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Part B (BC): Graphing calculator not allowed 
Question 6 9 points 

General Scoring Notes 

• The model solution is presented using standard mathematical notation. 

• Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should 
be accurate to three places after the decimal point. Within each individual free-response question, at most 
one point is not earned for inappropriate rounding. 

The Taylor series for a function f about x = 4  is given by 
∞ (x )n n+ +1 (x )2 3

∑ − 4 − 4 (x − 4) (x − 4)4 (x − 4) 1
= + + + + +

n=1 (n + 1 3) n n2 3⋅ 3 ⋅ ⋅32 4 33 (n + 1 3)
and converges to f (x)  on its 

interval of convergence. 

Model Solution Scoring 

A Using the ratio test, find the interval of convergence of the Taylor series for f about x = 4 . Justify your 
answer. 

(x − 4)n+2 (n + 1 3) n (x n− +4)( 1)
⋅ = 

(n + 2 3) n n+1 1(x − 4) +  3 2(n + )
Sets up ratio Point 1 (P1) 

(x n− 4 1)( + ) x − 4 n x+ −1 4lim  li= m =   
n n→ →∞ ∞3 2(n + ) 3 n + 2 3

Limit of ratio Point 2 (P2) 

x − 4 < 1 when − <3 x − 4 3< . 3

Thus, the series converges when 1 7< <x . 

Interior of interval of 
convergence 

Point 3 (P3) 

When x = 1 , the series is 
∞ (− ⋅1)n+1

∑ 3
n + 1n=1

, which converges by 

the alternating series test. 

When x = 7  the series is 
∞

∑ 3
n + 1n=1

, which diverges by limit 

comparison to the harmonic series. 

Therefore, the series converges for 1 7≤ <x . 

Considers both 
endpoints 

Point 4 (P4) 

Analysis and interval 
of convergence 

Point 5 (P5) 
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 Scoring Notes for Part A 

 • P1 is earned by presenting a correct ratio with or without absolute values. Once earned, P1 is banked 
(i.e., subsequent errors in simplification or evaluation do not impact scoring for P1). P2 is not 
earned if there are any errors in simplification or evaluation of the limit. 

• P1 is earned for ratios mathematically equivalent to any of the following: 

(x − 4)n+2 (x − 4)n+1

(x n− 4)n+2 ( + 1 3) n (n + 2 3) n+1 (x − 4)n+1 n3n−1 (n + 1 3) n
⋅ , , ⋅+ + , or . 

(n + 2 3) n n1 1(x − 4) (x − 4)n+1 (n + 1 3) n n(x − 4) (x − 4)n

(n + 1 3) n n3n−1

• P1 is also earned for ratios mathematically equivalent to the following reciprocal ratios: 

(x − 4)n+1
(x − 4)n

(x n− +4)n+1 ( 2 3) n+1 (n + 1 3) n (x n− +4)n ( 1 3) n
3n 1

⋅ , ⋅ n −

+ + , − + , or . 
(n + 1 3) n n(x − 4) 2 (x − 4)n 2 n3n n1 1(x − 4) (x − 4)n+1

(n + 2 3) n+1 (n + 1 3) n

A response that presents any of these reciprocal ratios earns P1 and is eligible for P2, P3, and P4, 
but not P5. 

• A response that does not present a ratio is not eligible for P2. 

• A response that does not use the absolute value of a ratio can earn both P1 and P2. 

• A response that does not use absolute value in computing the limit is eligible for P3 if the expression 
4x −−1 1< <3  or an equivalent inequality is presented. 

• A response that presents an incorrect limit of form x − 4
b , where b > 0 , is eligible for P3. 

P3 is then earned for correctly finding an interval with interior (1, 7)  or 

 

(4 − b b, 4 + ) .  
Note: x b− <4  is not sufficient to earn P3. x − 4  < b  can earn P3 if this is resolved to 
− +b 4 < x b< + 4 . 

• P4 is earned for considering both endpoints of the correct interval or both endpoints of an incorrect 
interval that has earned P3. 

• To earn P5, a response must correctly analyze the series at x = 1  and x = 7 , and present the correct 
interval of convergence. Naming of an appropriate test is sufficient for the analysis at each endpoint. 
In addition to the tests listed in the model solution, the direct comparison test to an appropriate series 
or the integral test may also be used. 
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Find the first three nonzero terms and the general term of the Taylor series for f ′ , the derivative of f, 
about x = 4 . 

(x x− −4 4) ( )2 3(x − 4) (x − 4)nf x′( ) = + + +  + +  3 9 27 3n

First three terms Point 6 (P6) 

General term Point 7 (P7) 

Scoring Notes for Part B 

• P6 is earned by presenting the first three nonzero terms in a list or as part of a polynomial or series. 
• P7 is earned by identifying the correct general term (either individually or as part of a polynomial or 

series). 

C The Taylor series for f ′ described in part B is a geometric series. For all x in the interval of convergence 

of the Taylor series for f ′ , show that x − 4f x′( ) = . 7 − x

The Taylor series for f ′ is a geometric series with first term 
x − 4

3  and common ratio x − 4 . 3

x − 4
4 4( ) 3 x x− −f x′ = = =  x x− −4 73 4− −(x )1 − 3

Verification Point 8 (P8) 

Scoring Notes for Part C 

• A response of 
x − 4

′( ) 3x = x − 41 − 3

 is sufficient to earn P8. 
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It is known that the radius of convergence of the Taylor series for f about x = 4  is the same as the radius 
of convergence of the Taylor series for f ′  about x = 4 . Does the Taylor series for f ′  described in  

part B converge to x − 4f ′( ) = 7 − x  at x = 8 ? Give a reason for your answer. 

It follows from the work in part A that the interior of the interval 
of convergence of the Taylor series for f ′  is 1 7< <x . 

Therefore, x = 8  would be outside the interval of convergence 
of f ′ , and the Taylor series for f ′ would not converge to 

x − 4f x′( ) = 7 − x  at x = 8 . 

Answer with reason Point 9 (P9) 

Scoring Notes for Part D 

• A response of “no, x = 8 is outside the interval of convergence” is sufficient to earn P9. 

• P9 can be earned with a response consistent with an incorrect interval of convergence imported from 
part A. 

• Alternate solutions: 

o Because the series for f x′( )  is geometric, this converges to f x( ) for all values of x such that 

the common ratio x −
3  is between −1 and 1. 

x − 4−1 < < 1 ⇒ −3 < x x− 4 3< ⇒ 1 < < 7  3

o Because x = 8 is outside the interval 1 7< <x , the series for f ′ does not converge to 
x − 4f x′( ) =  at x = 8 . 7 − x

o For x = 8 , the series is given by 
∞
∑ 4

1
( 3 )

n

n=
, which is a geometric series with 4 r = > 1 .3

Therefore, the series diverges for x = 8 . 
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Part B (BC): Graphing calculator not allowed 
Question 6 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

 

f
 

2
1

1
 

6

n

n
n

n x

n

   f x x

f 6.  

 

 Model Solution Scoring 

(a) f 6x 

 

 
At 6,x   the series is 

 
2 2

1 1

1 6 1.
6

n

n
n n

n n

n n 

     Considers 
 

2

1 6

6

n

n

n

n


 

1 point 

 
Because 

2
1 1n

nn

   for all 1n   and the harmonic series 
1

1

n
n




diverges, the series 
2

1

1

n

n

n

   diverges by the comparison test. 

Answer with reason 1 point 
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 Scoring notes: 

 

 
2

1 6
.

6

n

n

n

n


2

1,n

n



 

2
1n

n



o 
2

1 1 ,n
nn

 

o 

 

6,x 
 

2 2
1 1

1 6 1.
6

n

n
n n

n n

n n 

   

Because 
22

2

1

lim lim 1
1n n

n
n nn
n

n
  


 

1

1

n
n


  diverges, t

2
1

1

n

n

n

 

o 

1.

o 

 Total for part (a) 2 points 
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(b) 
      2 2

1 1

1 3 1 13   
26

n n

n
n n

n nf
n n 

       

3
125 .
144

S     3
13 .

50
f S    

 
        2 2

1 1

1 3 1 13
26

n n

n
n n

n n
f

n n 

   
      is an alternating 

series with terms that decrease in magnitude to 0.  
 

