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Question 1

(@)

(b)

(d

5
jo E(1) dt =153.457690

To the nearest whole number, 153 fish enter the lake from midnight
to 5 AM.

15 ~
ﬂjo L(t) df = 6.059038

The average number of fish that leave the lake per hour from
midnight to 5 A.M. is 6.059 fish per hour.

The rate of change in the number of fish in the lake at time 7 is
given by E(t) — L(?).

E(t)-L(t) =0 = = 620356

E(t) - L(t) > 0 for 0 < < 6.20356, and E(t)— L(¢) < 0 for
6.20356 < ¢ < 8. Therefore the greatest number of fish in the lake is
at time ¢ = 6.204 (or 6.203).

__OR—
Let A(¢) be the change in the number of fish in the lake from

midnight to ¢ hours after midnight.

A(t) = I;(E(.s) — L(s)) ds
A(t)=E(t)-L(t)=0 = t=C =6.20356

| 4@
0
135.01492
80.91998

o O o~

Therefore the greatest number of fish in the lake is at time
t = 6.204 (or 6.203).

E'(5) - L'(5) = -10.7228 < 0

Because E'(5) - L'(5) < 0, the rate of change in the number of fish
is decreasing at time ¢ = 5.

¥

1 : integral

1 : answer

1 : integral
1 : answer

1:sets E(1)—L(t)=0
1 : answer
1 : justification

1 : considers E'(5) and L'(5)
1 : answer with explanation
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Question 2

() %jf(r(a))z d6 = 3.534292

The area of S is 3.534.

b [ h6) a6 = 1579933
(b) Gfojo r(0)do = 1.

The average distance from the origin to a point on the curve
r=r(@) for 0 < @ <z is 1.580 (or 1.579).

(c) tanﬁz%=m = O=tan"'m

e a0 =44 o) ao)

(d) As k — oo, the circle r = kcos@ grows to enclose all points to
the right of the y -axis.

Jim A(K) =3 j;/ 2(H(0)) do

- %J'g/z(%/gsin(ﬁz))z d6 = 3.324

—_

: integral
: answer

: integral
: answer

: equates polar areas
: inverse trigonometric function

applied to m as limit of
integration

: equation

: limits of integration
: answer with integral
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Question 3

(@) J‘lf(x) dx = J.:zf(x) dx + Jif(x) dx
= 7= f:j_f(x) dx+2+ (9 _97”)

= J.:jf(x)dx:7—(ll—97”):97”—4
®) [r(x)+4yde=2f f(x)dv+ [T4ds
=2(/(5)-f(3))+4(5-3)
=2(0-(3-+5))+8
=2(-3+5)+8=2+25

__ OR—

j;(Zf'(x) +4)dv =[2f(x) + 4x]'
= (2£(5)+20) = (2/(3) +12)
=(2:0+20)-(2(3-5) +12)
=2+25

(c) g'(x)=f(x)=0:>x=—1,x:%,x=5

x g(x)
-2 0
1
-1 5
1 _1
2 4
o
5 _2r
11 7

On the interval =2 < x < 5, the absolute maximum value

of g is g(5)=11—97”.

10" =3f'(x) 10" =3/7(1)
@ IVILHJ f(x)—arctanx ~ f(1) - arctan 1
10-3-2 4

“T—arctanl 71_7r

&

VP de = [y e [ (o)
3: 1: f2f(x) dx

1 : answer

5 1 : Fundamental Theorem of Calculus
" | 1:answer

1:g'(x) = f(x)
3: 4 1:identifies x = —1 as a candidate
1 : answer with justification

1 : answer
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Question 5

Question 4
2 2 14 dh
= = 1 = 2 ===
@ V=ar‘h=r()"h=rh 2{1 7
ar an = ( —~J4 ) _r cublc feet per second 1 : answer with units
dr |j—4 dr |-y
®) ﬁz_;.ﬁz_;.(_L h):L l.i(_L )=_L
dr? 20vh  dt 208 10 200 “dh\ 10 20k
B Ch_ L6 for h> 0, th f change of th S0 i . Y
ecause 2200 > 0 for & > 0, the rate of change of the i 2045 dt
height is increasing when the height of the water is 3 feet. 1 : answer with explanation
(c) dh _ —L dt 1 : separation of variables
«/Z N
1 : antiderivatives
j** dt 4: 4 1 :constant of integration
) f _ 7—t L C and uses initial condition
10 12 k(1)
2W5=-—10+C = C=25
Note: 0/4 if no separation of variables
2Vh = z+ 25
Note: max 2/4 [1-1-0-0] if no constant

h(t) = (—%t + J?)

