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10. Infinite Sequences and Series Starter Quiz - HE/PI O converges
[0 is inconclusive

AP Calculus BC Name: Score: | equals Z bn

. X . . 7. The Alternating Series Test requires the positive terms b,, to be which?
1. The value of an infinite series is defined as the limit of its... & q p "

[ decreasin
[ terms g

O tending to 0
O partial sums &

O all equal
[ ratios !

O a p-series
O derivatives

Tick every correct option.
2. A geometric series Y ar™ converges exactly when...
8. The partial sums of 1 + % + i + -+ climb toward what limit?

O |rl<1
O |rl>1
Or>0 9. Approximating 1 — % + % — -+ with 3 terms, the error bound is the next term by. What is it?
Oax<1
3. If lim, o0 @y # 0, then > ay... 10. For %", the Ratio Test gives |z| < 1. What is R?

O converges
O diverges
O could be either
O equals 0
4. The Integral Test requires f to be which on [1, 00)?
O positive
O continuous
O decreasing
O a polynomial
Tick every correct option.
5. The p-series Y % converges exactly when...
Op>1
Op<l1
Op>0
Op=1
6. If 0 < a, <b, and > b, converges, then > a,...

O diverges

AP Calculus BC - Starter quiz #f-pi//Mill @ @ AP Calculus BC - Starter quiz BNl @ @




10. Infinite Sequences and Series Answers

AP Calculus BC

10.

. partial sums

S an = limy, 00 Sp-
<1

Converges iff the ratio is a fraction, |r| < 1.
. diverges

Nonzero term limit — divergence.

. positive; continuous; decreasing

Positive, continuous, decreasing not necessarily a polynomial.

.p>1

Converges iff p > 1.

. converges

Smaller than a convergent series — converges.

. decreasing; tending to 0

Decreasing and limit 0.

.2

A geometric series with ratio 3 sums to 2.

. 0.25
by =1 =025
1
R=1.

AP Calculus BC - Starter quiz i/l @ @

- B/R

AP CALCULUS BC « EXERCISE SHEET

10.1 Defining Convergent and Diver-
gent Infinite Series

Name: Class: Date: Total: 11 marks

KEY WORDS partial sums {73 fll o converges |5 « diverges % il

Objective

Build the skills to answer exam questions on convergent and divergent series — the
meaning of an infinite sum.

You must be able to:

« define convergence through the limit of partial sums /3%l
¢ compute the first few partial sums
o decide convergence when the partial sums have a known limit

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Partial sums

The Nth partial sum of Z an i8 Sy = ay +az + -+ -+ ay. The series converges to
L if Sy — L; otherwise it diverges.

B Computing partial sums

For Z (%)W starting at n = 1: S; = %7 Sy = %

1, so the series converges to 1.

S3 = %. The partial sums approach

B A telescoping series

n n+1

Z (l - i): Sy =1 — 545, which — 1. Converges to 1.

n=1
B Divergence by growing sums

For ZI =14+14+14---: Sy =N — o0, so it diverges. If the partial sums do not
settle to a finite value, the series diverges.

AP Calculus BC « 10.1 Defining Convergent an gent Infinite Series @
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: N
2 Practice 3.3 A series has partial sums Sy = Nil State the sum of the series, with a reason. 2|

Now apply the methods above.

2.1 Write the third partial sum Sz of Z % 1]
n=1

2.2 A series has partial sums Sy = 3 — iV State its sum. 1]

2.3 A series has Sy = 2/N. State whether it converges or diverges. 1]

3 Exam-style questions
3.1 A series Z a, converges if 1]

e Aa,—0

o B the partial sums Sy approach a finite limit
o C a, is always positive

o D there are infinitely many terms

oo

3.2 For the series Z (% - #1)

n=1

(a) Write Ss.

[

(b) Find a formula for Sy and hence the sum. (3]

AP Calculus BC o 10.1 Defining Convergent an -gent Infinite Series @ AP Calculus BC « 10.1 Defining Convergent an gent Infinite Series @
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Solutions
218 =1+3+1="4
2.2 Sum =3 (as N — o0, & — 0).

2.3 Diverges (Sy — 00).

3.1 B — convergence is defined by the partial sums approaching a finite limit.

32() S5=(1-H+(G-H+(G-H=1-1=2 () Sx=1- 55N > o0,

sum = 1.

N
3.3 —— — 1, so the series converges to 1.
N+1

AP Calculus BC o 10.1 Defining Convergent an

®

-gent Infinite Series @

AP CALCULUS BC « EXERCISE SHEET

10.2 Working with Geometric Series

Name: Class: Date: Total: 13 marks

KEY WORDS ratio [U{fi « converges!|{&{ o geometric series JL{TZLEL o diverges % il

Objective

Build the skills to answer exam questions on geometric series — the one series you can
sum exactly.

You must be able to:

« identify the first term a and common ratio & r
« apply the convergence test |r| < 1

¢ compute the sum
—r

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The geometric sum

o0
A geometric series E ar™ converges exactly when |r| < 1, and then
n=0
= a
E ar" = 1
—r
n=0

B Reading a and r

For 23 (1)": a=3,r=13. Since |r| < 1, sum = :
n=0 2

B Watch the starting index

W13 13

If the sum starts at n = 1, the first term is ar, not a. Z (%) =1 13 = 2/3 =3

n=1

B Divergence

If || > 1 the terms do not shrink, so the series diverges. Z 2" has r = 2, diverges.

AP Calculus BC « 10.2 Working with Geometri 3 @



2 Practice 3.3 Find the sum of Z 4(2)" (note the index starts at 1).

Now apply the methods above. n=1

2.1 State a and r for Z 5 (%)n 2]

n=0

2.2 Find the sum of 25 (%)n

[

n=0
oo
5 n ? .
2.3 Does E (Z) converge? Give a reason.
n=0

3 Exam-style questions

3.1 A geometric series E ar™ converges when 1

e Ar>0
« Blri<1
« Clr|>1
e Da<l1

3.2 Consider 26 (f%)n.

n=0
(a) State a and 7.
(b) Find the sum.

[

AP Calculus BC « 10.2 Working with Geometri 3 @ AP Calculus BC « 10.2 Working with Geometri 5

@ @




Solutions
o 1
21a=57r=>5

5 5

2 - -
1—-1/3  2/3

15
>

2.3 No — |r| =2 > 1, so it diverges.

3.1 B — converges iff |r| < 1.

6 6
32()a=6,r=-1 (b) —— == =
2 1—-(-3) 3/2
3.3 First term (n=1) is 4- 2 = §, ratio 2; sum =

AP Calculus BC « 10.2 Working with Geometri

®

8/5  8/5

1-2/5 3/5 &

Name:

AP Calculus BC: 2026

6. The Maclaurin series for a function g is given by
Zz(%“)" =2- %x + %xz - %)f + %x“ -t 2(%)}1 + .- and converges to g(x)
n=0
for |x| < 5.

Part A

For x > 0, the Maclaurin series for g is an alternating geometric series. Find g(3). Show the
work that leads to your answer.

PartB

The function fis defined by f(x) = g’(x). Write the first four nonzero terms of the Maclaurin

series for f.

Part C

The second-degree Taylor polynomial for fabout x = 0 is used to approximate j(%) as —%,

where fis the function defined in part B. Justify that ‘f(%) - (f%)‘ < %

PartD
The function h is defined by 4 (x) = 25g(x) — 2¢".

x

i. Write the first three nonzero terms of the Maclaurin series for ¢*.
ii. Write the first three nonzero terms of the Maclaurin series for h.

STOP
END OF EXAM



Name: AP Calculus BC: 2025 Name: AP Calculus BC: 2022

6. The Taylor series for a function fabout x = 4 is given by
o (o ayetl Y S ¢ _ptl
(c=a) ™ _(=af o4 o) ()
a=1(n+1)3" 23 33 43 (n+1)3"
its interval of convergence.

+ --- and converges to f(x) on

A. Using the ratio test, find the interval of convergence of the Taylor series for fabout x = 4.
Justify your answer.

B. Find the first three nonzero terms and the general term of the Taylor series for f”, the
derivative of f, about x = 4.
C. The Taylor series for f/’ described in part B is a geometric series. For all x in the interval of STOP

convergence of the Taylor series for £, show that f'(x) = )76:1

D. It is known that the radius of convergence of the Taylor series for fabout x = 4 is the same as END OF EXAM

the radius of convergence of the Taylor series for /" about x = 4. Does the Taylor series for

AP Calculus BC: 2014

f' described in part B converge to f’(x) = ;:i at x = 8? Give a reason for your answer.

6. The Taylor series for a function f about x =1 is given by 2(_1)n+1 %(x —1)" and converges to f(x) for
n=1

|x — 1] < R, where R is the radius of convergence of the Taylor series.

(a) Find the value of R.

(b) Find the first three nonzero terms and the general term of the Taylor series for f’, the derivative of f,
STOP about x = 1.

END OF EXAM (c) The Taylor series for f” about x = 1, found in part (b), is a geometric series. Find the function f” to which
the series converges for |x — 1| < R. Use this function to determine f for [x — 1| < R.

AP Calculus BC: 2022

305 7 (— 1)t

L2 4o d —2—— 4 . forall

X
6. The functi is defined by th series =XxX—-—+— -
e function f is defined by the power series f(x) = x 3 5 7 1

real numbers x for which the series converges.

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.

-4

(c) Write the first four nonzero terms and the general term for an infinite series that represents f”(x). STOP

1
(b) Show that < 10 Justify your answer.

1 END OF EXAM
(d) Use the result from part (c) to find the value of f ’[g]

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.