By the alternating series error bound,  3

2
1

1 1 125
2 144

n

n

n

n

     

approximates  3f   with error of at most 

 42
4 1 1 5 5 1 .

2 256 250 504

      

Thus,   3
13 .

50
f S    

Uses fourth term 1 point 

 Verification 1 point 

 Scoring notes: 

 3x  
3x  

  42
4 1 1

24

  5
256

  42
4 1 1

24

 

  3f 

o  42
4 1 1 1Error

2 504

  

 5
256

 Total for part (b) 2 points 
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(c) ,f  .f

.f   

 The general term of the Maclaurin series for f   is

   1 1

2

1 1
.

6 6

n n

n n

n n x n x

n n

  



 

General term 1 point 

 Because the radius of convergence of the Maclaurin series for f  

is 6,  the radius of convergence of the Maclaurin series for f   is 

also 6.  

Radius 1 point 

 Scoring notes: 

 
  1

2

1

6

n

n

n n x

n



 
  1

2

1
,

6

n

n

n n x

n



 6.

 

 
 
 

 
 

1

1 2

2

1 6 2
lim lim 1 6

61 1

6

6

n

n

nn n

n

n x

n n n x
x

n x n

x

n



  



 
    

 




f  6.

 

   
1 1

1 6
1 1l 1im 1l 1

6 66
im

n n
nn

n nn

n x n x
nn

x x
x




  
         


f  6.

 Total for part (c) 2 points 
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(d) 
    2

2
1

1
 .

3

n

n
n

n x
g x

n

 
 

.g  

  
 
 

 
   

2 2

2 1 2 2 2

2 2 21

2

2

1 3 2 3

1 11 3

3

n

n n n

n nn

n

n x

n n x n

n x n xn

n



 





 


 



 

Sets up ratio 1 point 

  
 

2 2 2

3

2
lim

3 31n

n n x x

n






 

Limit 1 point 

 2
21 3 3

3
x x x      

The radius of convergence of g  is 3.  

Radius of 
convergence 

1 point 

 Scoring notes: 

 

 

 
 
 

2 2

2 1

2

2

2

1 3
,

1

3

n

n

n

n

n x

n

n x

n










 
 
   

2 2 2

2 21

2 3 ,
11 3

n n

nn

n x n

n xn









 

 

 

2

2

2 2

2 1

1

3 ,

1 3

n

n

n

n

n x

n
nx

n









 or 
   22 1

2 2 2

1 1 3
.

3

n n

n n

n x n

n nx




 



 

 

 
 

2

2

2 2

2 1

1

3 ,
2

1 3

n

n

n

n

n x

n
n x

n











 
   

 

22 1

2 2 2

1 1 3
,

3 2

n n

n n

n x n

n n x




 


  

 
 

2 2

2 1

2

2

1 3
,

1

3

n

n

n

n

nx

n

n x

n





    

2 2 2

2 21
3 .
11 3

n n

nn
nx n

n xn



 


2
3 .
x

3 1 .
3

 

 3  

 Total for part (d) 3 points 

 Total for question 6 9 points 
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AP® CALCULUS AB/CALCULUS BC 
2019 SCORING GUIDELINES 

Question 1 

(a) 
5 

E t    d t  153.457690  
0 

To the nearest whole number, 153  fish enter the lake from midnight 
to 5 A.M. 

1
  : integral 

2 :  
1 : answer 

(b) 1 5 
 

  L t    d t  6.059038 
5 0 0 

The average number of fish that leave the lake per hour from 
midnight to 5 A.M. is 6.059  fish per hour. 

1
  : integral 

2 :  
1 : answer 

(c) The rate of change in the number of fish in the lake at time t is 
given by Et   Lt .   

E t   L t     0  t  6.20356 

E t   Lt    0 for 0  t 6.20356, and E t     Lt    0 for

6.20356  t 8.  Therefore the greatest number of fish in the lake is 
at time t  6.204  (or 6.203). 

— OR — 

Let A t   be the change in the number of fish in the lake from 

midnight to t  hours after midnight. 

 
t

A t     E s   L s   ds   
0 

A t    E t   L t   0  t  C  6.20356  

t A t   

0 0 
C 135.01492 
8 80.91998 

Therefore the greatest number of fish in the lake is at time 
t  6.204  (or 6.203). 

 1 : sets  E t   L t   0 


3 :  1 : answer  
 1 : justification 

(d) E 5  L5   10.722 8  0  

Because  E  5  L 5  0,  the rate of change in the number of fish 

is decreasing at time  t  5.  

 1 : considers  E5  and L5
2 :    

 1 : answer with explanation 

© 2019 The College Board. 
Visit the College Board on the web: collegeboard.org.  
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Question 2 

(a) 1  
r  2 d  3.534292  

2 0 

The area of S is 3.534. 

1
  : integral 

2 :  
1 : answer 

(b) 1  
r  d   1.579933  

  0 0 

The average distance from the origin to a point on the curve 
r  r   for 0      is 1.580  (or 1.579). 

1
  : integral 

2 :  
1 : answer 

(c) 
y 

tan    m    tan 1m  
x 

 

1 tan1


m 1 2  1 r   d   r  2 d   2 0 2   2 0 

 1  : equates polar areas 
 1 : inverse trigonometric function 


3 :   applied to m  as  limit of  
 integration
 
 1 : equation 

(d) As k  , the circle r  k cos  grows to enclose all points to 
the right of the y -axis. 

 

1  2
lim A k     r  2 d 

k 2 0 

1  2  2
  3  sin   2  d  3.324 

2 0 

 1 : limits of  integration 
2 :   

1 : answer with integral 

© 2019 The College Board. 
Visit the College Board on the web: collegeboard.org. 
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Question 3 

(a) 
5 2 5

f x  d x    f x  d x   f  x d x
6 6 2 


2 9 7  f x  d x  2   9    
6 4  

 
2  9 4
  9 f x  d x  7   11     

6 4 4 

 5 2 5
1 :  f  x d x  f  x d x  f x d  x 6 6 2


3 :  5

1 :  f x  d x 2
 1 : answer 

(b) 
5 
 2 f  x  4 

5 5
dx  2 f 

3   x dx   4 dx 
3 3 

 2 f  5  f 3    45   3  
 2 0    3  5    8 

 2 3  5    8  2   2  5  

— OR — 


5
2 f x   4 dx  2 f  x   4x x5

x3 3 

 2 5f    20    2 f  3  12    
 2  0 20     2 3  5   12  
 2 2  5  

 

2  1 :  Fundamental Theorem of Calculus 
 :  

 1 :  answer 

(c) 1g x   f x    0  x  1, x   , x  5  
2 

x  g x   

2  0   

1 1  
2 

1  
2 

1  
4 

5  9 11   
4 

On the interval 2  x   5, the absolute  maximum value  

of g is 9g 5   11   
4 

.  

 1 :  g x   f  x  


3 :   1 : identifies  x  1 as a candidate  
 1 : answer  with justification 

(d) 
10 x  3 f x     10 1  3 f  1

lim 
x1 f x     arctan x f  1  arctan 1 

 10  3  2 4 
1 a rctan  1  1 

4 

1 : answer  

© 2019 The College Board. 
Visit the College Board on the web: collegeboard.org. 
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Question 4 

(a) V   r2h     1 2 h  h  
dV dh 1      4     cubic feet per second
dt h4 dt h4 10 5

 dV dh  1 :   
2 :   dt dt 

 1 : answer with units 
 

(b) d h2  1 dh  1 1 1     
2 

    h    
dt 20 h dt 20 h  10 200

Because d h2  1 
2 

  0
dt 200 

 for h  0, the rate of change of the

height is increasing when the height of the water is 3  feet.  

 d 11 :   h     dh 10  1
20 h 


3 :   d h2  1 dh   

1 :   
2 

  dt 20 h dt 

 1 :  answer with explanation 

(c) dh 1   dt
h 10 

 dh  1  dt
 h  10 

12 h    t  C
10 
12 5     0  C  C  2 5  

10 
12 h    t  2 5  

10 

 1h t     t  5 2 

20 

 1 : separation of  variables 
 1 : antiderivatives 


4 :   1 : constant of integration  
 and uses  initial condition
 
 1 :  h t   

Note: 0 4  if no separation of variables 

Note: max 2 4  [1-1-0-0]  if no constant 
of integration 

© 2019 The College Board. 
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Question 5 

