Week 12

AP Calculus BC

Homework bundle for this week
AJE VR A4

exercises.lol

Contents H3#

Topic 6 QUIZ . ... ... 3
Exercise sheet 6.1 .......... .. ... . . . 6
Past-paper questions 6.1 ........... .. ... i 10
Exercise sheet 6.2........ .. .. ... . . .. 12
Past-paper questions 6.2 ......... ... ... i 16
Exercise sheet 6.3..... ... .. . . 27
Past-paper questions 6.3 ........... ... 31
Exercise sheet 6.4....... ... . .. 32
Past-paper questions 6.4 ............. .. ... ... ... 36
Exercise sheet 6.5....... ... . . 47
Past-paper questions 6.5 ............ ... 51

Exercise sheet 6.6............ .. . . . . 53

Past-paper questions 6.6 ........... .. ... i 57

Exercise sheet 6.7........ .. . . 60
Past-paper questions 6.7 .............. . ... 64
Exercise sheet 6.8........ ... ... . . . . ... 77
Past-paper questions 6.8 ............ . ... 81
Exercise sheet 6.9....... ... .. ... . 82
Exercise sheet 6.10 ........ ... ... .. 86
Exercise sheet 6.11 ......... ... ... .. . . 90
Past-paper questions 6.11......... ... ... i 94
Exercise sheet 6.12 ... ... .. .. 96
Past-paper questions 6.12............ ... ... i 100
Exercise sheet 6.13 ...... .. ... . 102
Past-paper questions 6.13................. ... ... ... ... 106
Exercise sheet 6.14 ........ ... .. ... . 111



6. Integration and Accumulation of Change Starter Quiz - HH/MI 8. What is / 23 du?

O 3224+ C
AP Calculus BC Name: Score: o
1. A tap runs at 3 L/min for 4 min. The area under the rate graph (accumulated volume) is... Ozt 4 0
2
S+C
2. For f(x) = 2% on [0,2] with 2 right rectangles (width 1): heights f(1) = 1, f(2) = 4. Find the
right Riemann sum. 9. An integral is improper when...

O a limit of integration is infinite

3. For n equal strips on [a,b], the width Az is... O the integrand is unbounded on the interval

0 b—a O the integrand is a polynomial

n O the interval is finite and the function bounded
Ob—a

Tick every correct option.

O u

—a

10. Where a rate graph dips below the axis, that area subtracts from the net accumulated change.

O n(b—a)

O True O False
d .z
4. By FTC Part 1, — [7 f(t)dt =

dx*

O F(z) — F(a)

0 f(z)

0 f(z)

0 f(a)

5. For g(z) = [7 f(t)dt, g is increasing exactly where...

O f(z)>0

O f(z) <0

0 f'(z) >0

O g(z) >0

6. Given f04fdx =10 and f04gdx =3, find f04(2f —g)dz.

7. FTC Part 2 says f:fdac =

0 f(b) = f'(a)
O F(b) — F(a) where F' = f
O F(a)— F(b)

0 f(b) — f(a)
AP Calculus BC - Starter quiz #f-pi//Mill @ @ AP Calculus BC - Starter quiz /Ml @ @




6.

Integration and Accumulation of Change

AP Calculus BC

t

10.

.12

Rectangle area = 3 x 4 =12 L.

The interval width divided by the number of strips.

- f(x)

The derivative of the accumulation function is the integrand f(x).

f(z)>0

g’ = f, so g increases where f > 0.

.17

2(10) — 3 =1T7.

. F(b) — F(a) where F' = f

Evaluate an antiderivative at upper minus lower limit.

4
e

4
Add one to the exponent, divide by it: % + C.

. a limit of integration is infinite; the integrand is unbounded on the interval

Infinite limit or unbounded integrand — improper.

True

Below-axis area is negative (signed area).

AP Calculus BC - Starter quiz i/l @ @

Answers - &3

AP CALCULUS BC « EXERCISE SHEET

6.1 Exploring Accumulations of Change

Name: Class: Date: Total: 10 marks

KEY WORDS accumulated change Z2f1725{f o accumulation Zf1

Objective

Build the skills to answer exam questions on accumulation of change — reading a
total change as the area under a rate graph.

You must be able to:

« interpret the area under a rate-of-change graph as an accumulated change Zf48
1k

« treat arca above the axis as positive and area below as negative

« attach correct units (rate unit x time unit) to an accumulation

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Area under a rate graph is a total

If water flows in at a rate R(t) litres per minute, the total water added between
t =0 and ¢t =5 is the area under the R-vs-t graph over [0,5]. A rate graph that is a
rectangle of height 3 L/min over 5 min accumulates 3 x 5 =15 L.