of integration

@ fil)-—2=2
(x2—2x+k)
2 1 1
f(O)_—z_6:>k2 3= k=5
1 1 A B

®) 2o g GG-HE+2) x-4"x+2

= 1=A4A(x+2)+B(x—4)
1 p__1
= A76,B7 3

. Ir 1

[(feya=|] 6 & |
o\x—4 x+2
[ In|x - 4\—fln\x+2q

x=1

x=

(L3 Lms) o (Lna—Lino) = -1
—(6ln3 6ln3) (6ln4 6ln2)— 6ln2

2 2 '
(c)fzidx=f 2dx=j 2dx+
0 x"—2x+1 0o (x=1) o(x-1)

" P
lim J dx + 1imJ .
b—>1"Jg (X71) b1t Jp (X*l)
x=b 1 x=2
+ lim | -
x:Oj b~>]+[ x-1 x:bj

. . 1
lim (_f - 1) + bl;nlq+ (—1 + ﬁ)

b1~

Il
L5
|

x-1

Because lim (—L) does not exist, the integral diverges.
b\ b1

3:

1 : denominator of f"(x)
e

1 : answer

1 : partial fraction

decomposition

1 : antiderivatives
1 : answer

1 : improper integral
1 : antiderivative
1 : answer with reason
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Question 6

(@ £(0)=3and /'(0) = -2
The third-degree Taylor polynomial for f* about x = 0 is

23
43242 3 3 9,,3.2_ 233
3 2x+2!x + T =3 2x+2x TRk

(b) The first three nonzero terms of the Maclaurin series for e* are

I »
1+x+jx.

The second-degree Taylor polynomial for e” f(x) about x = 0 is
3(1 +x+ ix2) -2x(1+x)+ %xz(l)

2!
:3+(3—2)x+(%—2+%)x2

=3+x+x%

1
© ()= [ ) dr

1
zj (372t+ét27§l3)dt
0 2

2
[a 2.1l 23407
—|:3[ t +2t 48t i|t:0
11,123 _97
B T T

(d) The alternating series error bound is the absolute value of the first
omitted term of the series for A(1).

1 =1
54 4) [ 9 5} 9
24 ar=| =1 =
L(m 20" ], =20

9
<|Z|=
Error < 20‘ 0.45

[

: two terms

: remaining terms

: three terms for e*

: three terms for e f'(x)

: antiderivative
: answer

: uses fourth-degree term

of Maclaurin series for f

: uses first omitted term

of series for /(1)

: error bound
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Question 1

@ Volume = [ (k) dh

~(2-0)-4(0)+ (5 - 2)- A(2) + (10 = 5)- A(5)

=2-503+3-144+5-65
=176.3 cubic feet

(b) The approximation in part (a) is an overestimate because a left Riemann

sum is used and A4 is decreasing.

© j;of(h) dh = 101325338

The volume is 101.325 cubic feet.

(d) Using the model, 7' (k) = Lf’ £(x) dx.

:[ﬂ_@}
h=5 dh dt |5

-l

= £(5)-0.26 = 1.694419

ar
dt

When 4 =5, the volume of water is changing at a rate of

1.694 cubic feet per minute.

1 : units in parts (a), (c), and (d)

1 : left Riemann sum
" | 1: approximation

1 : overestimate with reason

2 1 : integral
" | 1:answer

1 : answer

7
3:{2' dt
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Question 2

@) %jo”/z(f(a))2 40 = 0.643414

The area of R is 0.648.

(b) jj((g(ﬂ))Z _(f(g))Z) 40 = %j;/z((g(ﬁ))z _ (f(g))z) ”

— OR—

[{(=@) - (r@)?*)ao =" P((s(0)) - (1(0))) a0

(c) w(0) =g(0)- f(9)
72
j w(6) do
wy =0~ =0.485446
% -0

The average value of w(&) on the interval [O, %} is 0.485.

(d) w(0)=w, for 0<6< % = 0 =0.517688
w(0) = w, at 6 = 0.518 (or 0.517).

w(0.518) < 0 = w(6) is decreasing at § = 0.518.

1 : integral
1 : answer

: integral expression
2: for one region
1 : equation

1:w(6)
3: 4 1:integral
1 : average value

5. 1 : solves w(@) = wy
" | 1 : answer with reason
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Question 3

@ f(-6) = f(-2)+ [ f()de=T- [ f(x)dx=7-4=3

f5) = .f(—2)+fzf'(x) dx=7-27+3=10-2z

(b) f'(x) > 0 on the intervals [-6, —2) and (2, 5).
Therefore, f is increasing on the intervals [-6, —2] and [2, 5].

(c) The absolute minimum will occur at a critical point where f'(x) =0
or at an endpoint.

fl(x)=0=x=-2,x=2

The absolute minimum value is f(2) = 7 — 2.