(a) 
2x  2

f x     
x 2  2x k 2  

2 2 1 1f  0   6 
2 

k   k 
k 3 3

 

 1 : denominator of  f x


3 :  1 : f x    
 1 : answer 

 

 

(b) 
1 1 A B   

x2  2x  8 x  4x  2 x  4 x  2 

 1  A x  2  B  x  4  

1 1 A  , B    
6 6 

1 1 1 


1   
f  x dx    6  6  dx 

0 0  x  4 x  2  
x1

 1 1  ln x  4  ln  x  2  6 6 


x0 

1 1 1 1 1 ln 3  ln 3    ln 4  ln 2    ln 2  
6 6 6 6 6 

 1 : partial fraction 
 decomposition 

3 :   
 1 : antiderivatives 
 1 : answer 

(c) 

 

2  2 1 2 
 1  1  1  1 2 

dx   dx   dx 
2 2  dx

0 x  2x  1 0  x  1 0 x  1 1 x  1 2
b 2

 1  1 lim  dx  lim  dx 
  2  2

b1 0 x  1 b 1  b x  1 
 1 x b   1 x2 

 lim     lim   
b   1 x  1 

 
 x0     b 1 x  1

1  lim   1  m 
 b  li

 1  b1 b1 
 
 xb 

1 1   
b  1

Because 1lim  
b1 b  1  does not exist, the integral diverges. 

 

 1 : improper integral 


3 :  1 : antiderivative  
 1 : answer with reason 

© 2019 The College Board. 
Visit the College Board on the web: collegeboard.org. 
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Question 6 

(a) f  0  3 and f  0  2  

The third-degree Taylor polynomial for f about x  0 is 

 

 

2333 2 2x 2  3 3 23    x  x  3 2 x   x 2  x3.  
2! 3! 2 12 

 1 : two terms 
2 :  

1 : remaining terms 

(b) The first three nonzero terms of the Maclaurin series for ex  are 
11  x x2

2! 
.  

 

The second-degree Taylor polynomial for e fx x  about  x  0 is 

 1  2 33 1   x x   2x 1  x  x 2  1
2! 2 

 3 3 3 3  2  x    2   x2  
2 2 

 3 x  x2 . 
 

 1 : three terms for  ex

2 :    
 1 : three t  x
 erms for e f  x  

(c) 
1 

h 1   f  t dt
0 

1
  3 23    3 2 t  t 2  t3 dt
0 2  12   

 
t1

   2 1t t 3 23  3   t  t4 
 2  48   t0 

1  23  97   3 1     
2  48  48  

 

1
   : antiderivative 

2 :  
 1 : answer 

(d) The alternating series error bound is the absolute value of the first 
omitted term of the series for h 1 .  
 

1 
 54    4  t1

  9 t   9dt t 5   
0 4! 20  t0 20 

 
9Error   0.45  
20 

 
 

 1 : uses fourth-degree term 
 of Maclaurin series for f


3 :   1 : uses first omitted term  
 of series for h 1
 
 1 : error bound 

© 2019 The College Board. 
Visit the College Board on the web: collegeboard.org.  
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Question 1 
 

  
   
(a) ( )

300

0
270r t dt =∫   

 
According to the model, 270 people enter the line for the escalator 
during the time interval 0 300.t≤ ≤   
 

 1 : integral
2 : 

 1 : answer




 

 

(b) ( )( ) ( )
300 300

0 0
20 0.7 20 0.7 300 80r t dt r t dt+ − = + − ⋅ =∫ ∫   

 
According to the model, 80 people are in line at time 300.t =  
 

 1 : considers rate out
2 : 

 1 : answer




 

 

(c) Based on part (b), the number of people in line at time 300t =  is 80. 
 
The first time t that there are no people in line is  

80300 414.2860.7+ =  (or 414.285) seconds. 

 

1 : answer  
 

(d) The total number of people in line at time t, 0 300,t≤ ≤  is modeled by 

( )
0

20 0.7 .
t
r x dx t+ −∫  

 
( ) 1 20.7 0 33.013298, 166.574719r t t t− = ⇒ = =  

 
t People in line for escalator 
0 20 
1t   3.803 

2t   158.070 
300 80 

 
The number of people in line is a minimum at time 33.013t =  seconds, 
when there are 4 people in line. 
 

( ) 1 : considers 0.7 0
 1 : identifies 33.013

4 : 
 1 : answers
 1 : justification

r t
t

− =
 =



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Question 2 
 

  
   
(a) ( )25 1.179p′ = −  

 
At a depth of 25 meters, the density of plankton cells is changing at a 
rate of 1.179−  million cells per cubic meter per meter. 
 
 
 

{ 1 : answer
2 : 

 1 : meaning with units
 

 

(b) ( )
30

0
3 1675.414936p h dh =∫  

 
There are 1675 million plankton cells in the column of water between 

0h =  and 30h =  meters. 
 
 
 

{ 1 : integrand
2 : 

 1 : answer
 

 

(c) ( )
30

3
K

f h dh∫  represents the number of plankton cells, in millions, in 

the column of water from a depth of 30 meters to a depth of K meters. 
 
The number of plankton cells, in millions, in the entire column of 

water is given by ( ) ( )
30

0 30
3 3 .

K
p h dh f h dh+∫ ∫  

 
Because ( ) ( )0 f h u h≤ ≤  for all 30,h ≥   

( ) ( ) ( )
30 30 30

3 3 3 3 315.105
K K

f h dh u h dh u h dh
∞

≤ ≤ = =⋅∫ ∫ ∫  

 
The total number of plankton cells in the column of water is bounded 
by 1675.415 315 1990.415 2000+ = ≤  million. 
 
 
 

 1 : integral expression
3 :  1 : compares improper integral

 1 : explanation






 

(d) ( )( ) ( )( )
1 2 2
0

757.455862x t y t dt′ ′+ =∫  

 
The total distance traveled by the boat over the time interval 0 1t≤ ≤  
is 757.456 (or 757.455) meters. 
 
 
 

 1 : integrand
2 : 

 1 : total distance



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Question 3 
 

  
   
(a) ( ) ( ) ( ) ( ) ( )

( ) ( )
5 1

1 5
5 1 1

3 19 253 9 1 32 2 2

f f g x dx f g x dx
−

−
− = + = −

= − − − + = − − =

∫ ∫
 

 
 
 

{ 1 : integral
2 : 

 1 : answer
 

 

(b) ( ) ( ) ( )

( )

( ) ( )

6 3 6

1 1 3
3 6 2

1 3
6

3

3

2 2 4

2 16 24 4 4 103 3 3

x

x

g x dx g x dx g x dx

dx x dx

x
=

=

= +

= + −

 = + − = + − − =  

∫ ∫ ∫
∫ ∫  

 
 
 

( )2
 1 : split at 3

3 :  1 : antiderivative of 2 4
 1 : answer

x

x

=


−


 

 

(c) The graph of f is increasing and concave up on 0 1x< <  and 
4 6x< <  because ( ) ( ) 0f x g x′ = >  and ( ) ( )f x g x′ =  is 
increasing on those intervals. 
 
 
 

{ 1 : intervals
2 : 

 1 : reason
 

 

(d) The graph of f has a point of inflection at 4x =  because 
( ) ( )f x g x′ =  changes from decreasing to increasing at 4.x =  

 
 
 

{ 1 : answer
2 : 

 1 : reason
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Question 4 
 

  
   
(a) ( ) ( ) ( )7 5 11 6 56 7 5 2 2

H HH − −′ ≈ = =
−

 

 
( )6H ′  is the rate at which the height of the tree is changing, in meters  

per year, at time 6t =  years. 
 