AP CALCULUS BC « EXERCISE SHEET

10.3 The nth Term Test for Divergence

Name: Class: Date: Total: 12 marks

KEY WORDS harmonic series i f12% %7 o diverges %1l o converges Iif &

Objective
Build the skills to answer exam questions on the nth term test for divergence.
You must be able to:
o apply: if lim a, # 0, the series diverges
n—so0

o recognise that the test is only a test for divergence
e know that a, — 0 does not prove convergence

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The test

If the terms do not shrink to zero, the sum cannot settle:

lim a, #0 = Zan diverges.

n—00

B A divergent example

n n
E : — 1 # 0, so the series diverges by the nth term test.
n+1l n+1

B Tt only shows divergence

If lima, = 0, the test is inconclusive — the series may converge or diverge. The
harmonic series Z% has terms — 0 yet diverges.

B First check to do

Because it is quick, always apply the nth term test first. Only if the limit is 0 do you
move on to another test.

AP Calculus BC o 10.3 The nth Term Test for mce @

@

2 Practice

Now apply the methods above.

2.1 Find lim
n—oo

2.2 State whether Z

1
2.3 For Z —, the terms go to 0. Does the nth term test prove convergence?
n

2n
+1°

2n
3n+1

3 Exam-style questions

3.1 If lim a,
n—00

=0, then Z ay

« A converges

« B diverges

« C may converge or diverge (test inconclusive)

¢« D equals 0

> 2

3.2 Consider Z n

(a) Find lim

n—00

(b) State the

AP Calculus BC

2n? +5
n=1

Up.

conclusion of the nth term test.

J e 10.3 The nth Term Test for nee

converges or diverges, with a reason.



1 .
3.3 A student claims that because the terms of Z 7 tend to 0, the series converges. Solutions
n
Explain the error. 2] 2 2n N g
T3+l 3

2.2 Diverges — the limit is % # 0, so by the nth term test it diverges.
2.3 No — the test is inconclusive when the terms go to 0.

3.1C the test is inconclusive when a, — 0.
2

1
" — —. (b) Limit # 0, so the series diverges.
2n?2+5 2

3.3 The nth term test only detects divergence; a,, — 0 does not prove convergence (in
fact > \% is a p-series with p = £ < 1 and diverges).

3.2 (a)

AP Calculus BC e 10.3 The nth Term Test for nce @ AP Calculus BC ¢ 10.3 The nth Term Test for nce @




AP CALCULUS BC « EXERCISE SHEET

10.4 Integral Test for Convergence

Name: Class: Date: Total: 14 marks

KEY WORDS integral test f1173JI 5175 o converges I8 « diverges % il
« geometric series JL{iZ¢ % o haxmonlc series JH AL 5L

Objective
Build the skills to answer exam questions on the integral test for convergence.

You must be able to:

o check the conditions (positive, decreasing, continuous)

e compare Z“” with / f(z)dx

o conclude convergence or divergence from the integral

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The integral test

If a, = f(n) where f is positive, decreasing, and continuous for z > 1, then

Zan and / f(z) dx both converge or both diverge.
1

B A worked test

1 o0

Z —: with f(z) = &, / 272 dz = 1 (finite). The integral converges, so the series
" ;

converges. '

A divergent case
Z / —dr = hm Inb = co. The integral diverges, so the series diverges.
n’

B Check the conditions first

The function must be positive and decreasing (eventually). The integral’s value is
not the series’ sum — only its convergence matches.

AP Calculus BC o 10.4 Integral Test for Conver @

@)

2 Practice

Now apply the methods above.

2.1 State the three conditions on f for the integral test.

<1
2.2 Evaluate / - dx.
LT

1
2.3 From 2.2, does Z —, converge?
n

3 Exam-style questions
3.1 The integral test compares a series with

e A a geometric series

o B an improper integral of the matching function
o C the harmonic series

¢ D a partial sum

oo

1
3.2 Apply the integral test to Z —-
n

n=1

1
(a) Evaluate / — dz.
1T

(b) State the conclusion.

AP Calculus BC « 10.4 Integral Test for Conver

@

)



o0 .
1
3.3 Use the integral test to decide whether Z ] converges. (Use the substitution Solutions
nlnn " . .
Inz.) n=2 o 2.1 Positive, decreasing, and continuous for x > 1.
u=lInz. A
o 17 _ _
22 [T =0-(-1)=1
2.3 Yes — the integral converges, so the series converges.
3.1 B — with an improper integral of the matching function.
{o )
3.2 (a) /1 v de =] - ﬁ]?c =043 =13 (b) Converges.
> 1
3.3 / dr;u=Inz,du=Ldr;= [ldu=In|ul = In(Inz); as x — oo this — oo,
s xlnz 1’ u
so it diverges.
AP Calculus BC « 10.4 Integral Test for Conver @ AP Calculus BC « 10.4 Integral Test for Conver @




6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

AP Calculus BC: 2021

0 (7 l)nxn ) )
g(x) = Y. ——=—— onits interval of convergence.
— 2¢ +3
n=0
o0
(a) State the conditions necessary to use the integral test to determine convergence of the series Z —-
e
=0
o0 1 "
Use the integral test to show that Z —; converges.
n=0
- , , el . o (="
(b) Use the limit comparison test with the series Y, —; to show that the series g(1) = Y. 20 13
n=0¢ n=0-¢ +
converges absolutely.
(c) Determine the radius of convergence of the Maclaurin series for g.
: & (= . :
(d) The first two terms of the series g(1) = z 20" 43 are used to approximate g(1). Use the alternating
e
n=0

series error bound to determine an upper bound on the error of the approximation.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

5. Let f be the function defined by f(x) =

AP Calculus BC: 2017

202 —Tx+5

(a) Find the slope of the line tangent to the graph of f at x = 3.

(b) Find the x-coordinate of each critical point of f in the interval 1 < x < 2.5. Classify each critical point as
the location of a relative minimum, a relative maximum, or neither. Justify your answers.

2
2

(c) Using the identity that = -
2x° —Tx+5 2x-5 x—1

0
, evaluate "(x) dx or show that the integral
5 g

diverges.

o0
3
(d) Determine whether the series Z 3

converges or diverges. State the conditions of the test
=5 2n” —Tn+

used for determining convergence or divergence.




AP CALCULUS BC « EXERCISE SHEET

10.5 Harmonic Series and p-Series

Name: Class: Date: Total: 10 marks

KEY WORDS harmonic series i f12% %7 o converges |15 « diverges % il

Objective
Build the skills to answer exam questions on the harmonic series and p-series.

You must be able to:

1
e apply the p-series rule: Z — converges iff p>1
n

o recognise the harmonic series I (p = 1) as divergent
o use p-series as the yardstick for comparison tests

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The p-series rule

= 1
Z > converges if p > 1, diverges if p < 1.
n

n=1

B The harmonic series

1

The special case p = 1, Z —, is the harmonic series — it diverges even though
n

its terms shrink to 0. A must-know fact.

B Applying the rule

. z n%: p=2> 1, converges.

. Z\% :an%: p= % < 1, diverges.
. Z# p= % > 1, converges.

B The yardstick

p-series are the standard family you compare unknown series to (next subtopic).
Know the rule instantly.

AP Calculus BC « 10.5 Harmonic Series and p-i @

@

2 Practice

Now apply the methods above.

1
2.1 State whether Z — converges.
n

1
2.2 State whether Z —575 converges.
n

2.3 Does the harmonic series converge? Give the value of p.

3 Exam-style questions

1
3.1 Z s converges if and only if

« Ap<l1
« Bp=1
« Cp>1
+Dp>0

3.2 Classify each as convergent or divergent, stating p:

1
(a) Znﬁ

1
)Y 55

ChI-

AP Calculus BC « 10.5 Harmonic Series and p-i



1 ! 2l Soluti
3.3 Explain why —— diverges but — converges, in terms of p. 2 olutions
p > 7 diverg > g I 2

2.1 Converges (p =4 > 1).
2.2 Diverges (p=2 < 1).
2.3 No, it diverges; p = 1.
3.1 C — converges iff p > 1.
3.2 (a) convergent, p = 1.2 > 1. (b) divergent, p = 0.9 < 1. (c) divergent, p = 1.
33> ﬁ has p = § <1 (diverges); > 2 has p =2 > 1 (converges) — the boundary is
p=1.

AP Calculus BC « 10.5 Harmonic Series and p-i @ AP Calculus BC « 10.5 Harmonic Series and p-i @




AP CALCULUS BC « EXERCISE SHEET

10.6 Comparison Tests for Convergence

Name: Class: Date: Total: 13 marks

KEY WORDS limit comparison f};[[L L o direct comparison F %[5 o converges 5
o diverges &l « geometric series JLifZ% %k

Objective
Build the skills to answer exam questions on the comparison tests for convergence.
You must be able to:

« use the direct comparison test with a known series
« use the limit comparison test (lima, /b, finite and positive)
« choose a good comparison series (a p-series or geometric series)

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Direct comparison

If 0 < a, <b, and Y_b, converges, then Y a, converges. If a, > b, > 0 and > b,
diverges, then ) a, diverges.

B A direct comparison example

! ince ! <1ddzlc erges, the series converges
E : sin — an L converges, series \ )
n?+1 n?+1 " n? n 8es, &
B Limit comparison
a
If lim b—" = L with 0 < L < oo, then > a, and )b, do the same thing. Easier
n—oo0

n
when the terms only behave like a known series.

B A limit comparison example

2n +1 1 a, (2n+1)n?
ZL compare with b, = —. In _ M

n3—+5 n? by, n3+5
> n% converges, so does the series.

