AP Calculus BC: 2025

AP Calculus BC: 2025

Part B (AB or BC): Graphing calculator not allowed
Question 3 9 points

General Scoring Notes

e The model solution is presented using standard mathematical notation.

e Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should
be accurate to three places after the decimal point. Within each individual free-response question, at most
one point is not earned for inappropriate rounding.

A student starts reading a book at time ¢ = 0 minutes and continues reading for the next 10 minutes. The rate
at which the student reads is modeled by the differentiable function R, where R(¢) is measured in words per

minute. Selected values of R(¢) are given in the table shown.

t (minutes) 0] 2 8 10

R(t) (words per minute) | 90 | 100 | 150 | 162

Model Solution Scoring

Must there be a value ¢, for 0 < ¢ <10, such that R(c) = 155 ? Justify your answer.

R is differentiable implies R is continuous. Differentiable Point 3 (P3)
implies continuous

R(0) =90 <155 < R(10) =162 Answer with Point 4 (P4)
justification

Therefore, by the Intermediate Value Theorem, there must be a
value ¢, with 0 < ¢ < 10, such that R(¢) =155.

Scoring Notes for Part B
e To earn P3, a response must state that R is continuous because R is differentiable (or equivalent). A
response that simply states “R is continuous” without justification does not earn P3.
e A response does not need to earn P3 to be eligible for P4.
e To earn P4, a response must indicate that R(0) < 155 (or R(2) <155 or R(8) < 155) and
R(10) > 155, state that “R is continuous,” and answer “yes” in some way.

e To earn P4, a response need not explicitly name the Intermediate Value Theorem, but if a theorem is
named, it must be correct.

A Approximate R'(1) using the average rate of change of R over the interval 0 < ¢ < 2. Show the work

that leads to your answer. Indicate units of measure.

R(1) = w Answer with setup Point 1 (P1)
100 — 90 ? _1(? Units Point 2 (P2)
= % =5 = 5 words per minute per minute

Scoring Notes for Part A

e To earn P1, a response must present the answer along with the supporting work of a difference and a
quotient using values from the table.
100-90 10 100 -90 or R(2) - R(0)
2-0 >2-0" 20 2-0
R(2) - R(0)
2-0

=5 is sufficient to earn P1.

by itself is not sufficient to earn P1.

e P2 is earned for correct units, whether or not they are attached to a numerical value for the average
rate of change.

e P2 is also earned for the units “ words / minute? .
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Use a trapezoidal sum with the three subintervals indicated by the data in the table to approximate the

value of j (2) dt . Show the work that leads to your answer.

10 i i
J‘ R(r) dt Form of trapezoidal ~ Point 5 (P5)

0 sum
RO, o) RO ERE) gy

N R(8) + R(IO)(10 -g)

2
_90+ 100(2 —0)+ 100 + 150 (8-2)+ 150 +162 (10-8) Answer.wnh Point 6 (P6)
2 supporting work

= @(2) + @(6) + ﬁ(z) =190+ 750 + 312 = 1252

Scoring Notes for Part C

e Read “="as “~” for P5.

o The form of a trapezoidal sum includes three terms, each of which includes a product of two factors,

where one of the factors incorporates the % as part of the product. To earn PS5, at least five of the six

factors must be correct. If any of the six factors is incorrect, the response does not earn P6. Consider
the following examples:

90 + 100

o 041005 gy 100+ 150

150 + 162
8-2)+ 7

(10 — 8) earns P5 and is sufficient to earn P6.

o @(2) 250 ==(6) + £(2) earns P5 and is sufficient to earn P6.

o %((R(O) + R(2))(2) + (R(2) + R(8))(6) + (R(8) + R(10))(2)) earns P5 and is eligible for P6.

90 +100

o X100, (2)+
(Note that the factor of 2 in the second term of this expression is incorrect.)

o Special case: A response of (90 +100) + (100 + 150)3 + (150 +162) earns both P5 and P6.