{ 1 : estimate
2 : 

 1 : interpretation with units
 
 

(b) ( ) ( )5 3 6 2 25 3 2
H H− −= =

−
 

 
Because H is differentiable on 3 5,t≤ ≤  H is continuous on 3 5.t≤ ≤  
 
By the Mean Value Theorem, there exists a value c, 3 5,c< <  such that 

( ) 2.H c′ =  
 

( ) ( )5 3 1 : 5 32 :  1 : conclusion using 
Mean Value Theorem

H H−
 −




 

 

(c) The average height of the tree over the time interval 2 10t≤ ≤  is given 

by ( )
10

2
1 .10 2 H t dt
− ∫  

 

( ) ( )
( )

10

2
1.5 2 2 6 6

2

1 1

.

11 2 11 15
2 2 21 2 38 8

1 2636 58 3

2

5 7

H t dt + + + ++ + +≈ ⋅ ⋅ ⋅ ⋅

= =

∫
 

 
The average height of the tree over the time interval 2 10t≤ ≤  is  
263
32  meters. 

 

{ 1 : trapezoidal sum
2 : 

 1 : approximation
 

 

(d) ( ) 50 1G x x= ⇒ =  
 

( )( ) ( )( ) ( )
( ) ( )2 2

1 100 100 1 100
1 1

x xd d dx dx dxG x G xdt dx dt dt dtx x
+ − ⋅

= ⋅ = ⋅ = ⋅
+ +

 

 

( )( )
( )21

100 30.03 41 1x

d G xdt =
= ⋅ =

+
  

 
According to the model, the rate of change of the height of the tree with 

respect to time when the tree is 50 meters tall is 3
4  meter per year. 

 

( )( ) 2 : 3 : 
 1 : answer

d G xdt




 

 
Note: max 1 3  [1-0] if  

no chain rule 
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Question 5 
 

  
   
(a) ( )( )5 3 22

3
1Area 4 3 2cos2 d

π

π
θ θ= − +∫  

 
{ 1 : constant and limits

3 : 
 2 : integrand

 

 

(b) 
2

2sin 2dr dr
d d θ π

θ
θ θ =

= − ⇒ = −  

( ) ( )3 2cos 32 2r π π= + =  

 

sin sin cos

cos cos sin

dy dry r rd d
dx drx r rd d

θ θ θ
θ θ

θ θ θ
θ θ

= ⇒ = +

= ⇒ = −
 

( ) ( )
( ) ( )2 2

2sin 3cos 22 2
32cos 3sin2 2

dy ddy
dx dx dθ π θ π

π π
θ
θ π π= =

− +
= = =

− −
 

 
The slope of the line tangent to the graph of 3 2cosr θ= +   

at 2
πθ =  is 2 .3  

 
— OR — 
 

( )

( )

2 2sin 3 2cos sin 3cos cos 2sin

cos 3 2cos cos 3sin 4sin cos

dyy r d
dxx r d

θ θ θ θ θ θ
θ

θ θ θ θ θ θ
θ

= = + ⇒ = + 2 −

= = + ⇒ = − −
 

( ) ( ) ( )
( ) ( ) ( )

2 2

2 2

3cos cos 2sin 22 2 2
33sin 4sin cos2 2 2

dy ddy
dx dx dθ π θ π

π π π
θ
θ π π π= =

+ 2 −
= = =

− −
 

 
The slope of the line tangent to the graph of 3 2cosr θ= +   

at 2
πθ =  is 2 .3  

 

 1 : sin cos

or cos sin

3 : sin cos
 1 : 

cos sin

 1 : answer

θ θ
θ θ

θ θ
θ θ

θ θ
θ

θ θ
θ

 = +


= −

 + =

−



dy dr rd d
dx dr rd d

dr rdy d
dx dr rd

 

(c) 12sin 2sin
dr dr d d d dr
dt d dt dt dt dt

θ θ θθ
θ θ

= ⋅ = − ⋅ ⇒ = ⋅
−

 

 

( )3

1 33 3  radians per second
32sin 3

d
dt θ π

θ
π=

= ⋅ = = −
−−

 

 1 : 

13 :  1 : 2sin
 1 : answer with units

θ
θ

θ
θ

 = ⋅

 = ⋅

−


dr dr d
dt d dt
d dr
dt dt
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Question 6 
 

  
   
(a) The first four nonzero terms are 

2 3 4 5

2 3 4 .3 2 3 3 3 4 3
x x x x− + −

⋅ ⋅ ⋅
 

The general term is ( )
1

11 .
3

n
n

n
x
n

+
+−

⋅
 

 

{ 1 : first four terms
2 : 

 1 : general term
 

 

(b) 

( )
( )( )
( ) ( )

2 2

1

1 1

1
1 3

lim lim 3 311
3

n n

n

n nn n

n

x
n x n x

nx
n

+ +

+

+ +→ →∞ ∞

−

+ −= ⋅ =
+−

⋅

 

13
x <  for 3x <  

Therefore, the radius of convergence of the Maclaurin series for f is 3. 
 
— OR — 
 
The radius of convergence of the Maclaurin series for ( )ln 1 x+  is 1,  

so the series for ( ) ( )ln 1 3
xf x x= +  converges absolutely for 1.3

x <

1 33
x x< ⇒ <  

Therefore, the radius of convergence of the Maclaurin series for f is 3. 
 

When 3,x = −  the series is ( ) ( ) 1
1

1 1

3 31 ,
3

n
n

n
n n nn

+
+

= =

∞ ∞−
− =

⋅
∑ ∑  which 

diverges by comparison to the harmonic series. 
 

When 3,x =  the series is ( ) ( )
1

1 1

1 1

3 31 1 ,
3

n
n n

n
n n nn

+
+ +

= =

∞ ∞
− = −

⋅
∑ ∑  which 

converges by the alternating series test. 
 
The interval of convergence of the Maclaurin series for f is 

3 3.x− < ≤  
 

 1 : sets up ratio
 1 : computes limit of ratio
 1 : radius of convergence

5 : 
 1 : considers both endpoints
 1 : analysis and interval of 

convergence











 

 
— OR — 
 

( ) 1 : radius for ln 1  series

 1 : substitutes 3
 1 : radius of convergence5 : 
 1 : considers both endpoints
 1 : analysis and interval of 

convergence

x
x

+









 

(c) By the alternating series error bound, an upper bound for 
( ) ( )4 2 2P f−  is the magnitude of the next term of the alternating 

series. 

( ) ( )
5

4 4
2 82 2 814 3

P f− < − =
⋅

 

 1 : uses fifth-degree term
2 : as error bound

 1 : answer





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Question 1 
 

  
   
  1 : units in parts (a), (c), and (d)  

 
 

(a) ( )

( ) ( ) ( ) ( ) ( ) ( )

10

0
2 0 0 5 2 2 10

V

5 5
2 50.3 3 14.4 5 6.5
176.3 cubic f

o

eet

lume A h dh

A A A≈ − ⋅ + − ⋅ + − ⋅
= ⋅ + ⋅ + ⋅
=

= ∫
 

 
 

{ 1 : left Riemann sum
2 : 

 1 : approximation
 

(b) The approximation in part (a) is an overestimate because a left Riemann 
sum is used and A is decreasing. 
 
 

1 : overestimate with reason  

(c) ( )
10

0
101.325338f h dh =∫  

 
The volume is 101.325 cubic feet. 
 
 

{ 1 : integral
2 : 

 1 : answer
 

(d) Using the model, ( ) ( )
0

.
h

V h f x dx= ∫  

 

( )

( )

5 5

5

5 0.26 1.694419

h h

h

dV dV dh
dt dh dt

dhf h dt
f

= =

=

 = ⋅  

 = ⋅  
= ⋅ =

 

 
When 5,h =  the volume of water is changing at a rate of  
1.694 cubic feet per minute. 
 
 

 2 : 3 : 
 1 : answer

dV
dt




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Question 2 
 

  
   
(a) ( )( )

2 2
0

1 0.6484142 f d
π

θ θ =∫  

 
The area of R is 0.648. 
 
 

{ 1 : integral
2 : 

 1 : answer
 

 
 

(b) ( )( ) ( )( )( ) ( )( ) ( )( )( )22 2 2 2
0 0

1
2

k
g f d g f d

π
θ θ θ θ θ θ− = −∫ ∫  

 
— OR — 
 

( )( ) ( )( )( ) ( )( ) ( )( )( )22 2 2 2
0

k

k
g f d g f d

π
θ θ θ θ θ θ− = −∫ ∫  

 
 

 1 : integral expression
2 :       for one region

 1 : equation






 

(c) ( ) ( ) ( )w g fθ θ θ= −  
 

( )
2

0 0.485446
02

A

w d
w

π
θ θ

π= =
−

∫  

 

The average value of ( )w θ  on the interval 0, 2
π 

  
 is 0.485. 