— 2, finite and positive. Since

AP Calculus BC « 10.6 Comparison Tests for C ence @

@

2 Practice

Now apply the methods above.

1 . .
2.1 For ———, name a good comparison series. 1]
77/3 + 27 o) L

1 1
2.2 1s 12 < E? What does this tell you? 2]
2.3 For limit comparison of E 4 good b, is ! Find lim 2% 2]
. p TL2 i 1 ’ g n TL. bn N -

3 Exam-style questions

3.1 In the limit comparison test, if lim n _ L with 0 < L < oo, then 1

n
e A a, always converges
« B> a, and > b, behave the same way
o C > a, always diverges
¢ D the test is inconclusive

o0
3.2 Use direct comparison to show ——— converges. 3
P > g comvers ]

n=1
AP Calculus BC « 10.6 Comparison Tests for C ence @

©)



- . . . n+2 o 3
3.3 Use limit comparison with b, = % to decide whether Z 213 converges. [4] Solutions
n
1

2.1 — (a convergent p-series, p = 3).

Do gent p-series, p = 3)
2.2 Yes; since the larger series Y n% converges, so does > ﬁ

2 2

a, n/(n+1 n
2.3 " = n+1) 1.

by, 1/n n?+1
3.1 B — they converge or diverge together.

1 1 - L . .

3.2 1 < 27; (%)" is geometric with r = % < 1, converges; so by direct comparison
the series converges.

a n+2)n n?+2n - - . .
3.3 2 = ( 3 ) = — — 1; finite positive, and Z% diverges, so the series

o by n?+3 n?+3 '
diverges.
AP Calculus BC « 10.6 Comparison Tests for C ence @ AP Calculus BC « 10.6 Comparison Tests for C ence @




Name: AP Calculus BC: 2021

6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

0 (7 l)nxn ) )
g(x) = Y. ——=—— onits interval of convergence.
— 2¢ +3
n=0
o0
(a) State the conditions necessary to use the integral test to determine convergence of the series Z —-
e
=0
o0 1 "
Use the integral test to show that Z —; converges.
n=0
- , , el . o (="
(b) Use the limit comparison test with the series Y, —; to show that the series g(1) = Y. 20 13
n=0¢ n=0-¢ +
converges absolutely.
(c) Determine the radius of convergence of the Maclaurin series for g.
: & (= . :
(d) The first two terms of the series g(1) = z 20" 43 are used to approximate g(1). Use the alternating
e

n=0

series error bound to determine an upper bound on the error of the approximation.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

AP CALCULUS BC « EXERCISE SHEET

10.7 Alternating Series Test for Con-
vergence

Name: Class: Date: Total: 11 marks

KEY WORDS alternating series 27452% 5 o converges {8 o diverges % Hl
o harmonic series %L « partial sums 7553 F1

Objective
Build the skills to answer exam questions on the alternating series test.
You must be able to:

« recognise an alternating series ZZ4EHEL > (—1)"b,
o check the three conditions (b, > 0, decreasing, — 0)
« conclude convergence when they hold

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The alternating series test

An alternating series Z(*l)"bn (with b, > 0) converges if:
1. b, is decreasing (b,;1 < b,), and
2. lim b, =0.

n—00

B A worked example

—1)"

Z (=1 c b, = % is positive, decreasing, and — 0. So the alternating harmonic
n

series converges — even though Z% diverges.

B Both conditions matter

If the terms b, do not go to 0, the nth term test already forces divergence. If b, — 0
but is not decreasing, the test does not directly apply.

B Recognising the form
The sign alternates via (—1)" or (—1)"*1. Peel off the sign to get by, then test b,.

AP Calculus BC « 10.7 Alternating Series Test wergence @



2 Practice (="

3.3 Explain why the alternating harmonic series Z converges even though the
n

Now apply the methods above. harmonic series diverges. 2]

2.1 For Z =D , identify b,,. 1]

n?

(="

2 . 2

2.2 Check the two conditions for Z

(="

2.3 State whether Z 5
n

converges.

3 Exam-style questions
3.1 The alternating series test requires that b, is positive, tends to 0, and is 1]

e A increasing
« B decreasing
o C constant

o D geometric

3.2 Conside i (=)
. nsider —
vn

n=1
(a) Identify b, and check the conditions. 3]

(b) State the conclusion. 1]

AP Calculus BC o 10.7 Alternating Series Test wvergence @ AP Calculus BC o 10.7 Alternating Series Test wvergence @

@




Solutions
1
2.1b, = ol

2.20b,= % > 0 and decreasing; lim b,, = 0.

2.3 Converges.

3.1 B — b, must be decreasing.

3.2 (a) b, = ﬁ > 0, decreasing, and — 0. (b) Converges by the alternating series test.

3.3 The alternating signs let successive terms partly cancel, so the partial sums settle
to a limit; without the signs (> %) there is no cancellation and the sum grows without
bound.

AP Calculus BC o 10.7 Alternating Series Test wergence @
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F(0)=0
£10) =1
£ ) = —n £ (0) forall n> 1

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.

The Maclaurin series for f converges to f (x) for |x| < 1.

2 3 4

X X X .
+ — — —, and write the
3 4

(a) Show that the first four nonzero terms of the Maclaurin series for f are x — >
general term of the Maclaurin series for f.

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.

X
(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = -[0 f(t) dr.

1 1
(d) Let P”[E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is

the function defined in part (c). Use the alternating series error bound to show that

pL N, L
42) 7 82)] < s00

STOP
END OF EXAM
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6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

. _ ay L R R (n) __n(rl—l)!
It is known that f(1) =1, f’(1) = X and the nth derivative of f at x =1 is given by f"(1) = (-1) arra AP CALCULUS BC » EXERCISE SHEET

10.8 Ratio Test for Convergence

for n = 2.
(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x =1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

Name: Class: Date: Total: 14 marks

(c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2). KEY WORDS ratio test L {E #1515 « converges absolutely 44 %175 « converges 4

o diverges %

(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).

Objective
Build the skills to answer exam questions on the ratio test for convergence.
You must be able to:

Q41
an
e conclude: L < 1 converges, L > 1 diverges, L = 1 inconclusive

e compute L = lim

n—00

o apply it to series with factorials or nth powers

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow

STOP the steps and you can do the Practice and Exam-style questions yourself.
END OF EXAM
B The ratio test
Compute
L= lim |22+
n—00 [o7%

e« L < 1: converges absolutely;
e L > 1: diverges;
e L =1: inconclusive.

B A factorial example

T2 2 1) 2
noa, 2n /nl 41

— 0 < 1. Converges.

B An n-th power example

noapyr  (n+1)/270 o+l
Z > e, = 2 = — 3 < 1. Converges.

B When it is inconclusive

For a p-series, L = 1, so the ratio test says nothing — use the p-series rule instead.
The ratio test shines with factorials and exponentials.

AP Calculus BC « 10.8 Ratio Test for Converge @




2 Practice

Now apply the methods above.

3" . Oy
2.1 For Z — write .
n a

. n

2.2 Find lim

n—oo N

2.3 For a p-series, the ratio test gives L = 1. What does this mean?

3 Exam-style questions
3.1 If the ratio test gives L = 1, the series

o A converges

« B diverges

o C the test is inconclusive
e D equals 1

n!
10n :

o0
3.2 Apply the ratio test to Z
n=1

Ap

(a) Find L and its limit.

n

(b) State the conclusion.

AP Calculus BC « 10.8 Ratio Test for Converge

and state the conclusion.

n

3.3 Use the ratio test on Z —-
n

AP Calculus BC  10.8 Ratio Test for Converge



Solutions
9.1 M+l _ 3/ (n +1)! 3
Toa, 3n/n! o+l
2.2 — 0 < 1, so the series converges.

n+1

2.3 The ratio test is inconclusive; use another test (the p-series rule).

3.1 C — inconclusive when L = 1.
1 (n+1)1/10" n41

3.2 (a = = — 00. (b) L > 1, so it diverges.
() a, nl/10" 10 () ' 8
a 57+ /(n +1)2 n? .
3.3 / ) =5- —5; L=>5>1, so it diverges.
ap 57 /n? (n+1)?
AP Calculus BC o 10.8 Ratio Test for Converge

Name: :] AP Calculus BC: 2025

6. The Taylor series for a function fabout x = 4 is given by

Floar ! af o (o) ey

n=

L(n+1)3" | 23 332 23 T (i 1)5 + --- and converges to f(x) on

its interval of convergence.

A.

B.

Using the ratio test, find the interval of convergence of the Taylor series for fabout x = 4.
Justify your answer.

Find the first three nonzero terms and the general term of the Taylor series for f”, the
derivative of f; about x = 4.

. The Taylor series for f’ described in part B is a geometric series. For all x in the interval of

convergence of the Taylor series for f”, show that f'(x)= ?:i )

. It is known that the radius of convergence of the Taylor series for fabout x = 4 is the same as

the radius of convergence of the Taylor series for /” about x = 4. Does the Taylor series for

f' described in part B converge to f’(x) = ;:i at x = 8? Give a reason for your answer.

STOP
END OF EXAM
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o n
L U (n+1)x
6. The Maclaurin series for a function f is given by Z —

6

n=1 N

and converges to f(x) for all x in the interval
of convergence. It can be shown that the Maclaurin series for f has a radius of convergence of 6.