@ /"5 = =3y ="1

lim f’(x) _f'(3) =2 and lim f’(x) —f'(}) =1
x—3" x-3 x—3* x-3

f"(3) does not exist because
S SB) S0 10)
x=3

x—3* x-3

lim
x—3"

2:

1 : uses initial condition
1: f(-6)
1: £(5)

: answer with justification

1 : considers x = 2
" | 1: answer with justification

1 f(-5)
1: f"(3) does not exist,
with explanation

Question 4

AP Calculus BC: 2017

@ H'(0) = —5(91-27) = 16
H(0) =91

An equation for the tangent line is y = 91 — 16¢.

The internal temperature of the potato at time ¢ = 3 minutes is

approximately 91 -16-3 =4

d*H 1 dH 1
b - —
( ) dtz 4 dt (

d*H

H >27 fort>0 = 5
dt

3 degrees Celsius.

(- o

= =27)> 0 for 1> 0

Therefore, the graph of H is concave up for ¢ > 0. Thus, the
answer in part (a) is an underestimate.

G _
© (G —27)*?

[ = fena

3(G-27)==+cC
391-27)P =0+C = C
3(G-27) =121t

12 -1t
3

G(t):27+(

=12

3
) for 0 <t <10

The internal temperature of the potato at time ¢ = 3 minutes is

12-3
3

3
27 + ( ) = 54 degrees

Celsius.

1 :slope
3:4 1:tangent line
1 : approximation

1 : underestimate with reason

1 : separation of variables

1 : antiderivatives

1 : constant of integration and
uses initial condition

1 : equation involving G and ¢

1:G(t) and G(3)

Note: max 2/5 [1-1-0-0-0] if no constant
of integration

Note: 0/5 if no separation of variables
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(x) = —3(4x-7)
@ /) (2x2—7x+5)2
oy (3)) 15
fe)= (a8-21+57% 4
® fx)=——D g T

2
(26° = 7x +5)
The only critical point in the interval 1 < x < 2.5 has x-coordinate %
/" changes sign from positive to negative at x = %

Therefore, f has a relative maximum at x = %

0 b
© [ sy ax = jim [ v = lim

b
. J‘( 2 1 )d
= - X
>0 )s 2x2 _7x +5 bsoJs \2x =5 x-—1

o b 2x -5\
= bhﬁrglo[ln(Zx— 5)—In(x —1)]5 = bhrglo[ln( 1 ﬂ

- 5
i [ (2225 (3] 22— 1nf5) = (8
‘blir&[ln(bq) ln(4)}—1n2 ln(4)—ln(5)

(d) f is continuous, positive, and decreasing on [5, 00).

0
The series converges by the integral test since J % dx
5 2x°=Tx+5
converges.
__ OR —
3 1
27>0and—2>0f0rn25.
2n° —-Tn+5 n
3
2 o0
Since lim 2= =Tn+5 _ 3 and the series ZL converges,
n>o0 1 2 Py
n2
- 3
the series Z converges by the limit comparison test.

“on? —Tn+5

2: f'(3)

1 : x-coordinate
2: < 1 :relative maximum
with justification

1 : antiderivative
3: < 1:limit expression
1 : answer

2 : answer with conditions

Question 6
(@ f(0)=0 12 /"(0), /(0), and £(0)
f(0)=1 319 1: verify terms
£7(0) = =1(1) = -1 1 : general term
S7(0) = -2(-1) =2
190)=-3(2) = -6
The first four nonzero terms are
Sl 20, 66 2 0 A
0+1x+2!x +3!x+4!x =X 2+3 7
_\rtln
The general term is (l)ix
o0 (_1)n+l
(b) For x =1, the Maclaurin series becomes ZT 2 : converges conditionally

n=1

The series does not converge absolutely because the harmonic series
diverges.

The series alternates with terms that decrease in magnitude to 0, and
therefore the series converges conditionally.

x 2 3 4 n+l n
Pt (=)t
[t 3 + 7 + + ]dt

(c) J';f(t) dt = J

n
0
2 3 4 5 n+l n+l 1=x
B S S A SR Gl S A
‘[2 32743754 e T lo
ESRNP I NS SR ) A S
T2 6 12 2 (n+1)n
(d) The terms alternate in sign and decrease in magnitude to 0. By the 1
alternating series error bound, the error a(%) - g(%) is bounded
. (/2
by the magnitude of the first unused term, |— 20 |
1 1 (1/2y 1 1
) = | g - -
Thus, H‘(z) g(z) =720 |7 32:20 <500

with reason

1 : two terms
1 : remaining terms
1 : general term

: error bound