 
 

( ) 1 : 
3 :  1 : integral

 1 : average value

w θ




 

(d) ( ) Aw wθ =  for 0 2
πθ≤ ≤  ⇒  0.517688θ =  

 
( ) Aw wθ =  at 0.518 (or 0.517).θ =  

 
( )0.518 0w′ <  ⇒  ( )w θ  is decreasing at 0.518.θ =  

 
 

( ) 1 : solves 
2 : 

 1 : answer with reason
Aw wθ =



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Question 3 
 

  
   
(a) ( ) ( ) ( ) ( )

6 2

2 6
6 2 7 7 4 3f f f x dx f x dx

− −

− −
′ ′− = − + = − = − =∫ ∫  

( ) ( ) ( )
5

2
5 2 7 2 3 10 2f f f x dx π π

−
′= − + = − + = −∫  

 
 

( )
( )

 1 : uses initial condition
3 :  1 : 6

 1 : 5
f
f


 −


 

(b) ( ) 0f x′ >  on the intervals [ )6, 2− −  and ( )2, 5 .  
Therefore, f is increasing on the intervals [ ]6, 2− −  and [ ]2, 5 .  
 
 

2 : answer with justification  

(c) The absolute minimum will occur at a critical point where ( ) 0f x′ =  
or at an endpoint. 
 
( ) 20 2,xf x x= −= ⇒ =′  

 
x ( )f x  
6−  3 
2−  7 

2 7 2π−  
5 10 2π−  

 
The absolute minimum value is ( )2 7 2 .f π= −  
 
 

{ 1 : considers 
2 : 

 1 : answer with justifica on
2

ti
x =  

(d) ( ) ( )
2 0 15 26 2f −′′ − = = −

− − −
 

 
 

( ) ( )
3

3lim 23x

f x f
x−→

′ ′−
=

−
 and ( ) ( )

3

3lim 13x

f x f
x+→

−
−

′
= −

′  

 
( )3f ′′  does not exist because 

( ) ( ) ( ) ( )
3 3

3 3lim lim .3 3x x

f x f f x f
x x− +→ →

− −
≠

′ ′
− −

′ ′  

 
 

( )
( )

 1 : 5
2 :  1 : 3  does not exist,

with explanation

f
f
′′ −

 ′′

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Question 4 
 

  
   
(a) ( ) ( )10 91 27 164H ′ = − − = −  

( )0 91H =  
 
An equation for the tangent line is 91 16 .y t= −  
 
The internal temperature of the potato at time 3t =  minutes is 
approximately 91 16 3 43⋅− =  degrees Celsius. 
 
 

 1 : slope
3 :  1 : tangent line

 1 : approximation






 

(b) ( )( )( ) ( )
2

2
1 1 1 127 274 4 4 16

d H dH H Hdtdt
= − = − − − = −  

 

27H >  for 0t >  ⇒  ( )
2

2
1 27 016

d H H
dt

= − >  for 0t >  

Therefore, the graph of H is concave up for 0.t >  Thus, the 
answer in part (a) is an underestimate. 
 
 

1 : underestimate with reason  

(c) 
( )

( )
( )

( )
( )
( )

( ) ( )

2 3

2 3

1 3

1 3

1 3

3

27

1
27

3 27

3 91 27 0 12

3 27 12

1227  for 103 0

dG dt
G

dG dt
G

G t C

C C

G t

tG t t

= −
−

= −
−

− = − +

− = + ⇒ =

− = −

−= + ≤ <

⌠

⌡ ∫

 

 
The internal temperature of the potato at time 3t =  minutes is 

( )312 327 543
−+ =  degrees Celsius. 

 
 

( ) ( )

 1 : separation of variables
 1 : antiderivatives
 1 : constant of integration and

5 : 
uses initial condition

 1 : equation involving  and 
 1 :  and 3

G t
G t G











 

 
Note:  max 2 5  [1-1-0-0-0] if no constant 

of integration 
 
Note:  0 5  if no separation of variables 
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Question 5 
 

  
   
(a) ( ) ( )

( )22

3 4 7

2 7 5

xf x
x x

− −′ =
− +

 

( ) ( )( )
( )2

3 5
18 21 5

153 4f −
=

+
′ = −

−
 

 

( )2 : 3f ′  

(b) ( ) ( )

( )22

3 4 7 70 42 7 5

xx
x

x
x

f − −
′ = = ⇒

−
=

+
 

The only critical point in the interval 1 2.5x< <  has x-coordinate 7 .4  

f ′  changes sign from positive to negative at 7 .4x =  

Therefore, f has a relative maximum at 7 .4x =  

 

 1 : -coordinate
2 :  1 : relative maximum 

      with justification

x




 

(c) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

25 55

5 5

3 2 1lim lim 2 5 12 7 5
2 5lim ln 2 5 ln 1

2 5 5ln ln

lim ln 1
5 8lim ln 2 ln ln 51 44

b b

b b

bb

b b

b

f x dx dx dxx xx x
xx x x

b
b

→ →

→ →

→

∞

∞ ∞

∞ ∞

∞

= = −
− −− +

−  = − − − =   

− −

− 

 = = −
− =



⌠ ⌠ ⌡⌡∫

 

 

 1 : antiderivative
3 :  1 : limit expression

 1 : answer






 

(d) f is continuous, positive, and decreasing on [ )5, .∞  
 

The series converges by the integral test since 2
5

3
2 7 5

dx
x x

∞

− +
⌠
⌡

 

converges. 
 
— OR — 
 

2
3 0

2 7 5n n
>

− +
 and 2

1 0
n

>  for 5.n ≥  

 

Since 
2

2

3
32 7 5lim 1 2n

n n

n
→∞

− + =  and the series 2
5

1
n n=

∞
∑  converges,  

the series 2
5

3
2 7 5n n n=

∞

− +∑  converges by the limit comparison test. 

2 : answer with conditions  
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Question 6 
 

  
   
(a) ( )0 0f =  

( )0 1f ′ =  
( ) ( )0 1 1 1f ′′ = − = −  
( ) ( )0 2 1 2f ′′′ = − − =  

( ) ( ) ( )4 0 3 2 6f = − = −  
 
The first four nonzero terms are 

2 3 4
2 43 61 20 1 .4!2! 3! 2 3 4

x x xx x xx x−−+ + = − + −+ +  

 

The general term is 
1( 1) .

n nx
n
+−  

 

( ) ( ) ( ) ( )4 1 : 0 , 0 ,  and 0
3 :  1 : verify terms

 1 : general term

f f f ′′ ′′′




 

(b) For 1,x =  the Maclaurin series becomes ( ) 1

1

1 .
n

n n

+

=

∞ −∑  

 
The series does not converge absolutely because the harmonic series 
diverges. 
 
The series alternates with terms that decrease in magnitude to 0, and 
therefore the series converges conditionally. 
 

2 : converges conditionally 
     with reason

 

(c) ( ) ( )

( )
( )

( )
( )

1

0
0

1

2 3 4

2 3 4 5

2 3 4 5

1

0
1 1

4

1
5

1
2 3

2 3 2 4 3

2

4 1

1
26 012 1

x n nx

t xn n

t
n n

ttf t dt dtn

t

t tt

t t t

x x x

t
n n

xx
n n

+

=+ +

=

+ +

 −
− + = − + + +

 −
= − + + + ⋅ ⋅ ⋅ + 

−
= −

 
 

− +

− + + + +
+

⌠

⌡

∫  

 

 

 

 

 1 : two terms
3 :  1 : remaining terms

 1 : general term






 

(d) The terms alternate in sign and decrease in magnitude to 0. By the 

alternating series error bound, the error ( ) ( )4
1 1
2 2P g−  is bounded  

by the magnitude of the first unused term, ( )51 2 .20−  

Thus, ( ) ( ) ( )5
4

1 21 1 1 1 .2 2 20 32 20 500P g− ≤ − = <
⋅

 

1 : error bound  
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Question 1 

t 
(hours) 0 1 3 6 8 

( )R t  
(liters / hour) 

1340 1190 950 740 700 
 

Water is pumped into a tank at a rate modeled by ( )
2 202000 tW t e−=  liters per hour for 0 8,t≤ ≤  where t is 

measured in hours. Water is removed from the tank at a rate modeled by ( )R t  liters per hour, where R is 
differentiable and decreasing on 0 8.t≤ ≤  Selected values of ( )R t  are shown in the table above. At time 

0,t =  there are 50,000 liters of water in the tank. 