(a) Determine whether the Maclaurin series for f converges or diverges at x = 6. Give a reason for your

answer.
0 n+ 1 _3 n o0 + 1 n
(b) It can be shown that f(—3) = % = " 3 ——] and that the first three terms of this
n=1 n-6 n=1 1 2
125 1
series sum to S3 = 1 Show that ‘f(73) — 83 ’ <%0

(c) Find the general term of the Maclaurin series for f”, the derivative of f. Find the radius of convergence of
the Maclaurin series for f.

+1)x7

(d) Let g(x Z T

. Use the ratio test to determine the radius of convergence of the Maclaurin series

for g.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

AP Calculus BC: 2022

2 2 X
7

1) 2n+1
S (—1)'x
3 5

4o d—2 4. forall

6. The function f is defined by the power series f(x) = x — o1
n

real numbers x for which the series converges.

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.

-4

(c) Write the first four nonzero terms and the general term for an infinite series that represents f”(x).

1
< —. Justify your answer.

(b) Show that
10

1
(d) Use the result from part (c) to find the value of f ’[g]

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM
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L -3 n-1
6. The Maclaurin series for a function f is given by zix" =x- %xz +3x3 -t

n=1
converges to f(x) for | x| < R, where R is the radius of convergence of the Maclaurin series.

(a) Use the ratio test to find R.

(b) Write the first four nonzero terms of the Maclaurin series for f’, the derivative of f. Express f’ asa

rational function for |x| < R.

(c) Write the first four nonzero terms of the Maclaurin series for . Use the Maclaurin series for e¢* to write

the third-degree Taylor polynomial for g(x) = ¢” f(x) about x = 0.

(_3)11—1 ;
n n

STOP

END OF EXAM

AP CALCULUS BC « EXERCISE SHEET

10.9 Determining Absolute or Condi-
tional Convergence

Name: Class: Date: Total: 11 marks

KEY WORDS converges conditionally 25{/ii&{ « absolute convergence £i%fIIi{ 5 o converges 8§

o diverges %1 o alternating series 224520 %L

Objective

Build the skills to answer exam questions on absolute and conditional convergence.
You must be able to:

o test whether Z |a,| converges (absolute convergence 4%} I5L)

« classify a convergent series as absolutely or conditionally convergent %58

_1)»
¢ use the standard example Z u
n

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Absolute convergence

Zan converges absolutely if Z |a,| converges. Absolute convergence is the
stronger property — it implies the series itself converges.

B Conditional convergence

It Zan converges but z |a,| diverges, the series converges conditionally — it
relies on the cancellation of signs.

B The standard example

(=1 . . (=" Loy

lternat test), but — = —d .S
Z - converges (alternating series test), bu Z " Zn iverges. So
it is conditionally convergent.

B The routine

1. Test Y |a,|. If it converges — absolute. 2. If not, test > a, itself (e.g. alter-
nating series). If it converges — conditional; if not — divergent.

AP Calculus BC « 10.9 Determining Absolute ¢ litional Convergence @



2 Practice 3.3 Explain why absolute convergence is “stronger” than conditional convergence.

Now apply the methods above.

2.1 For Z (;:2) , does Z )

n?

converge? 1]

—1)"
2.2 Classify E ( 2) (absolute / conditional). [1]
n

[

—1)" 1
2.3 For Z (7), does Z — converge? What does that make the series?
n n

3 Exam-style questions
3.1 A series is conditionally convergent if 1]

+ A both ) a, and ) |a,| converge

« B a, converges but Y |a,| diverges
o C both diverge

o D > ay| converges but Y a, diverges

e (D)
3.2 Consider E .
vn

n=1

1
(a) Test Z 7 for convergence.
(b) Test the alternating series itself. 1]
(c) Classify the series. 1]

AP Calculus BC ¢ 10.9 Determining Absolute c litional Convergence @ AP Calculus BC « 10.9 Determining Absolute litional Convergence
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Solutions

2.1 Yes — - 2 is a convergent p-series.

2.2 Absolutely convergent.

2.3 3~ L diverges; so 3 ED" iy conditionally convergent.

3.1 B — converges, but not absolutely.

1

3.2 (a) Y ﬁ is a p-series with p = 1 <1, diverges. (b) Alternating series test: b, = 7

decreasing — 0, so it converges. (¢) Conditionally convergent.

3.3 Absolute convergence guarantees the series converges no matter how the terms are
arranged, and it implies ordinary convergence; conditional convergence depends on the
sign pattern and can be broken by rearrangement.

AP Calculus BC ¢ 10.9 Determining Absolute c litional Convergence @

®

6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

(

® (—1)'x
glx) = z n7) on its interval of convergence.
P 2¢" +3

AP Calculus BC: 2021

n

0

(a) State the conditions necessary to use the integral test to determine convergence of the series Z —-
n=0 ¢
|
Use the integral test to show that Z —; converges.
n=0
0 00 n
- . . ‘ 1 . (=1
(b) Use the limit comparison test with the series Z —; to show that the series g(1) = Z 20713
e e
n=0 n=0

converges absolutely.

(c) Determine the radius of convergence of the Maclaurin series for g.

. o0 (7 1)”
The first two terms of the series g(1) = Z 2n—
e
n=0

d
( +3

=

are used to approximate g(1). Use the alternating

series error bound to determine an upper bound on the error of the approximation.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM
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AP CALCULUS BC « EXERCISE SHEET

10.10 Alternating Series Error Bound

f(0)
f(0) =
f("+1)(0) =—n.f® (0) forall n>1

0
1

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above. Name: Class: Date: Total: 12 marks

The Maclaurin series for f converges to f(x) for |x| < 1.
KEY WORDS alternating series 22 fi4% £
2 3 4

X X X .
+ — — —, and write the
3 4

(a) Show that the first four nonzero terms of the Maclaurin series for f are x — >
Objective

general term of the Maclaurin series for f.
Build the skills to answer exam questions on the alternating series error bound.

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges You must be able to:

conditionally, or diverges at x = 1. Explain your reasoning. . X
« bound the error of a partial sum by the first omitted term by,
« find how many terms guarantee a required accuracy

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = J.;f (¢) dt. o apply |S — Sy| < byyy correctly

1 1
(d) Let P”[E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is 1 Worked examples

Study these first. Each one shows the method for a question type used later — follow

the function defined in part (c). Use the alternating series error bound to show that the steps and you can do the Practice and Exam-style questions yourself.
1 1 1

Pl=|-gl=|| < = B The error bound
2 2 500

For a convergent alternating series, the error in stopping at Sy is no larger than
the first term you left out:

|S — Sn| < by

B A worked bound
STOP

-1 n+1
END OF EXAM Z i: using S3 =1 — % + %, the error is at most by = i =0.25.
n

B How many terms for a target accuracy

To make the error < 0.01, need byy1 < 0.01, ie. ﬁ < 0.01, so N +1 > 100,
N > 100. Take 100 terms.

B The bound is the next term

The rule is simple but strict: the maximum error equals the size of the next term. It
only applies to alternating series meeting the alternating-test conditions.

AP Calculus BC « 10.10 Alternating Series Errc 1d @




1)n+1

2 Practice 3.3 How many terms of Z (77
n

are needed to guarantee an error less than 0.057 [3]

Now apply the methods above.

2.1 State the alternating series error bound. 1]

_1)n+1

2.2 For Z (T

approximated by S5, bound the error. 2

s~

—1)"
2.3 For Z ( 2) approximated by Sy, bound the error.
n

3 Exam-style questions

3.1 For a convergent alternating series, the error [S — Sx| is at most

o Aby
e By
« CSy
« D>,
i ( —1)ntt
3.2 The series Z —s s approximated by its first three terms.
n

n=1
(a) Write the first omitted term. [1]

(b) Give an upper bound for the error. 2]

AP Calculus BC « 10.10 Alternating Series Errc 1d @ AP Calculus BC  10.10 Alternating Series Errc 1d @
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Solutions

2.1 |S — Sy| < by (the first omitted term).
2.2 Error < bg = % ~ 0.167.

2.3 Error < by = é ~ 0.111.

3.1 B — the error is at most the first omitted term by, .

1
= 4. (b) Error < & =~ 0.0156.

3.2 (a) b4 = E 61

3.3 Need byy, = = < 0.05; N +1 > 20, so N > 20; take 20 terms.

N+1

AP Calculus BC ¢ 10.10 Alternating Series Err 1d
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6. The Maclaurin series for a function g is given by
ZZ(_Tx)n =2- %x + %xz - %)f + %x“ -t 2(%)'1 + .- and converges to g(x)
n=0
for |x| < 5.

Part A

For x > 0, the Maclaurin series for g is an alternating geometric series. Find g(3). Show the
work that leads to your answer.

PartB

The function fis defined by f(x) = g’(x). Write the first four nonzero terms of the Maclaurin

series for f.

Part C

The second-degree Taylor polynomial for fabout x = 0 is used to approximate j(%) as —%,
where fis the function defined in part B. Justify that ‘f(%) - (f%)‘ < %

PartD
The function h is defined by 4 (x) = 25g(x) — 2¢".

X

i. Write the first three nonzero terms of the Maclaurin series for ¢*.
ii. Write the first three nonzero terms of the Maclaurin series for h.

STOP
END OF EXAM
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o n
L U (n+1)x
6. The Maclaurin series for a function f is given by Z —

6

n=1 N

and converges to f(x) for all x in the interval
of convergence. It can be shown that the Maclaurin series for f has a radius of convergence of 6.

(a) Determine whether the Maclaurin series for f converges or diverges at x = 6. Give a reason for your

answer.
0 n+ 1 _3 n o0 + 1 n
(b) It can be shown that f(—3) = % = " 3 ——] and that the first three terms of this
n=1 n-6 n=1 1 2
125 1
series sum to S3 = 1 Show that ‘f(73) — 83 ’ <%0

(c) Find the general term of the Maclaurin series for f”, the derivative of f. Find the radius of convergence of
the Maclaurin series for f.