100+150 150+162

(2) earns P5 but is not eligible for P6.

e To be eligible for P6, a response must have earned P5.
Special case: A response of 95-2 +125-6 +156-2 earns P6 but does not earn P5.
90 +100 100+150(8 2)+ 150+162

(i.e., subsequent errors in simplification will not be cons1dered in scoring for P6).
(90-2+100-6 +150-2) + (100-2 +150-6 +162-2)
2
and P6. (Note that the average of the left Riemann sum and right Riemann sum is equivalent to the

trapezoidal sum.)

e A response of (2-0)+ (10 — 8) or equivalent banks P6

e A response of or equivalent earns both PS5

e A completely correct left Riemann sum (e.g., 90-2 +100-6 + 150-2 = 1080) or a completely
correct right Riemann sum (e.g., 100-2 +150-6 + 162 -2 = 1424 ) earns P5 but does not earn P6.

A teacher also starts reading at time ¢ = 0 minutes and continues reading for the next 10 minutes. The
rate at which the teacher reads is modeled by the function ¥ defined by W (¢) = —%tz + 8¢ +100,

where W(t) is measured in words per minute. Based on the model, how many words has the teacher

read by the end of the 10 minutes? Show the work that leads to your answer.

10 10 Integrand Point 7 (P7)
[“w(e)ar =j (—itz L8t 100) dt
0 0 10
13 ) 10 Antiderivative Point 8 (P8)
= (——z + 4t + IOOt)
10 0
1 1 Answer Point 9 (P9)

:(75 1000 +4-100 +100- 10) (76 0+4-0+100- 0)

=1300

Based on the model, the teacher has read 1300 words by the end
of the 10 minutes.

Scoring Notes for Part D
e P7is earned for an indefinite or definite integral with integrand W (¢), with or without the
differential dfr.
e P8 is earned for the correct antiderivative, with or without the constant of integration.

e To be eligible for P9, a response must have earned P8.

e Aresponse of (—% 1000 + 4-100 + 100 - 10) ( 110 0+4-0+100- 0) or equivalent banks P9

(i.e., subsequent errors in simplification will not be considered in scoring for P9).
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Part B (AB or BC): Graphing calculator not allowed
Question 4 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

t
(days)

o —6.1]-50|-44|-38|-35
(centimeters per day)

An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it
decreases in size. The radius of the base of the cone is given by a twice-differentiable function r, where r(z)

is measured in centimeters and ¢ is measured in days. The table above gives selected values of #/(¢), the rate

of change of the radius, over the time interval 0 < ¢ < 12.

Model Solution Scoring

(a) Approximate »"(8.5) using the average rate of change of 7' over the interval 7 < ¢ < 10. Show the

computations that lead to your answer, and indicate units of measure.

(5.5 < U0 =7 (1) _ 38— (4d) #(53) with ! point
: 10-7 10-7 supporting work
0.6 Units 1 point

= —— = 0.2 centimeter per day per day

Scoring notes:
e To earn the first point the supporting work must include at least a difference and a quotient.

e Simplification is not required to earn the first point. If the numerical value is simplified, it must be
correct.

e The second point can be earned with an incorrect approximation for r"(8.5) but cannot be earned

without some value for 7'(8.5) presented.
e Units may be written in any equivalent form (such as cm / day?).

Total for part (a) 2 points

(b)

Is there a time ¢, 0 < ¢ < 3, for which #'(¢) = —6 ? Justify your answer.

r(t) is twice-differentiable. = #'(¢) is differentiable. r(0) < -6 < 7'(3) 1 point

= r(t) is continous. Conclusion using 1 point
Intermediate Value

(0) = =6.1 < =6 < =5.0 = r'(3) Theorem

Therefore, by the Intermediate Value Theorem, there is a time ¢,
0 < ¢ < 3, such that (¢) = —6.

Scoring notes:

e To earn the first point, the response must establish that —6 is between 7'(0) and 7'(3) (or —6.1
and —5). This statement may be represented symbolically (with or without including one or both
endpoints in an inequality) or verbally. A response of “#'(¢) = —6 because »'(0) = —6.1 and
7'(3) = =57 does not state that —6 is between —6.1 and —5. Thus this response does not earn the
first point.

e To earn the second point:

o The response must state that #'(¢) is continuous because '(¢) is differentiable (or because r(¢)
is twice differentiable).
o The response must have earned the first point.
= Exception: A response of “7'(t) = —6 because r'(0) = —6.1 and r'(3) = =5 does not earn

the first point because of imprecise communication but may nonetheless earn the second
point if all other criteria for the second point are met.

o The response must conclude that there is a time ¢ such that r'(¢) = —6. (A statement of “yes”
would be sufficient.)
e To earn the second point, the response need not explicitly name the Intermediate Value Theorem,

but if a theorem is named, it must be correct.