(a) Estimate ( )2 .R′  Show the work that leads to your answer. Indicate units of measure. 

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of 
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total 
amount of water removed? Give a reason for your answer. 

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter, 
at the end of 8 hours. 

(d) For 0 8,t≤ ≤  is there a time t when the rate at which water is pumped into the tank is the same as the rate 
at which water is removed from the tank? Explain why or why not. 

     
(a) ( ) ( ) ( ) 23 1 950 1190 120 liters/hr3 1 3 12 RR R− −≈ = = −

− −
′  

 
{ 1 : estimate

2 :
 1 : units

 

 

(b) The total amount of water removed is given by ( )
8

0
.R t dt∫  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

8

0
1

1 13

0 2 1 3 3 2 6

40 2 1190 3 950 2 740
8050  liters

R t R R R Rdt ≈ ⋅ ⋅ ⋅ ⋅

+ + +
=

+ + +

=
∫

 

 
This is an overestimate since R is a decreasing function. 
 

 1 : left Riemann sum
3 :  1 : estimate

 1 : overestimate with reason






 

 

(c) ( )
8

0
8050

50000 7836.

Total 5000

195325 8050 49786  li ers

0

t

t dtW≈ −

= + − ≈

+ ∫  

 

{ 1 : integral
2 :

 1 : estimate
 

 

(d) ( ) ( )0 0 0,W R− >  ( ) ( )8 8 0,W R− <  and ( ) ( )W t R t−  is 
continuous. 
 
Therefore, the Intermediate Value Theorem guarantees at least one 
time t, 0 8,t< <  for which ( ) ( ) 0,W t R t− =  or ( ) ( ).W t R t=  
 
For this value of t, the rate at which water is pumped into the tank 
is the same as the rate at which water is removed from the tank. 

( ) ( ){ 1 : considers 
2 :

 1 : answer with explanation
W t R t−

 

 

 

32



AP Calculus BC: 2016
AP® CALCULUS BC 

2016 SCORING GUIDELINES 
 

© 2016 The College Board.  
Visit the College Board on the Web: www.collegeboard.org. 

Question 2 

 
 

At time t, the position of a particle moving in the xy-plane is given by the parametric functions ( ) ( )( ), ,x t y t  

where ( )2 2sin 3 .dx t tdt = +  The graph of y, consisting of three line segments, is shown in the figure above.  

At 0,t =  the particle is at position ( )5, 1 .  

(a) Find the position of the particle at 3.t =  

(b) Find the slope of the line tangent to the path of the particle at 3.t =  

(c) Find the speed of the particle at 3.t =  

(d) Find the total distance traveled by the particle from 0t =  to 2.t =  
  
   
(a) ( ) ( ) ( )

3

0
5 9.377035 14.3 70 73 x t dtx x ′ = + == + ∫  

( ) 23 1y = −  

The position of the particle at 3t =  is ( )14.377, 0.5 .−  
 

 1 : integral
3 :  1 : uses initial condition

 1 : answer






 

 

(b) ( )
( )
3 0.5
3 9.9Slope 56376 0.05y

x
′

= == ′  

 

1 : slope  
 

(c) ( )( ) ( )( )2 23 3 9.969Speed  (or 9.968)x y= ′ ′+ =  
 

{ 1 : expression for speed
2 :

 1 : answer
 

 

(d) ( )( ) ( )( )

( )( ) ( ) ( )( )

2 2 2
0
1 22 2 2 2
0 1

2 0

2.237871 2.112003 4.350 (or 4.3

Distance

49)

x t y t dt

x t dt x t dt

′ ′+

′ ′+ − + +

= + =

=

=

∫
∫ ∫  

 

 1 : expression for distance
3 :  1 : integrals

 1 : answer





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Question 3 

The figure above shows the graph of the 
piecewise-linear function f. For 4 12,x− ≤ ≤  
the function g is defined by 

( ) ( )
2

.
x

g x f t dt= ∫  

(a) Does g have a relative minimum, a relative 
maximum, or neither at 10 ?x =  Justify 
your answer. 

(b) Does the graph of g have a point of 
inflection at 4 ?x =  Justify your answer. 

(c) Find the absolute minimum value and the 
absolute maximum value of g on the 
interval 4 12.x− ≤ ≤  Justify your answers. 

(d) For 4 12,x− ≤ ≤  find all intervals for which ( ) 0.g x ≤  

  
   
  ( ) ( )  in (a), (b), (c1 : ), r ) o  (dx f xg′ =  

 
(a) The function g has neither a relative minimum nor a 

relative maximum at 10x =  since ( ) ( )g x f x′ =  and 
( ) 0f x ≤  for 8 12.x≤ ≤  

 

answer with justifica1 : tion  
 

(b) The graph of g has a point of inflection at 4x =  since 
( ) ( )g x f x′ =  is increasing for 2 4x≤ ≤  and decreasing 

for 4 8.x≤ ≤  
 

answer with justifica1 : tion  
 

(c) ( ) ( )g x f x′ =  changes sign only at 2x = −  and 6.x =  
 

x  ( )g x  
− 4  − 4  
−2  −8  

6  8  
12  − 4  

 
On the interval 14 2,x− ≤ ≤  the absolute minimum  
value is ( )2 8g − = −  and the absolute maximum value  
is ( )6 8.g =  
 

 1 : considers 

4 :
 1 : considers 4  and 12
 2 : answ

2  an

ers 

d 6
as candida

with justificatio

tes

n

x

x x

x=

 = − =

− =




 

 

(d) ( ) 0g x ≤  for 24 x− ≤ ≤  and 10 12.x≤ ≤  
 

2 : intervals  
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Question 4 

Consider the differential equation 2 1 .2
dy x ydx = −  

(a) Find 
2

2
d y
dx

 in terms of x and y. 

(b) Let ( )y f x=  be the particular solution to the given differential equation whose graph passes through the  
point ( )2, 8 .−  Does the graph of f have a relative minimum, a relative maximum, or neither at the  
point ( )2, 8 ?−  Justify your answer. 

(c) Let ( )y g x=  be the particular solution to the given differential equation with ( )1 2.g − =  Find 

( )
( )21

2lim .
3 1x

g x
x→−

 −
 

+ 
 Show the work that leads to your answer. 

(d) Let ( )y h x=  be the particular solution to the given differential equation with ( )0 2.h =  Use Euler’s 
method, starting at 0x =  with two steps of equal size, to approximate ( )1 .h  

     
(a) ( )2

2
2

1 1 12 22 2 2
d y dyx x x ydxdx

= − = − −  
2

2  in terms of 2 :  and d y x y
dx

 

 

(b) 
( ) ( )

( )2
, 2, 8

12 02 8
x y

dy
dx = −

= − − ⋅ =  

( ) ( )
( ) ( )( )2

2
2

, 2, 8

1 12 2 2 8 4 02 2
x y

d y
dx = −

− − ⋅− − = − <=  

Thus, the graph of f has a relative maximum at the point ( )2, 8 .−  
 

conclusion with justifica2 : tion  
 

(c) ( )( )
1

lim 2 0
x

g x
→−

− =  and ( )2
1

lim 3 1 0
x

x
→−

+ =  
 

Using L’Hospital’s Rule, 
( )
( )

( )
( )21 1

2lim lim 6 13 1x x

g x g x
xx→− →−

  ′−  =    + + 
 

 
( )

1
lim 0

x
g x

→−
′ =  and ( )

1
lim 6 1 0

x
x

→−
+ =  

 

Using L’Hospital’s Rule, 
( )

( )
( )

1 1
2 1lim lim 6 66 1 3x x

g x g x
x→− →−

′ ′′ −   = = = −   +   
 

 

{ 2 : L’Hospital’s Rule
3 :

 1 : answer
 

 

(d) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
1 1 1 30 0 2 12 2 2 2

1 1 1 3 1 1 51 2 2 2 2 2 2 4

h h

h h

h

h

⋅ ⋅

⋅

′≈ +

⋅

= + − =

′≈ + ≈ + − =
 { 1 : Euler’s method

2 :
 1 : approximation

 

 
 

35



AP Calculus BC: 2016
AP® CALCULUS AB/CALCULUS BC 

2016 SCORING GUIDELINES 
 

© 2016 The College Board.  
Visit the College Board on the Web: www.collegeboard.org. 