+1)x7

(d) Let g(x Z T

. Use the ratio test to determine the radius of convergence of the Maclaurin series

for g.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

AP Calculus BC: 2022

2 2 X
7

1) 2n+1
S (—1)'x
3 5

4o d—2 4. forall

6. The function f is defined by the power series f(x) = x — o1
n

real numbers x for which the series converges.

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.

-4

(c) Write the first four nonzero terms and the general term for an infinite series that represents f”(x).

1
< —. Justify your answer.

(b) Show that
10

1
(d) Use the result from part (c) to find the value of f ’[g]

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM



AP Calculus BC: 2021

6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

0 (7 l)nxn ) )
g(x) = Y. ——=—— onits interval of convergence.

— 2¢ +3

n=0
o0
(a) State the conditions necessary to use the integral test to determine convergence of the series Z —-
e
n=0
21
Use the integral test to show that Z —; converges.
n=0
0 o0 n
o . . . 1 , (=1
(b) Use the limit comparison test with the series Y, —; to show that the series g(1) = Y. 20 13
e

n=0¢ n=0

converges absolutely.

(c) Determine the radius of convergence of the Maclaurin series for g.

(="
2e"+3

0
(d) The first two terms of the series g(1) = z are used to approximate g(1). Use the alternating
n=0

series error bound to determine an upper bound on the error of the approximation.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

AP Calculus BC: 2019

3 / 2
/ 3 -2
R
\N— 2
4 54

2 1 o i \2 *
I \ \ \
6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,

along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor

polynomial for ef(x) about x = 0.

(c) Let h be the function defined by h(x) = jgf(t) dt. Use the Taylor polynomial found in part (a) to find an

approximation for A(1).

(d) Ttis known that the Maclaurin series for i converges to /(x) for all real numbers . It is also known that

=

the individual terms of the series for (1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from A(1) by at
most 0.45.

STOP
END OF EXAM
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6. The Maclaurin series for In(1 + x) is given by

o xt
+ _—
3

o,

n
Foe o (—1)E

= : £(0)
£(0) =
£ ) = —n £ (0) forall n> 1

0
1
On its interval of convergence, this series converges to In(1 + x). Let f be the function defined by

1) =xln(l +§)

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.
. . . The Maclaurin series for f converges to f (x) for |x| < 1.

(a) Write the first four nonzero terms and the general term of the Maclaurin series for f.

2 3 4

X X X .
+ — — —, and write the
3 4

(b) Determine the interval of convergence of the Maclaurin series for f. Show the work that leads to your fadll
2

(a) Show that the first four nonzero terms of the Maclaurin series for f are x —
answer.

eneral term of the Maclaurin series for f.
(c) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Use the alternating series error ¢ u1 ! f

bound o find an upper bound for |E‘(2) —f@) | (b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges

conditionally, or diverges at x = 1. Explain your reasoning.

X
(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = -[0 f(t) dr.

1 1
(d) Let P”[E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is
STOP

END OF EXAM the function defined in part (c). Use the alternating series error bound to show that

pL N, L
42) 7 82)] < s00

STOP
END OF EXAM
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6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

. _ ay L L. R (n) __n(ll—l)!
It is known that f(1) =1, f’(1) = X and the nth derivative of f at x =1 is given by f"(1) = (-1) arra AP CALCULUS BC » EXERCISE SHEET

10.11 Finding Taylor Polynomial Ap-
proximations of Functions

for n = 2.
(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x =1 has a radius of convergence of 2. Find the interval of convergence.
Show the work that leads to your answer.

(c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2). Name: Class: Date: Total: 14 marks
(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2). KEY WORDS taylor polynomial Zz) 2 7i:{,
Objective

Build the skills to answer exam questions on Taylor polynomials.
You must be able to:

« build a Taylor polynomial ZE#Z =, from derivative values at a center

f®(a k
k'( Yoo

« estimate a function value with the polynomial

o use the formula P,(z) = Z
k=0

1 Worked examples

sToP Study these first. Each one shows the method for a question type used later — follow

the steps and you can do the Practice and Exam-style questions yourself.

END OF EXAM
B The Taylor polynomial
Centered at z = a:

f"(a)

Po(z) = f(a) + f'(a)(@ — a) + =,

(x—a)?+-- +

Centered at a = 0 it is a Maclaurin polynomial.
B Building from a table

Given f(0) =2, f'(0) =3, f”(0) = —4, the 2nd-degree Maclaurin polynomial is

—4
Py(z) :2+31’+?x2:2+3x—21’2‘

B A worked polynomial for e"x
For f(z) = e at a = 0: all derivatives are 1, so P3(z) =1+ + % + %

B Estimating a value
Use P, near the center. ! ~ P3(0.1) = 1+ 0.1 + 0.005 + 0.000167 ~ 1.10517.

AP Calculus BC « 10.11 Finding Taylor Polyno pproximations of Functions @




2 Practice 3.3 Write the 4th-degree Maclaurin polynomial for f(x) = cosz (using cos0 = 1, and
the derivative pattern). 3]

Now apply the methods above.

. f(k)(,,) . o
2.1 Write the general term 7 (x —a)k for k = 2. 1]
2.2 Given f(0) =1, f'(0) =2, f”(0) = 6, write Py(z) (Maclaurin). 2]
2.3 For f(x) = e”, write the 2nd-degree Maclaurin polynomial. 2]
3 Exam-style questions
3.1 The coefficient of (z — a)? in a Taylor polynomial is [1]
« A f"(a)
/)

2

« C2f"(a)
+ D f(a)
3.2 A function has f(1) =3, f'(1) = =2, f"(1) =4, f"(1) = 12.
(a) Write the 3rd-degree Taylor polynomial about z = 1. 3]
(b) Use it to estimate f(1.1). 2]
AP Calculus BC o 10.11 Finding Taylor Polyno pproximations of Functions @ AP Calculus BC o 10.11 Finding Taylor Polyno pproximations of Functions @




Solutions

2.1 f,;a) (z—a)?

6
2.2 Py(z)=1+2z+ 51:2 =142z + 322,

2

2.3 1+m+%

2! 2

3.1 B — the coefficient is fa) _ 1 (a)

2

3.2 (a) P3(z) = 372(x71)+g(x71)2+%(m71)3 =3-2@—-1)+2(x—1)2+2(x—1)%

(b) at z = 1.1: 3 — 0.2+ 2(0.01) + 2(0.001) = 2.822.

2 4
3.3 Derivatives of cos at 0: 1,0,—1,0,1; Py(z) =1 — % + ;—4

AP Calculus BC  10.11 Finding Taylor Polyno pproximations of Functions @
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Name: : AP Calculus BC: 2025

d
5. Let y = f(x) be the particular solution to the differential equation ay = (3 — x)y” with initial

condition f(1)=—1.

e
A. Find f"(1), the value of ;)2} at the point (1, — 1). Show the work that leads to your answer.

=

. Write the second-degree Taylor polynomial for fabout x = 1.

C. The second-degree Taylor polynomial for fabout x = 1 is used to approximate f(l.l). Given
that | /”(x)| < 60 for all x in the interval 1 < x < 1.1, use the Lagrange error bound to show
that this approximation differs from f(1.1) by at most 0.01.

D. Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f (1.4).
Show the work that leads to your answer.

AP Calculus BC: 2023

6. The function f has derivatives of all orders for all real numbers. It is known that f(0) = 2, f’(0) = 3,

(%) = —f(xz), and f(x) = —2x - f’(xz).

(a) Find f ) (x), the fourth derivative of f with respect to x. Write the fourth-degree Taylor polynomial for f

about x = 0. Show the work that leads to your answer.

(b) The fourth-degree Taylor polynomial for f about x = 0 is used to approximate f(0.1). Given that
‘f(5> () ‘ < 15 for 0 £ x < 0.5, use the Lagrange error bound to show that this approximation is within
]]? of the exact value of f(0.1).

(c) Let g be the function such that g(0) = 4 and g’(x) = ¢"f(x). Write the second-degree Taylor polynomial
for g about x = 0.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.



AP Calculus BC: 2023

STOP

END OF EXAM

AP Calculus BC: 2021

5. Let y = f(x) be the particular solution to the differential equation % =y - (xInx) with initial condition

f(1) = 4. It can be shown that f”(1) = 4.

(a) Write the second-degree Taylor polynomial for f about x = 1. Use the Taylor polynomial to
approximate f(2).

(b) Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f(2). Show the
work that leads to your answer.

d
(c) Find the particular solution y = f(x) to the differential equation 2 ¥+ (xIn x) with initial

condition f(1) = 4.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

AP Calculus BC: 2019

J , 2 3
/ 3 -2
R
\N—" 2
4 54
1

2 4 0 1\2 o
| \ \ \

6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,

along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table
above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor

polynomial for ef(x) about x = 0.

(c) Let h be the function defined by h(x) = jgf(t) dt. Use the Taylor polynomial found in part (a) to find an

approximation for A(1).

d

=

It is known that the Maclaurin series for i converges to /(x) for all real numbers . It is also known that
the individual terms of the series for (1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from A(1) by at
most 0.45.

STOP
END OF EXAM



Name: () AP Calculus BC: 2016 Name: () AP Calculus BC: 2015
6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

.

