRk

(b) The first three nonzero terms of the Maclaurin series for e* are

1+x+ix2.

2!

The second-degree Taylor polynomial for e” f(x) about x = 0 is

3(1 +x+ ix2) -2x(1+x)+ %xz(l)

2!
:3+(3—2)x+(%—2+%)x2
=3+x+x%

1
© ()= [ ) dr

1
zj (372t+ét27§l3)dt
0 2

2
[a 2.1l 23407
—|:3t t +2t 48t i|t:0
11,123 _97
B T T

(d) The alternating series error bound is the absolute value of the first
omitted term of the series for A(1).

1 =1
54 4) [ 9 5} 9
24 ar=| =1 =
L(m 20" ], =20

9
<|Z|=
Error < 20‘ 0.45

[

. two terms
: remaining terms

: three terms for e*

: three terms for e f'(x)

: antiderivative

L answer

: uses fourth-degree term

of Maclaurin series for f

: uses first omitted term

of series for /(1)

: error bound
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Question 1 Question 2
t ¥(@
(hours) 0 1 3 6 8
. R(1) 1340 1190 950 740 700 2
(liters / hour)

Water is pumped into a tank at a rate modeled by W(¢) = 2OOOe’t2 f20 liters per hour for 0 < ¢ < 8, where ¢ is
measured in hours. Water is removed from the tank at a rate modeled by R(¢) liters per hour, where R is

differentiable and decreasing on 0 < ¢ < 8. Selected values of R(¢) are shown in the table above. At time 0 1 2 3 4
t = 0, there are 50,000 liters of water in the tank. |

(a) Estimate R'(2). Show the work that leads to your answer. Indicate units of measure. 5

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total

t of wat d? Gi fi . . o, . Lo L . .
amount of water remove fve a reason fot your answer At time ¢, the position of a particle moving in the xy-plane is given by the parametric functions (x(¢), y(¢)),

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter,

at the end of 8 hours. where % =+ sin(3z‘2 ) The graph of y, consisting of three line segments, is shown in the figure above.
(d) For 0 <t <8, isthere a time ¢ when the rate at which water is pumped into the tank is the same as the rate At ¢ = 0, the particle is at position (5, 1).

at which water is removed from the tank? Explain why or why not. (2) Find the position of the particle at ¢ = 3.

— _ 1 : estimat (b) Find the slope of the line tangent to the path of the particle at 7 = 3.
@ R(2)~RC) =R _ 9501190 _ 150 jiterg/me g | eshmate , ,
3-1 3- 1 : units (c) Find the speed of the particle at ¢ = 3.
(d) Find the total distance traveled by the particle from ¢ = 0 to # = 2.
8
(b) The total amount of water removed is given by .[o R(?) dt. 1 : left Riemann sum
g 3:4 1 :estimate 3, .

-[0 R(t)dt ~1-R(0)+2-R(1) +3-R(3) +2-R(6) 1 - overestimate with reason (@) x(3)=x(0)+ Jo x'(¢)dt =5+ 9.377035 = 14.377 1: 1nteg.ra.1 . N
=1(1340) + 2(1190) + 3(950) + 2(740) y(3) = —% > : e initial condition
= 8050 liters 2 - answer

The position of the particle at ¢+ = 3 is (14.377, -0.5).
This is an overestimate since R is a decreasing function.
y'(3) 0.5
8 (b) Slope = =5 = ———— =0.05 1 : slope
(¢) Total ~ 50000 + IO W(t) dt — 8050 5. { 1 : integral x'(3) 9956376 P
= 50000 + 7836.195325 — 8050 ~ 49786 liters 1: estimate 1 - |
(© Speed = (x'(3))> + ('(3))* =9.969 (or 9.968) 2| cxpressioniorspee
. . 1 : answer
(d) W(0)—R(0)>0, W(8)—R(8) <0, and W(t)— R(¢) is 5. 1 : considers W (t) — R(t)
continuous. " | 1 : answer with explanation 5
(d) Distance = j ()c'(t))2 + (y'(l))2 dt 1 : expression for distance

Therefore, the Intermediate Value Theorem guarantees at least one (i s 3:1 1 integrals

. . B _ _ 2 2 2 : :

time ¢, 0 < t < 8, for which W(¢) — R(¢) = 0, or W(¢) = R(¢). _ jo\/(x () +(=2) di + J‘l \/(x O +0° dt | answer

For this value of ¢, the rate at which water is pumped into the tank = 2237871+ 2.112003 = 4.350 (or 4.349)

is the same as the rate at which water is removed from the tank.