Question 5 

 

The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height h, 

the radius of the funnel is given by ( )21 3 ,20r h= +  where 0 10.h≤ ≤  The units of r and h are inches. 

(a) Find the average value of the radius of the funnel. 

(b) Find the volume of the funnel. 

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is 

3h =  inches, the radius of the surface of the liquid is decreasing at a rate of 1
5  inch per second. At this 

instant, what is the rate of change of the height of the liquid with respect to time? 
     
(a) ( )

( )( )

10310
2

0 0
Average radius

109
6

1 1 13 310 20 200 3

1 100030 0  in0 3 020

hh dh h + = +  

+ − =

=

=

⌠
⌡  

 

 1 : integral
3 :  1 : antiderivative

 1 : answer






 

 

(b) ( )( )( ) ( )

( )( )

10 2 102 2 4
00

105
3

0

3

1 3 9 620 400

9 2400 5

100000 220990 2000 0  in400 5 40

Volume h dh h h dh

hh h

ππ

π

π π

+ = + +

 = + +  

+ + − =

=

=

⌠
⌡ ∫

 

 

 1 : integrand
3 :  1 : antiderivative

 1 : answer






 

 

(c) ( )1 220
1
5 10

1 10 2  in/se

3

c5 3 3

dr dhhdt dt
dh
dt

dh
dt

=

− =

= − = −⋅

 
{ 2 : chain rule

3 :
 1 : answer
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Question 6 

The function f has a Taylor series about 1x =  that converges to ( )f x  for all x in the interval of convergence. 

It is known that ( )1 1,f =  ( ) 11 ,2f ′ = −  and the nth derivative of f at 1x =  is given by 

( ) ( ) ( ) ( )1 !1 1
2

nn
n

nf −
= −  for 2.n ≥  

(a) Write the first four nonzero terms and the general term of the Taylor series for f about 1.x =  

(b) The Taylor series for f about 1x =  has a radius of convergence of 2. Find the interval of convergence. 
Show the work that leads to your answer. 

(c) The Taylor series for f about 1x =  can be used to represent ( )1.2f  as an alternating series. Use the first 
three nonzero terms of the alternating series to approximate ( )1.2 .f  

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of ( )1.2 .f  

  
   
(a) ( )1 1,f =  ( ) 11 ,2f ′ = −  ( ) 2

11 ,
2

f =′′  ( ) 3
21
2

f = −′′′  

( ) ( ) ( ) ( )

( ) ( )

2 3
2 3

1 1 11 1 1 12 2 2 2

1            

3

  1
2

n
n

n

f x x x x

x
n

− +
⋅ ⋅

+ +
⋅

= − − + − −

−
−





 

 

 1 : first two terms
 1 : third term

4 :
 1 : fourth term
 1 : general term







 

 

(b) 2.R =  The series converges on the interval ( )1, 3 .−  
 

When 1,x = −  the series is 1 1 1 .2 3 41 1+ + + ++   

Since the harmonic series diverges, this series diverges. 
 

When 3,x =  the series is 1 1 1 .2 3 41 1− − + ++   

Since the alternating harmonic series converges, this series 
converges. 
 
Therefore, the interval of convergence is .1 3x− < ≤  
 

{ 1 : identifies both endpoints
2 :

 1 : analysis and interval of convergence
 

 

(c) ( ) ( ) ( )21 11 0.2 01 .2 0.1 0.005 0.90522 18.f = + =−≈ − +  

 

approxima1 : tion  
 

(d) The series for ( )1.2f  alternates with terms that decrease in 
magnitude to 0. 
 

( ) ( ) ( )32 3
11.2 30003

11.2 0.2 0.001
2

f T ≤ ≤−−
⋅

=  

{ 1 : error form
2 :

 1 : analysis
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The rate at which rainwater flows into a drainpipe is modeled by the function R, where ( )
2

20sin 35
tR t  

=  
 

 cubic 

feet per hour, t is measured in hours, and 0 8.t≤ ≤  The pipe is partially blocked, allowing water to drain out the 
other end of the pipe at a rate modeled by ( ) 3 20.04 0.4 0.96D t t t t= − + +  cubic feet per hour, for 0 8.t≤ ≤  
There are 30 cubic feet of water in the pipe at time 0.t =  

(a) How many cubic feet of rainwater flow into the pipe during the 8-hour time interval 0 8 ?t≤ ≤  

(b) Is the amount of water in the pipe increasing or decreasing at time 3t =  hours? Give a reason for your 
answer. 

(c) At what time t, 0 8,t≤ ≤  is the amount of water in the pipe at a minimum? Justify your answer. 

(d) The pipe can hold 50 cubic feet of water before overflowing. For 8,t >  water continues to flow into and out 
of the pipe at the given rates until the pipe begins to overflow. Write, but do not solve, an equation involving 
one or more integrals that gives the time w when the pipe will begin to overflow. 

  
   
(a) ( )

8

0
76.570R t dt =∫  { 1 : integrand

2 :
 1 : answer

 

 

(b) ( ) ( )3 3 0.313632 0R D− = − <  
Since ( ) ( )3 3 ,R D<  the amount of water in the pipe is 
decreasing at time 3t =  hours. 
 

( ) ( )3  and 3 1 : considers 
2 :

 1 : answer and reason
R D




 

 

(c) The amount of water in the pipe at time t, 0 8,t≤ ≤  is 

( ) ( )[ ]
0

0 .3
t

R x D x dx−+ ∫  

 
( ) ( ) 0 0, 3.271658R t D t t− = ⇒ =  

 
t  Amount of water in the pipe 
0 30 

3.271658 27.964561 
8 48.543686 

 
The amount of water in the pipe is a minimum at time 

3.272t =  (or 3.271) hours. 
 

( ) ( ) 1 : considers 
3 :  1 : answer

 1 : justification

0R t D t− =




 

 

(d) ( ) ( )[ ]
0

5030
w

R t D t dt+ − =∫  { 1 : integral
2 :

 1 : equation
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At time 0,t ≥  a particle moving along a curve in the xy-plane has position ( ) ( )( ),x t y t  with velocity vector 

( ) ( )( )2 0.5cos , .tv t t e=  At 1,t =  the particle is at the point ( )3, 5 .  

(a) Find the x-coordinate of the position of the particle at time 2.t =  

(b) For 0 1,t< <  there is a point on the curve at which the line tangent to the curve has a slope of 2. 
At what time is the object at that point? 

(c) Find the time at which the speed of the particle is 3. 

(d) Find the total distance traveled by the particle from time 0t =  to time 1.t =  
  
   

(a) ( ) ( )2 2
1

2 3 cos 2.557x t dt == + ∫  (or 2.556) 

 

 1 : integral
3 :  1 : uses initial condition

 1 : answer






 

 

(b) 
( )

0.5

2cos

tdy dtdy e
dx dx dt t

= =  

( )
0.5

2 2
cos

te
t

=  

0.840t =  
 
 

{ 1 : slope in terms of 
2 :

 1 : answer
t

 

 

(c) ( )2 2coSpee sd tt e= +  

( )2 2cos 3tt e+ =  

2.196t =  (or 2.195) 
 
 

{ 1 : speed in terms of 
2 :

 1 : answer
t

 

 

(d) ( )1 2 2
0

Distance co 95s 1.5tt e dt == +∫  (or 1.594) { 1 : integral
2 :

 1 : answer
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t 
(minutes) 

0 12 20 24 40 

( )v t  

(meters per minute) 
0 200 240 –220 150 

 

Johanna jogs along a straight path. For 0 40,t≤ ≤  Johanna’s velocity is given by a differentiable function v. 
Selected values of ( ) ,v t  where t is measured in minutes and ( )v t  is measured in meters per minute, are given in 
the table above. 