-1 N o < (-3)"
Itis known that f(1) =1, f’(1) = —%, and the nth derivative of f at x = 1 is given by f")(1) = (—1)”u 6. The Maclaurin series for a function f is given by ZLX'! = ) x" + - and

- x—§x2+3x3—---+
2 n=1 n n
for n 2 2. converges to f(x) for |x| < R, where R is the radius of convergence of the Maclaurin series.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1. (a) Use the ratio test to find R.

(b) The Taylor series for f about x =1 has a radius of convergence of 2. Find the interval of convergence. (b) Write the first four nonzero terms of the Maclaurin series for f7, the derivative of f. Express f asa
Show the work that leads to your answer. . .

rational function for |x| < R.

(c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2). (c) Write the first four nonzero terms of the Maclaurin series for ¢*. Use the Maclaurin series for ¢* to write
L . N the third-degree Taylor polynomial for g(x) = ¢” f(x) about x = 0.
(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).
STOP
sTop END OF EXAM

END OF EXAM
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10.12 Lagrange Error Bound

Name: Class: Date: Total: 12 marks

KEY WORDS lagrange error bound $ii#% [ H %55 « taylor polynomial Z=#] 2 1+

Objective
Build the skills to answer exam questions on the Lagrange error bound.

You must be able to:

max | £+ (2)]
. Iy |R,(z)| < / b
apply |Ry(z)| CE) |z

 bound the (n + 1)th derivative on the interval
e compute a numerical error bound

a‘n+1

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The Lagrange error bound

The error of the nth Taylor polynomial is bounded by

o) < )]

e o|ntl
S e EmdT

where the max is over z between a and x.

B Bounding the derivative

For f(z) = sinz, every derivative is £sin or % cos, so |1 (z)| < 1. This makes
the bound easy: replace the max with 1.

B A worked bound

Approximating sin(0.2) with the 3rd-degree Maclaurin polynomial (a =0, n = 3):

1 0.0016
Ryl < —|0.2]* = -~ ~ 6.7 x 107°.
|Rs| < 7102] 24
AP Calculus BC « 10.12 Lagrange Error Bound @
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B The routine
‘1? _ a‘nJrl
(n+ 1!~

1. Find max |f®*9| on the interval. 2. Multiply by
2 Practice

Now apply the methods above.
2.1 State the Lagrange error bound.

2.2 For f(z) = cosz, state a bound for |f("+D)(z)|.

1 .
2.3 Compute 5(041)3.

3 Exam-style questions
3.1 In the Lagrange error bound, the factor (n + 1)! appears in the

e A numerator

¢ B denominator
o C exponent

¢ D derivative

AP Calculus BC « 10.12 Lagrange Error Bound



3.2 The function f(z) = e* is approximated near 0 by its 2nd-degree Maclaurin polyno-
mial, for 0 < z < 0.5. On this interval |f"(z)| < ® < 2.

(a) Write the Lagrange bound for |Ry(0.5)].

(b) Evaluate the bound using |f”| < 2.

3.3 Bound the error when sin(0.3) is approximated by the 1st-degree Maclaurin polyno-

mial P(x) = x. 3

3

AP Calculus BC « 10.12 Lagrange Error Bound @

Solutions

max | f*TD(2)
(n+1)!

2.2 | f*D(2)| < 1 (derivatives of cos are bounded by 1).

1 .001
2.3 6(0.001) = % ~ 1.67 x 107,

2.1 |Ra(2)] <

3.1 B— (n+ 1)! is in the denominator.

8 " 2 0.25
3.2 (a) [Ro(0.5)] < %lf'(o.s)? (b) < £(0125) = =2 ~ 0.0417.
, _ 1, ., 009
33n=1,|f"(z)] =|—sinz| <1; |R:1(0.3)] < 5(0 3)? = 5 = 0.045
AP Calculus BC « 10.12 Lagrange Error Bound



Name:

AP Calculus BC: 2026

6. The Maclaurin series for a function g is given by
ZZ(%)W =2- %x + %xz - %)f + %x“ -t 2(%)ﬂ + --- and converges to g(x)
n=0
for |x| < 5.

Part A

For x > 0, the Maclaurin series for g is an alternating geometric series. Find g(3). Show the
work that leads to your answer.

Part B

The function fis defined by f(x) = g’(x). Write the first four nonzero terms of the Maclaurin
series for f.

Part C

The second-degree Taylor polynomial for fabout x = 0 is used to approximate f(%) as —%,

where fis the function defined in part B. Justify that ‘f(%) - <f%)‘ < %

PartD
The function h is defined by 4 (x) = 25g(x)— 2¢".

i. Write the first three nonzero terms of the Maclaurin series for e*.
ii. Write the first three nonzero terms of the Maclaurin series for h.

STOP
END OF EXAM

AP Calculus BC: 2025

d
5. Let y = f(x) be the particular solution to the differential equation ay = (3 — x)y” with initial

condition f(1)=—1.

e
A. Find (1), the value of ;); at the point (1, — 1). Show the work that leads to your answer.

=

. Write the second-degree Taylor polynomial for fabout x = 1.

C. The second-degree Taylor polynomial for fabout x = 1 is used to approximate f(l.l). Given
that | /”(x)| < 60 for all x in the interval 1 < x < 1.1, use the Lagrange error bound to show
that this approximation differs from f(1.1) by at most 0.01.

D. Use Euler’s method, starting at x = 1 with two steps of equal size, to approximate f (1.4).
Show the work that leads to your answer.

AP Calculus BC: 2023

6. The function f has derivatives of all orders for all real numbers. It is known that f(0) = 2, f’(0) = 3,

) = — f(xz), and f(x) = —2x - f’(xz).

(a) Find f ) (x), the fourth derivative of f with respect to x. Write the fourth-degree Taylor polynomial for f

about x = 0. Show the work that leads to your answer.

(b) The fourth-degree Taylor polynomial for f about x = 0 is used to approximate f(0.1). Given that
‘f(5> () ‘ < 15 for 0 £ x < 0.5, use the Lagrange error bound to show that this approximation is within
]1? of the exact value of f(0.1).

(c) Let g be the function such that g(0) = 4 and g’(x) = ¢"f(x). Write the second-degree Taylor polynomial
for g about x = 0.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.



Name:

AP Calculus BC: 2023

STOP

END OF EXAM

AP CALCULUS BC « EXERCISE SHEET

10.13 Radius and Interval of Conver-
gence of Power Series

Name: Class: Date: Total: 15 marks

KEY WORDS interval of convergence [ #{[X[ii] « radius of convergence I{&>[*{% « converges I &}
o ratio test FL{EHI I o diverges % il

Objective

Build the skills to answer exam questions on the radius and interval of convergence
of a power series.

You must be able to:

« use the ratio test to find the radius of convergence W &>4% R
¢ test the endpoints separately
« state the full interval of convergence Y &{(IX [f]

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Radius by the ratio test

A power series Z ¢n(z —a)" converges for |x —a| < R. Find R by applying the ratio
test and requiring L < 1.

B A worked radius
| _le=2| =2

(z—=2)"
Z 3 | oa, 3 3

the open interval is (—1,5).

. Set < 1: |z — 2] < 3, s0 R =3, center 2:

B Test the endpoints

The ratio test is inconclusive at # = —1 and z = 5. At = = 5: > 1 diverges; at
x = —1: Y (—1)" diverges. So the interval is the open (—1,5).

B Stating the interval

Combine the open interval with each endpoint’s separate result, using [ ] (included)
or () (excluded). Always test both ends.

AP Calculus BC « 10.13 Radius and Interval of rgence of Power Series @



2 Practice

Now apply the methods above.

'
2.1 For Z 3237" apply the ratio test to find R.

2.2 State the open interval of convergence for a series centered at 0 with R = 2.

2.3 Why must the endpoints be tested separately?

3 Exam-style questions

3.1 The radius of convergence is found using the

o A integral test

« B ratio test

e C nth term test

e D comparison test

e r—1)"
3.2 Consider Z (TT)

n=1

(a) Find the radius of convergence.

(b) Test the endpoints = 0 and z = 2.

(c) State the interval of convergence.

AP Calculus BC « 10.13 Radius and Interval of

rgence of Power Series

[

AP Calculus BC « 10.13 Radius and Interval of

n
|

3.3 Find the radius of convergence of Z T
n!

rgence of Power Series



Solutions
;n+1 2n+1 .

D ) e B R lz| < 2; R =2.
Zn/2n 2

2.2 (-2,2).

2.3 The ratio test gives L = 1 at the endpoints, so it is inconclusive there.

3.1 B — the ratio test gives the radius.

(x —1)"*/(n+1) n 1
3.2 (; St} BEEETE Slr—1<1=>R=1 (b)z=2 31
O i el BRI B S U () r=25"
diverges; = 0: ) (j)" converges. (c) [0,2).
Fntl/(, 1) T
3.3 " /n+1) = 21 — 0 < 1 for all z; R = oo (converges everywhere).
" /nl n+1

AP Calculus BC « 10.13 Radius and Interval of rgence of Power Series @

Name: :] AP Calculus BC: 2025
6. The Taylor series for a function fabout x = 4 is given by
-4 (-4 (-4 (-4 ey
n=1(n+1)3" 23 332 43° (n+1)3"
its interval of convergence.

..~ and converges to f(x) on

A. Using the ratio test, find the interval of convergence of the Taylor series for fabout x = 4.
Justify your answer.

B. Find the first three nonzero terms and the general term of the Taylor series for f”, the
derivative of f; about x = 4.