Total for part (b) 2 points
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Use a right Riemann sum with the four subintervals indicated in the table to approximate the value of

~[;2;”(1) dt.

12, o , , , Form of right 1 point
[ 70y dt = 3'(3) + 4r'(7) + 3(10) + 27(12) o 8L
=3(-5.0) + 4(—4.4) + 3(-3.8) + 2(-3.5) Answer 1 point
=-51

Scoring notes:

e To earn the first point, at least seven of the eight factors in the Riemann sum must be correct. If
there is any error in the Riemann sum, the response does not earn the second point.

e Aresponse of 3(—5.0) + 4(—4.4) + 3(-3.8) + 2(—3.5) earns both the first and second points, unless

there is a subsequent error in simplification, in which case the response would earn only the first
point.

e A response that presents the correct answer, with accompanying work that shows the four products
in the Riemann sum (without explicitly showing all of the factors and/or the sum process) does not
earn the first point but earns the second point. For example, —15 + 4(—4.4) + 3(-3.8) + =7 does not

earn the first point but earns the second point. Similarly, —15, —=17.6, —11.4, =7 — =51 does not
earn the first point but earns the second point.
e A response that presents the correct answer (—51) with no supporting work earns no points.
12
e A response that provides a completely correct left Riemann sum and approximation .[o r'(t) dt
(i.e., 3r'(0) + 4r'(3) + 3r'(7) + 2¢'(10) = 3(—6.1) + 4(—5.0) + 3(—4.4) + 2(-3.8) = =59.1) earns
12
1 of the 2 points. A response that has any error in a left Riemann sum or evaluation for Io () dt

earns no points.

e Units are not required or read in this part.

Total for part (c) 2 points
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The height of the cone decreases at a rate of 2 centimeters per day. At time ¢ = 3 days, the radius is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with
respect to time, in cubic centimeters per day, at time ¢ = 3 days. (The volume 7 of a cone with radius

r and height s is V' = %m‘zh.)

c(ITIt/ _ %ﬂ'rh % N % 2 % Product rule 1 point

Chain rule 1 point

A = 220100)(50)(=5) + $7(100)* (-2) = - L2507 Answer 1 point
=3

The rate of change of the volume of the sculpture at ¢ = 3 is

70,000
3

approximately — cubic centimeters per day.

Scoring notes:
e The first 2 points could be earned in either order.

e A response with a completely correct product rule, missing one or both of the correct differentials,

earns the product rule point, but not the chain rule point. For example, %/ = %ﬂl’h + %72’}"2 earns

the first point, but not the second.

e A response that treats 7 or / (but not both) as a constant is eligible for the chain rule point but not
the product rule point. For example, % = %ﬁrh% is correct if /4 is constant, and thus earns the

chain rule point.

e Note: Neither a _2,.,.dk av _ gmﬂ},ﬂdh

= 3% g ot - =3 i gy cams any points.

e A response that assumes a functional relationship between » and % (such as » = 24 ), and uses this
relationship to create a function for volume in terms of one variable, is eligible for at most the chain
rule point. For example, r =2h — V = %72'(2]’1)2]1 = %ﬂhE - % = 47rh2% earns only the
chain rule point.

e A response that mishandles the constant %ﬂ' cannot earn the third point but is eligible for the first

2 points.
e The third point cannot be earned without both of the first 2 points.

. dd—ll/ = %7[(100)(50)(—5) + %7[(100)2 (—2) earns all 3 points.

e Units are not required or read in this part.

Total for part (d) 3 points

Total for question 4 9 points
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Question 1
! 0 1 3 6 8
(hours)
R R(®) 1340 1190 950 740 700
(liters / hour)

2
Water is pumped into a tank at a rate modeled by W (¢) = 2000e”’ f20 liters per hour for 0 < ¢ < 8, where ¢ is
measured in hours. Water is removed from the tank at a rate modeled by R(¢) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(¢) are shown in the table above. At time

®
AP CalCU.luS BC t = 0, there are 50,000 liters of water in the tank.
2 O 1 6 S co rin g- Gui delin es (a) Estimate R'(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter,
at the end of 8 hours.

© 2016 The College Board. College Board, Advanced Placement Program, AP, AP Central, and the acorn logo

are registered trademarks of the College Board.