©)
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Question 3

The figure above shows the graph of the
piecewise-linear function f. For —4 < x <12,

the function g is defined by
gx) = [ 1 ar

(4,4)

(a) Does g have a relative minimum, a relative _ 4 2
maximum, or neither at x = 10 ? Justify

your answer.

(b) Does the graph of g have a point of
inflection at x = 4 ? Justify your answer. (=4,-4)

(c) Find the absolute minimum value and the
absolute maximum value of g on the
interval —4 < x < 12. Justify your answers.

(d) For —4 < x <12, find all intervals for which g(x) < 0.

(8,-4) (12,-4)

Graph of f

AP Calculus BC: 2016

2016 SCORING GUIDELINES

Question 4

Consider the differential equation % =x’ - % V.

2
(a) Find Z—{ in terms of x and y.
x

(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes through the

point (=2, 8). Does the graph of f have a relative minimum, a relative maximum, or neither at the

point (-2, 8) ? Justify your answer.

(c) Let y = g(x) be the particular solution to the given differential equation with g(—1) = 2. Find

i [M

> |- Show the work that leads to your answer.
3(x+1)

x—>-1

(d

=

Let y = h(x) be the particular solution to the given differential equation with 4(0) = 2. Use Euler’s

method, starting at x = 0 with two steps of equal size, to approximate A(1).

(a) The function g has neither a relative minimum nor a
relative maximum at x = 10 since g'(x) = f(x) and
f(x)<0for 8 <x<12.

(b) The graph of g has a point of inflection at x = 4 since
g'(x) = f(x) is increasing for 2 < x < 4 and decreasing
for 4 < x <8.

(¢) g'(x) = f(x) changes sign only at x = =2 and x = 6.

x g(x)
-4 -4
2 -8
6 8
12 4

On the interval —4 < x < 12, the absolute minimum

value is g(-2) = -8 and the absolute maximum value
is g(6) = 8.

(d) g(x)<0for-4<x<2and10<x<I12.

1: g'(x) = f(x) in (a), (b), (c), or (d)

1 : answer with justification

1 : answer with justification

1: considers x = -2 and x = 6
as candidates

1 : considers x = —4 and x =12

2 : answers with justification

2 : intervals

dzy_ ldy _ 1(2 1
(a) —5=2x f—x—2x f(x zy)

a2 2d 2
dy 2 1
) L = (2P -18=0
i =29 2
2
<y :2(72)7%((72)27%-8):74<0
A7y y)=(-2.8)

Thus, the graph of f has a relative maximum at the point (-2, 8).

(c

~

lim (g(x)-2) =0 and lim 3(x+1)* =0
x—>-1 x—>-1
Using L’Hospital’s Rule,
tim [ =2_ gy (L (x) j
-1\ 3(x +1)2) =>-1\6(x+1)
lim g'(x) =0 and lim 6(x+1)=0
x—>-1 x—-1
Using L’Hospital’s Rule,

tim (G800 = tim (£00) - 2 - -

@ 3] =8O +#(0)- 3 =24 (15 =3

2
i afi b3 4 -

2
2: 4y in terms of x and y
dx*

2 : conclusion with justification

[ 2:L’Hospital’s Rule
“| 1 :answer

5 1 : Euler’s method

" | 1 : approximation
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Question 5

The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height 4,

the radius of the funnel is given by » = %(3 + hz), where 0 < / < 10. The units of » and / are inches.

(a) Find the average value of the radius of the funnel.

(b) Find the volume of the funnel.

(¢) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is
h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of é inch per second. At this

instant, what is the rate of change of the height of the liquid with respect to time?

2016 SCORING GUIDELINES

Question 6

The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

Itis known that f(1) =1, f'(1) = and the nth derivative of f at x =1 is given by

-1
7
—1)!
Fma) = (—1)”% for n 2 2.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x = 1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

(c) The Taylor series for f about x =1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2).

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).
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(b) R = 2. The series converges on the interval (-1, 3). 5. 1 : identifies both endpoints

1 : analysis and interval of convergence
L 1,11
When x = —1, the series is 1+1+§+§+Z+~-.

Since the harmonic series diverges, this series diverges.

.. 1 1.1
When x = 3, theseriesis 1 =1+ = — =+ —+---
’ 2 3 4
Since the alternating harmonic series converges, this series

converges.

Therefore, the interval of convergence is —1 < x < 3.
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(d) The series for f(1.2) alternates with terms that decrease in [ 1:error form
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