C. The Taylor series for f/’ described in part B is a geometric series. For all x in the interval of

convergence of the Taylor series for f”, show that f'(x)= ?:i )

D. It is known that the radius of convergence of the Taylor series for fabout x = 4 is the same as
the radius of convergence of the Taylor series for /” about x = 4. Does the Taylor series for

f' described in part B converge to f’(x) = ;:i at x = 8? Give a reason for your answer.

STOP
END OF EXAM



AP Calculus BC: 2024

o n
L U (n+1)x
6. The Maclaurin series for a function f is given by Z —

6

n=1 N

and converges to f(x) for all x in the interval
of convergence. It can be shown that the Maclaurin series for f has a radius of convergence of 6.

(a) Determine whether the Maclaurin series for f converges or diverges at x = 6. Give a reason for your

answer.
E(n+D(=3)" Zn+1 "
(b) It can be shown that f(~3) = 3. U# => . 3 ——] and that the first three terms of this
n=1 n=6" n=1 1 2
125 1
series sum to Sy = 1 Show that ‘f(73) — 83 ’ 0

(c) Find the general term of the Maclaurin series for f”, the derivative of f. Find the radius of convergence of
the Maclaurin series for f.

o9

(d) Let g(x Z

. Use the ratio test to determine the radius of convergence of the Maclaurin series

for g.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

AP Calculus BC: 2022

2 2 X
7

1) 2n+1
S (—1)'x
3 5

4o d—2 4. forall

6. The function f is defined by the power series f(x) = x — o1
n

real numbers x for which the series converges.

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.

-4

(c) Write the first four nonzero terms and the general term for an infinite series that represents f”(x).

1
< —. Justify your answer.

(b) Show that
10

1
(d) Use the result from part (c) to find the value of f ’[g]

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM




Name: () AP Calculus BC: 2021

6. The function g has derivatives of all orders for all real numbers. The Maclaurin series for g is given by

0 (7 l)nxn ) )
g(x) = Y. ——=—— onits interval of convergence.
— 2¢ +3
n=0
o0
(a) State the conditions necessary to use the integral test to determine convergence of the series Z —-
e
n=0
21
Use the integral test to show that Z —; converges.
n=0
0 o0 n
o . . . 1 , (=1
(b) Use the limit comparison test with the series Y, —; to show that the series g(1) = Y. 20 13
e

n=0¢ n=0

converges absolutely.

(c) Determine the radius of convergence of the Maclaurin series for g.

(="

2e"+3

0
(d) The first two terms of the series g(1) = Y.
n=0

series error bound to determine an upper bound on the error of the approximation.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

Name: : AP Calculus BC: 2018

6. The Maclaurin series for In(1 + x) is given by

&~

2 3

X X
+—7
3

n
5 A ) LS

X — L
4 n

On its interval of convergence, this series converges to In(1 + x). Let f be the function defined by

flx) = xln(l + i).
3
(a) Write the first four nonzero terms and the general term of the Maclaurin series for f.

(b) Determine the interval of convergence of the Maclaurin series for f. Show the work that leads to your
answer.

(c) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Use the alternating series error

bound to find an upper bound for | P4(2) — f(2) |

are used to approximate g(1). Use the alternating

STOP
END OF EXAM



Name: () AP Calculus BC: 2016 Name: () AP Calculus BC: 2015
6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

.

-1 N o < (-3)"
Itis known that f(1) =1, f’(1) = —%, and the nth derivative of f at x = 1 is given by f")(1) = (—1)”u 6. The Maclaurin series for a function f is given by ZLX'! = ) x" + - and

- x—§x2+3x3—---+
2 n=1 n n
for n 2 2. converges to f(x) for |x| < R, where R is the radius of convergence of the Maclaurin series.

(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1. (a) Use the ratio test to find R.

(b) The Taylor series for f about x =1 has a radius of convergence of 2. Find the interval of convergence. (b) Write the first four nonzero terms of the Maclaurin series for f7, the derivative of f. Express f asa
Show the work that leads to your answer. . .

rational function for |x| < R.

(c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2). (c) Write the first four nonzero terms of the Maclaurin series for ¢*. Use the Maclaurin series for ¢* to write
L . N the third-degree Taylor polynomial for g(x) = ¢” f(x) about x = 0.
(d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).
STOP
sTop END OF EXAM

END OF EXAM




Name: () AP Calculus BC: 2014

6. The Taylor series for a function f about x =1 is given by 2(—1)

n=1

i %(x —1)" and converges to f(x) for
|x — 1] < R, where R is the radius of convergence of the Taylor series.
(a) Find the value of R.

(b) Find the first three nonzero terms and the general term of the Taylor series for f’, the derivative of f,
about x = 1.
(c) The Taylor series for f” about x = 1, found in part (b), is a geometric series. Find the function f” to which

the series converges for |x — 1| < R. Use this function to determine f for [x — 1| < R.

STOP

END OF EXAM

AP CALCULUS BC « EXERCISE SHEET

10.14 Finding Taylor or Maclaurin Se-
ries for a Function

Name: Class: Date: Total: 12 marks

KEY WORDS geometric series JL{i] 2% %1

Objective
Build the skills to answer exam questions on finding Taylor and Maclaurin series.

You must be able to:

« recall the key Maclaurin series for ¢*, sinx, cosz, 1
-z

o build new series by substitution into a known one

e write a series in summation form

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The must-know Maclaurin series

. 0 " o o (_1)n,x2n+l o o (—1)"1’2” 1 _ o n
e 725, blIl.szm, cosxszn)!, 17'%,721.

n=0 n=0 n=0 n=0

B Building by substitution

2 . 9 . ™ .
For e*”, substitute z? into the e® series:

B Another substitution

1 1 oo o0
e =Y = e
1+2z 1-(-x) ; ;
AP Calculus BC « 10.14 Finding Taylor or Mac Series for a Function @



B Writing out terms
P R
sine = — G + —— — ---. Being able to write the first few terms and the general

summation form is expected.

2 Practice
Now apply the methods above.

2.1 Write the Maclaurin series for e* (summation form).

2.2 Write the first three nonzero terms of cosx. 2

2.3 Use substitution to write the Maclaurin series for e,

3 Exam-style questions

3.1 The Maclaurin series for T

« A (-1
« B Zx"
« D an’”

AP Calculus BC « 10.14 Finding Taylor or Mac Series for a Function @

1
3.2 Find the Maclaurin series for 72 (substitute into the geometric series).
@

3.3 Find the first three nonzero terms of the Maclaurin series for x sin x.

AP Calculus BC « 10.14 Finding Taylor or Mac Series for a Function



Solutions
o0 In
2.1 —.
; n!
CL'Q 1'4
221 ——+ —.
2 + 24
= (o) S (1)
23> o =y -
n=0 n=0

1
3.1 B— — = ,
1—=x ZI

oo oo

3.2 ﬁ = Z(_I2)7l — Z(_l)nlﬂn.

n=0 n=0
3.3 s I3 N x5
O SINT =T — —
6 120

AP Calculus BC « 10.14 Finding Taylor or Mac

4 6
9 x xT

— +-;multiply by z: 2 — — + — — -+~

6 120

Series for a Function

AP Calculus BC: 2026

6. The Maclaurin series for a function g is given by
ZZ(_Tx)n =2- %x + %xz - %)f + %x“ -t 2(%)'1 + .- and converges to g(x)
n=0
for |x| < 5.

Part A

For x > 0, the Maclaurin series for g is an alternating geometric series. Find g(3). Show the
work that leads to your answer.

PartB

The function fis defined by f(x) = g’(x). Write the first four nonzero terms of the Maclaurin

series for f.

Part C

The second-degree Taylor polynomial for fabout x = 0 is used to approximate j(%) as —%,

where fis the function defined in part B. Justify that ‘f(%) - (f%)‘ < %

PartD
The function h is defined by 4 (x) = 25g(x) — 2¢".

X

i. Write the first three nonzero terms of the Maclaurin series for ¢*.
ii. Write the first three nonzero terms of the Maclaurin series for h.

STOP
END OF EXAM



6. The Taylor series for a function fabout x = 4 is given by
o (o ayetl Y S ¢ _ptl
o ) S ) S ) N Gt N )
n=1(n+1)3" 23 33 43 (n+1)3"
its interval of convergence.

AP Calculus BC: 2025

+ --- and converges to f(x) on

A. Using the ratio test, find the interval of convergence of the Taylor series for fabout x = 4.
Justify your answer.

B. Find the first three nonzero terms and the general term of the Taylor series for f”, the
derivative of f, about x = 4.

C. The Taylor series for f/’ described in part B is a geometric series. For all x in the interval of

convergence of the Taylor series for £, show that f'(x) = )76:1

D. It is known that the radius of convergence of the Taylor series for fabout x = 4 is the same as
the radius of convergence of the Taylor series for /" about x = 4. Does the Taylor series for

f' described in part B converge to f’(x) = ;:i at x = 8? Give a reason for your answer.

STOP
END OF EXAM

AP Calculus BC: 2024

—— P 2 (n+1)x" ) _
6. The Maclaurin series for a function f is given by z e and converges to f(x) for all x in the interval
n=1 n 6

of convergence. It can be shown that the Maclaurin series for f has a radius of convergence of 6.

(a) Determine whether the Maclaurin series for f converges or diverges at x = 6. Give a reason for your
answer.

E(n+1)(=3)" 2+l
(b) It can be shown that f(—3) 2 (n ) :2”

1 n )
2 - 3 ——] and that the first three terms of this
6 n=1 N 2

1
50°

. 125 ‘
series sum to S3 = 1 Show that ‘j(73) S3 ‘

(c) Find the general term of the Maclaurin series for f”, the derivative of f. Find the radius of convergence of
the Maclaurin series for f.