(a) Use the data in the table to estimate the value of ( )16 .v′  

(b) Using correct units, explain the meaning of the definite integral ( )
40

0
v t dt∫  in the context of the problem. 

Approximate the value of ( )
40

0
v t dt∫  using a right Riemann sum with the four subintervals indicated in the 

table. 

(c) Bob is riding his bicycle along the same path. For 0 10,t≤ ≤  Bob’s velocity is modeled by 

( ) 3 26 300,B t t t= − +  where t is measured in minutes and ( )B t  is measured in meters per minute. 

Find Bob’s acceleration at time 5.t =  

(d) Based on the model B from part (c), find Bob’s average velocity during the interval 0 10.t≤ ≤  
     
(a) ( ) 2240 200 5 meters/min20 16 21v −≈ =

−
′  1 : approximation  

(b) ( )
40

0
v t dt∫  is the total distance Johanna jogs, in meters, over the 

time interval 0 40t≤ ≤  minutes. 
 

( ) ( ) ( ) ( ) ( )
40

0
12 12 8 20 4 24 16 40

12 200 8 240 4 220 16 150
2400 1920 880 2400
7600 meters

v t dt v v v v≈ + + +

= + + +
= + + +
=

∫ · · · ·

· · · ·  

 1 : explanation
3 :  1 : right Riemann sum

 1 : approximation






 

(c) Bob’s acceleration is ( ) 23 12 .B t t t′ = −  

( ) ( ) ( ) 25 3 25 12 5 15 meters/minB′ = − =  

( ) 1 : uses 
2 :

 1 : answer
B t′




 

(d) ( )10 3 2
0

104
3

0

1 6 30010

1 2 30010 4

1 10000 2000 3000 350 meters/

Avg v

0

e

min1 4

l t t dt

t t t

− +

 = − +  

 = − + =  

= ∫

 

 1 : integral
3 :  1 : antiderivative

 1 : answer





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Consider the differential equation 2 .dy x ydx = −  

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated. 

(b) Find 
2

2
d y
dx

 in terms of x and y. Determine the concavity of all solution curves for the given differential 

equation in Quadrant II. Give a reason for your answer. 

(c) Let ( )y f x=  be the particular solution to the differential equation with the initial condition ( )2 3.f =  
Does f have a relative minimum, a relative maximum, or neither at 2 ?x =  Justify your answer. 

(d) Find the values of the constants m and b for which y mx b= +  is a solution to the differential equation. 

     (a) 

 

{ 0 1 : slopes where 
2 :

 1 : slopes whe  1re
x
x
=
=

 

 

(b) 
2

2 2 2 (2 ) 2 2d y dy x y x ydxdx
= − = − − = − +  

 
In Quadrant II, 0x <  and 0,y >  so 2 2 0.x y− + >  
Therefore, all solution curves are concave up in Quadrant II. 

2

2 1 : 2 :
 1 : concave up with reason

d y
dx






 

 

(c) 
( ) ( )

( )
, 2, 3

2 2 3 01
x y

dy
dx =

= − = =/  

Therefore, f has neither a relative minimum nor a relative 
maximum at 2.x =  

( ) ( ), 2, 3
 1 : considers 

2 :
 1 : conclusion with justification

x y

dy
dx =






 

 

(d) ( )

( )
( ) ( )

2
2
2 0

2 0 2
2

d mx b mdx
x y m
x m

dyy mx b

x b m
m x m b

m m
b b

dx

m

+ =

− =
− +

= + ⇒ =

=
− − + =
− = ⇒ =
= − ⇒ = −

 

 
Therefore, 2m =  and 2.b = −  

( ) 1 : 
3 :  1 : 2

 1 : answer

d mx b md
x m
x

y

+

−

=

 =


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Consider the function ( ) 2
1 ,f x

x kx
=

−
 where k is a nonzero constant. The derivative of f is given by 

( )
( )22

2 .k xf x
x kx

−′ =
−

 

(a) Let 3,k =  so that ( ) 2
1 .

3
f x

x x
=

−
 Write an equation for the line tangent to the graph of f at the point 

whose x-coordinate is 4. 

(b) Let 4,k =  so that ( ) 2
1 .

4
f x

x x
=

−
 Determine whether f has a relative minimum, a relative maximum, or 

neither at 2.x =  Justify your answer. 

(c) Find the value of k for which f has a critical point at 5.x = −  

(d) Let 6,k =  so that ( ) 2
1 .

6
f x

x x
=

−
 Find the partial fraction decomposition for the function f. 

Find ( ) .f x dx∫  

      
(a) ( )

( )2 22

3 2 41 1 5(4)4 164 3 4
4

4 4 3
f f −= ′ == = −

− −

·

· ·
 

An equation for the line tangent to the graph of f at the point 

whose x-coordinate is 4 is ( )5 14 .16 4xy − += −  

{ 1 : slope
2 :

 1 : tangent line equation
 

 

(b) ( )
( )

( )
( )2 22 2

4 2 24 2 2 0
4 2 4 2

ff xx
x x

−−= = =
− −

′ ′ ·

·
 

( )f x′  changes sign from positive to negative at 2.x =  
Therefore, f has a relative maximum at 2.x =  

( ) 1 : considers 
2 :

 1 : answer with justification
2f ′




 

 

(c) ( ) ( )

( ) ( )( )22

2 55 0 10
5 5

kf k
k

− −′ − = = ⇒ = −
− − −

·

·
 1 : answer  

 

(d) ( ) ( )2
1 1 1 6666

A B A x Bxx xx xx x
= = + ⇒ = − +

−−−
 

( )

( )

( )

0 1 6 1
6

16 1 6 6
1 1

66
1 6 6

x B B

x xx

x A A

x

= ⇒ = ⇒ =

= +
−−

= ⇒ = − ⇒ = −

−

·

·

 

( ) 6
1 1 1 6ln ln 6 ln

1

6

1

6

6

6

6 dxx x
xx x C

f x

C x

x d −=

=

 + − 
−− + − = ++

⌠
⌡∫

 

{ 2 : partial fraction decomposition
4 :

 2 : general antiderivative
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The Maclaurin series for a function f is given by ( ) ( )1 1
2 3

1

3 33 32

n n
n n

n
x x x x xn n

− −

=

∞ − −
= − + − + +∑    and 

converges to ( )f x  for ,x R<  where R is the radius of convergence of the Maclaurin series. 

(a) Use the ratio test to find R. 

(b) Write the first four nonzero terms of the Maclaurin series for ,f ′  the derivative of f. Express f ′  as a 
rational function for .x R<  

(c) Write the first four nonzero terms of the Maclaurin series for .xe  Use the Maclaurin series for xe  to write 
the third-degree Taylor polynomial for ( ) ( )xg x e f x=  about 0.x =  

  
   
(a) Let na  be the nth term of the Maclaurin series. 

( )
( )

1
1

1
3 3

1 13

n n
n

n nn

a x n n
a n nx

x
+

+
−

− −
+ +−

= =· ·  

3lim 31n
n xn x

→∞

−
+

=·  

13 31x x< ⇒ <  

The radius of convergence is 1 .3R =  

 

 1 : sets up ratio
3 :  1 : computes limit of ratio

 1 : determines radius of convergence






 
 

(b) The first four nonzero terms of the Maclaurin series for f ′  are 
2 31 29 .73 xx x −− +  

( ) ( )
1 1

1 31 3x xf x′ = =
+− −

 

 

{ 2 : first four nonzero terms
3 :

 1 : rational function
 

 

(c) The first four nonzero terms of the Maclaurin series for xe  are 
2 3

.2! 3!1 x xx ++ +  

The product of the Maclaurin series for xe  and the Maclaurin 
series for f is  

( )2 3
2 3

2 3

3 32! 3!1 2
1 22

x x x x x

x x

x

x

+ + − + − + + 


+= − +


 



 

The third-degree Taylor polynomial for ( ) ( )xg x xe f=   

about 0x =  is ( ) 2 3
3

1 22 .T x x x x= − +  

 1 : first four nonzero terms 
of the Maclaurin series for 3 :

 2 : Taylor polynomial

xe





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