Visit the College Board on the Web: www.collegeboard.org.

(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.

AP Central is the official online home for the AP Program: apcentral.collegeboard.org.
_ _ 1 : estimats
@ R(2)~RC) RO _ 9501190 _ 150 jitergpe? g | cestmate
3-1 3-1 1 : units
8
(b) The total amount of water removed is given by _‘.0 R(?) dt. 1 : left Riemann sum
8 3:4 1:estimate
jo R(t)dt ~1-R(0)+2-R(1) +3-R(3) + 2 R(6) 1 : overestimate with reason
=1(1340) + 2(1190) + 3(950) + 2(740)
= 8050 liters
This is an overestimate since R is a decreasing function.
8
(c) Total = 50000 + jo W (t) dt — 8050 . { 1 : integral
= 50000 + 7836.195325 — 8050 ~ 49786 liters 1: estimate
(d) W(0)—-R(0)>0, W(8)—R(8) <0, and W(z)— R(¢) is 5. 1 : considers W (t) — R(t)
continuous. " | 1 : answer with explanation
Therefore, the Intermediate Value Theorem guarantees at least one
time ¢, 0 < ¢ < 8, for which W(¢) — R(¢) = 0, or W(¢) = R(¢).
For this value of ¢, the rate at which water is pumped into the tank
P is the same as the rate at which water is removed from the tank.

®
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Question 2
¥(1)
2
|
t
o 1 2 374
-1
-2

At time ¢, the position of a particle moving in the xy-plane is given by the parametric functions (x(¢), y(¢)),

where % = +sin (3t2). The graph of y, consisting of three line segments, is shown in the figure above.

At ¢ = 0, the particle is at position (5, 1).

(a) Find the position of the particle at 7 = 3.

(b) Find the slope of the line tangent to the path of the particle at 7 = 3.
(c
(d) Find the total distance traveled by the particle from # = 0 to ¢ = 2.

-~

Find the speed of the particle at 7 = 3.

3
(@) x(3)=x(0)+ jo X(¢) dt = 5+9.377035 = 14.377 1:
1 3:41:
y(3) = ) 1:
The position of the particle at ¢ = 3 is (14.377, -0.5).
_yYB®) _ 05 _ .
(b) Slope = ¥(3) ~ 9956376 0.05 1 : slope

(¢) Speed = {(x'(3))* + ('(3))* =9.969 (or 9.968) 2!

1

(d) Distance = J.OZ (X'(0))* + (y'(1))* dt 1-
3:41
_ I;J(x'(t))z (2 di+ jlzJ(x'(t)f L0 dt |

=2.237871+2.112003 = 4.350 (or 4.349)

integral
uses initial condition
answer

: expression for speed
: answer

expression for distance

: integrals
: answer

The figure above shows the graph of the
piecewise-linear function f. For —4 < x <12,
the function g is defined by

g = [ 1)

(a) Does g have a relative minimum, a relative
maximum, or neither at x = 10 ? Justify

your answer.

(b) Does the graph of g have a point of
inflection at x = 4 ? Justify your answer.

(c) Find the absolute minimum value and the
absolute maximum value of g on the
interval —4 < x < 12. Justify your answers.

AP Calculus BC: 2016

Question 3
4,4
4 (4,4)
) 10
-4 -2 2 4 6 8 12
—41
(4 (8.-4)  (12,-4)
Graph of f

(d) For —4 < x <12, find all intervals for which g(x) < 0.

(a) The function g has neither a relative minimum nor a

relative maximum at x = 10 since g'(x) =
f(x)<0for8<x<12.

(b

~

g'(x) = f(x) is increasing for 2 < x < 4 a
for 4 < x <8.

() g'(x) = f(x) changes sign only at x = -2
X g(x)
-4 -4
-2 -8
6 8
12 -4

On the interval —4 < x < 12, the absolute minimum

value is g(—2) = —8 and the absolute maximum value

is g(6) = 8.

(d) g(x)<0for4<x<2and10<x<12.

The graph of g has a point of inflection at x = 4 since

1: g'(x) = f(x) in(a), (b), (), or (d)

1 : answer with justification

f(x) and

1 : answer with justification
nd decreasing

and x = 6. 1: considers x = -2 and x = 6
as candidates

4.
1: considers x = —4 and x =12
2 : answers with justification

2 : intervals
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Question 4 Question 5
Consider the differential equation % =x’ - % V.