+1)x°

g . Use the ratio test to determine the radius of convergence of the Maclaurin series

(d) Let g(x Z

for g.

‘Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM
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/ n |70

3 / 2 3
/ 3 -2
N
\N— 2
4 54

2 1 o 1 \2 *
I \ \ \
6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,
along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table

above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor
polynomial for ef(x) about x = 0.

(c) Let h be the function defined by h(x) = j(;f(t) dt. Use the Taylor polynomial found in part (a) to find an

approximation for A(1).

(d) Ttis known that the Maclaurin series for i converges to /(x) for all real numbers x. It is also known that
the individual terms of the series for (1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from 4(1) by at
most 0.45.

STOP
END OF EXAM

6. The Maclaurin series for In(1 + x) is given by

AP Calculus BC: 2018

2 3 n
S G ) L
2 3 4 n

&~

X —

On its interval of convergence, this series converges to In(1 + x). Let f be the function defined by
X

flx) = xln(l + —).
3

(a) Write the first four nonzero terms and the general term of the Maclaurin series for f.

(b) Determine the interval of convergence of the Maclaurin series for f. Show the work that leads to your
answer.

(c) Let Py(x) be the fourth-degree Taylor polynomial for f about x = 0. Use the alternating series error
bound to find an upper bound for | P4(2) — f(2) |

STOP
END OF EXAM
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6. The function f has a Taylor series about x = 1 that converges to f(x) for all x in the interval of convergence.

—1)
Itis known that £(1) = 1, f(1) = —%, and the nth derivative of f at x = 1 is given by f")(1) = (—1)”("7,11)‘
0 2
1

f(0)
f(0) =
f("+1)(0) =—n.f® (0) forall n>1

for n = 2.
(a) Write the first four nonzero terms and the general term of the Taylor series for f about x = 1.

(b) The Taylor series for f about x =1 has a radius of convergence of 2. Find the interval of convergence.

. L . . .. Show the work that leads to your answer.
6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.

The Maclaurin series for £ converges to f(x) for |x| < 1. (c) The Taylor series for f about x = 1 can be used to represent f(1.2) as an alternating series. Use the first

three nonzero terms of the alternating series to approximate f(1.2).
2 3 4

Y X X nd write the (d) Show that the approximation found in part (c) is within 0.001 of the exact value of f(1.2).
3 4’

(a) Show that the first four nonzero terms of the Maclaurin series for f are x — >

general term of the Maclaurin series for f.

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = J.;f (¢) dr.

1 1
(d) Let P”[E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is

the function defined in part (c). Use the alternating series error bound to show that

' ' | STOP
CRHE
2 2 500 END OF EXAM

STOP
END OF EXAM
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3,

oo -3 n-1
(=3) " 3 x" 4+ and

6. The Maclaurin series for a function f is given by ZTX =x- Exz +3x3 -t p

n=1
converges to f(x) for | x| < R, where R is the radius of convergence of the Maclaurin series.

(a) Use the ratio test to find R.
(b) Write the first four nonzero terms of the Maclaurin series for f’, the derivative of f. Express f’ asa

rational function for |x| < R.

(c) Write the first four nonzero terms of the Maclaurin series for . Use the Maclaurin series for e¢* to write

the third-degree Taylor polynomial for g(x) = ¢” f(x) about x = 0.

STOP

END OF EXAM

6. The Taylor series for a function f about x =1 is given by 2(—1)”1 %(x —1)" and converges to f(x) for

n=1

AP Calculus BC: 2014

|x — 1] < R, where R is the radius of convergence of the Taylor series.
(a) Find the value of R.
(b) Find the first three nonzero terms and the general term of the Taylor series for f”, the derivative of f,
about x = 1.
(c) The Taylor series for f” about x = 1, found in part (b), is a geometric series. Find the function f” to which

the series converges for |x — 1| < R. Use this function to determine f for [x — 1| < R.

STOP

END OF EXAM
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10.15 Representing Functions as Power
Series

Name: Class: Date: Total: 14 marks

KEY WORDS converges |5 « power series 7474 o radius of convergence I 512
o geometric series JLZ %L

Objective

Build the skills to answer exam questions on representing functions as power series
— building new series by calculus.

You must be able to:

« differentiate or integrate a known power series term by term
o build a new series from the geometric series
e use a series to approximate an integral

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Term-by-term calculus
Within its radius of convergence, a power series can be differentiated and inte-
grated term by term to get the series of the derivative or antiderivative.

B Building a new series by integrating

1 o)
Start from = Z z". Integrating gives
1—2
n=0
xn«f»l I2 IS
=t
Tty T

—In(l—2z) =

n=0

B Building by substitution then integrating

1
= —1)"2®". Integrating term by term gives the series for arctan z:
2D grating y term g
t i
arctanr = — — + — — -+ - .
3 5
AP Calculus BC « 10.15 Representing Function wer Series @

B Approximating an integral
A function like e has no elementary antiderivative, but its series integrates term

1
by term, letting you approximate / e da.
0
2 Practice

Now apply the methods above.

o0
2.1 Differentiate the series Z 2" term by term.
n=0

1
2.2 Write the Maclaurin series for 1= and integrate its first three terms.

2.3 State the first three nonzero terms of the series for arctan z.

3 Exam-style questions

3.1 Within its radius of convergence, a power series may be 1]
« A differentiated but not integrated

« B integrated but not differentiated

o C both differentiated and integrated term by term

o D neither

AP Calculus BC « 10.15 Representing Function wer Series @

)



o0 .
xn
3.2 Start from e* = Z — Solutions
n!
n=0 d o] e} .
. Lo 2.1 — = A
(a) Write the series for e~ 2 dz Zo v Zl nr
n=| n=
1
. _,, . . . . 22 .3
(b) Write the first three terms of /0 e~ dx obtained by integrating that series term by 2.2 Z 2" =1+z+2>+---; integrating: z + % + % 4o
term. 3] 5
T z°
23z — —+—.
5
3.1 C — both, term by term, within the radius.
> 2\n n.2n 4 r1
22 _ (== _ (=1)"a* 2 T 2 | at
3.2(&)6172 o 72 oy =1l-z +§7---.(b) A (1-a®+% -
n=>0
_ 3 5 I 11
o= o5+ gy -l =1 gy
1 oo (o 9]
. i ) . 1 . ) 3.3 = Z(Q:z:)" = Z 2"z"™; converges for |2z < 1,ie. R=1.
3.3 Use the geometric series to write a power series for =22 and state its radius of 1-2z = =
— o = —
convergence. (3]
AP Calculus BC « 10.15 Representing Function wer Series @ AP Calculus BC o 10.15 Representing Function wer Series @
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6. The Maclaurin series for a function g is given by
ZZ(%)W =2- %x + %xz - %)f + %x“ -t 2(%)ﬂ + --- and converges to g(x)
n=0
for |x| < 5.

Part A

For x > 0, the Maclaurin series for g is an alternating geometric series. Find g(3). Show the
work that leads to your answer.

Part B

The function fis defined by f(x) = g’(x). Write the first four nonzero terms of the Maclaurin
series for f.

Part C

The second-degree Taylor polynomial for fabout x = 0 is used to approximate f(%) as —%,

where fis the function defined in part B. Justify that ‘f(%) - <f%)‘ < %

PartD
The function h is defined by 4 (x) = 25g(x)— 2¢".

i. Write the first three nonzero terms of the Maclaurin series for e*.
ii. Write the first three nonzero terms of the Maclaurin series for h.

STOP
END OF EXAM
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3 5 7 (_l)nx2n+l

2 4o d—2 4. forall

X
6. The functi is defined by th ies =x——+— - =
e function f is defined by the power series f(x) = x 3 5 7 il

real numbers x for which the series converges.

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.

-4

(c) Write the first four nonzero terms and the general term for an infinite series that represents f”(x).

1
(b) Show that < —. Justify your answer.

10

1
(d) Use the result from part (c) to find the value of f ’[g]

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

STOP

END OF EXAM

@)
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f(0)
f(0) =
f("+1)(0) =—n.f® (0) forall n>1

0
1

6. A function f has derivatives of all orders for —1 < x < 1. The derivatives of f satisfy the conditions above.
The Maclaurin series for f converges to f(x) for |x| < 1.

2 3 4

X X X .
+ — — —, and write the
3 4

(a) Show that the first four nonzero terms of the Maclaurin series for f are x — >
general term of the Maclaurin series for f.

(b) Determine whether the Maclaurin series described in part (a) converges absolutely, converges
conditionally, or diverges at x = 1. Explain your reasoning.

(c) Write the first four nonzero terms and the general term of the Maclaurin series for g(x) = J.;f (¢) dr.

1 1
(d) Let P”[E] represent the nth-degree Taylor polynomial for g about x = 0 evaluated at x = > where g is

the function defined in part (c). Use the alternating series error bound to show that

p(L . L
H2) " 82)] < s00°

STOP
END OF EXAM

AP Calculus BC: 2015

oo n-1 n-1
- -3
6. The Maclaurin series for a function f is given by z%x" =x- %xz +3x0 -4 ( 2 x" 4+ and

n=1
converges to f(x) for | x| < R, where R is the radius of convergence of the Maclaurin series.

(a) Use the ratio test to find R.

(b) Write the first four nonzero terms of the Maclaurin series for f’, the derivative of f. Express f” asa
rational function for |x| < R.

(c) Write the first four nonzero terms of the Maclaurin series for e¢*. Use the Maclaurin series for e to write

the third-degree Taylor polynomial for g(x) = ¢” f(x) about x = 0.

STOP

END OF EXAM
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