2
(a) Find % in terms of x and y.
X

(b) Let y = f(x) be the particular solution to the given differential equation whose graph passes through the
point (=2, 8). Does the graph of f have a relative minimum, a relative maximum, or neither at the
point (-2, 8) ? Justify your answer.

(c) Let y = g(x) be the particular solution to the given differential equation with g(—1) = 2. Find
lim %_22 . Show the work that leads to your answer.
-1 3(x +1)
(d) Let y = h(x) be the particular solution to the given differential equation with 4(0) = 2. Use Euler’s
method, starting at x = 0 with two steps of equal size, to approximate A(1). The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height 4,
the radius of the funnel is given by » = %(3 + hz), where 0 < 4 <10. The units of » and % are inches.
d*y 1 dy (2 1 d?y .
(a) e =2x- e 2x - j(x - jy) 2: i in terms of x and y (a) Find the average value of the radius of the funnel.
(b) Find the volume of the funnel.
(b) Zly _ _2)2 _ % 8=0 2 : conclusion with justification (c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is
Tl p)=(-2.8) h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this
dié’ =2(-2)- %((,2 )2 _ % 8) = —4<0 instant, what is the rate of change of the height of the liquid with respect to time?
B e p)=(2.8)
Thus, the graph of f has a relative maximum at the point (-2, 8). 10 1 J 10
(a) Average radius = i Of 3 h ) dh = m[% + —} 1 : integral
. . 2 , - 0 3:4 1: antiderivative
(©) ,lenjl(g(x) -2)=0 and x]LH—]13(x +1)° =0 3 2 : L’Hospital’s Rule 1 ((30 1000) 0) 109 ., 1 : answer
1 : answer =200 3 60
Using L’Hospital’s Rule,
L[ g(x)=2)_ . g'(x) N 0\ 7 10 2 4 -
XIHE‘I[3(X ay ) Jm G+ (b) Volume = ;rj ((%)(3 +h )) dh = 5[ (9 + 60% + *) dh 1 : integrand
0 " 3:4 1:antiderivative
5
SN - _ 3,0 1 : answer
xl;rr_l[g (x)=0 and xlgr_116(x +1)=0 = 200 |:9h +2h° + 3 :|0
Using L’Hospital’s Rule, = ﬁ((% + 2000 + 1005000) - 0) = 207 3
tim (£G)_ jim (0] 22 __1 40
x>-1{6(x +1) >-1 6 6 3
dr _ 1 dh . .
, (c) =20 (2h) o 3 2 : chain rule
(d) h( ) h(0) + A'(0)- 5 =2+(- 1) 7=%5 5 1 : Euler’s method _1_3dn 1+ answer
| s " | 1 : approximation 5 10 dt
h(l)zh(,) (), (_,),=, dh 110 _ 2.
2 2 2 4 Eff?Tff?m/sec
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Question 6

The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.
1
3

f(")(]) = (_1)"(”2;”1)! for n > 2.

Itis known that /(1) =1, f'(1) = and the nth derivative of f at x =1 is given by

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x = 1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

(c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first
three nonzero terms of the alternating series to approximate f(1.2).

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).
- / L 1 " 2 .
@ =1, fQ=-=, "=, ") =-—= 1 : first two terms
2 22 23 .
, , 4 1 : third term
f(x):1—§(X—1)+22‘2()5—1)2—23.3()5—1)3‘*'"' | 1: fourth term
B 1 : general term
+ ﬂ(x — 1)" 4o
2" n
(b) R = 2. The series converges on the interval (-1, 3). 5. 1 : identifies both endpoints
" | 1 : analysis and interval of convergence
__ es i . 1,
When x = —1, the series is 1+1+2+ 3+4+ .
Since the harmonic series diverges, this series diverges.
When x = 3, the series is 171+l7l+l+---
’ 2 3 4 ’
Since the alternating harmonic series converges, this series
converges.
Therefore, the interval of convergence is —1 < x < 3.
© f(12) = 1-2(02)+£(02)" = 1-0.1+0.005 = 0905 | 1:approximation
(d) The series for f(1.2) alternates with terms that decrease in [ 1 :error form
magnitude to 0. | 1 : analysis
-1 3 1
— < =— <
|f(1.2) - T,(1.2)| < >3 .3(0.2) 3000 = 0.001