B Splitting into simple shapes
If the rate graph is made of straight lines, find the area with triangles and rectangles.
A rate rising linearly from 0 to 4 L/min over 6 min is a triangle: area = 1(6)(4) = 12 L.

B Signed area

When a rate goes negative (water leaving), that area counts as a loss. Over a stretch
where the graph is +8 area then —3 area, the net accumulated change is 8 —3 = +5.
B Units

The accumulation’s unit is (rate unit) x (time unit). A rate in L/min over minutes
accumulates litres; a velocity in m/s over seconds accumulates metres.

AP Calculus BC « 6.1 Exploring Accumulations ange @
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2 Practice
Now apply the methods above.

2.1 A tap runs at a constant 2.5 L/min for 8 minutes. How much water flows out?  [1]

2.2 A rate graph is a triangle: the rate rises linearly from 0 to 10 units/s over 4 s. Find
the accumulated change. 2

2.3 Over one interval a quantity gains an area of 12 and over the next it loses an area of
5. State the net accumulated change. [1]

3 Exam-style questions

3.1 The area under a velocity-vs-time graph represents 1]
o A acceleration

« B displacement

e C speed

o D force

3.2 A machine consumes power at a rate P(t) kilowatts, shown as a graph made of
straight segments: a rectangle of height 2 over 0 < t < 3 hours, then a triangle rising
from 0 to 4 over 3 <t < 5 hours.

(a) Find the energy used over 0 <t < 3. 1]
(b) Find the energy used over 3 <t < 5.

[

(c) State the total energy used, with units. 1]

AP Calculus BC « 6.1 Exploring Accumulations ange @

®

3.3 Sand is added to a pile at a rate that gives an accumulated area of 30 (kg) over the
first hour, then removed at a rate giving an area of 8 (kg) over the next hour. State the
net change in the pile’s mass. 1]

AP Calculus BC « 6.1 Exploring Accumulations ange @



Solutions

2.125x8=20L.

2.2 Triangle area = 3(4)(10) = 20 units.
2312-5="1.

3.1 B — the area under a velocity—time graph is displacement.

3.2 (a) 2 x 3 =6 kWh. (b) triangle 1(2)(4) = 4 kWh. (c) 6 + 4 = 10 kWh.

3.330— 8 =22ke.

AP Calculus BC « 6.1 Exploring Accumulations

®
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Name: () AP Calculus BC: 2022

1. From 5 AM. to 10 AM,, the rate at which vehicles arrive at a certain toll plaza is given by
A(r) = 450,/ sin(0.62¢) , where ¢ is the number of hours after 5 A.M. and A(r) is measured in vehicles per hour.

Traffic is flowing smoothly at 5 A.M. with no vehicles waiting in line.

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the
toll plaza from 6 AM. (f = 1) to 10 AM. (r = 5).

(b) Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from
6 AM.(t=1)to10 AM. (t =5).

(c) Is the rate at which vehicles arrive at the toll plaza at 6 A.M. (t = 1) increasing or decreasing? Give a reason
for your answer.

(d) A line forms whenever A(t) 2 400. The number of vehicles in line at time ¢, for a < t < 4, is given by
t
N(t) = I (A(x) — 400) dx, where a is the time when a line first begins to form. To the nearest whole
a
number, find the greatest number of vehicles in line at the toll plaza in the time interval a < t < 4. Justify

your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.



Name: : AP Calculus BC: 2018

CALCULUSBC
SECTION II, Part A
Time—30 minutes

Number of questions—2

A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.

1. People enter a line for an escalator at a rate modeled by the function r given by

t

3 7
t
_ 44(—) (1 - —) for 0 <t <300
r(t) = 100 300
0 for ¢ > 300,

where r(t) is measured in people per second and 7 is measured in seconds. As people get on the escalator,
they exit the line at a constant rate of 0.7 person per second. There are 20 people in line at time ¢ = 0.

(a) How many people enter the line for the escalator during the time interval 0 < ¢ < 300 ?

(b) During the time interval 0 < ¢ < 300, there are always people in line for the escalator. How many people
are in line at time ¢ = 300 ?

(c) Fort > 300, what is the first time # that there are no people in line for the escalator?

(d) For 0 <t <300, at what time ¢ is the number of people in line a minimum? To the nearest whole
number, find the number of people in line at this time. Justify your answer.

AP CALCULUS BC « EXERCISE SHEET

6.2 Approximating Areas with Riemann
Sums

Name: Class: Date: Total: 12 marks

KEY WORDS riemann sum 225 f| « trapezoidal £ e trapezoidal sum #f£7% « midpoint H
o integral 143

Objective

Build the skills to answer exam questions on Riemann sums — estimating the area
under a curve with rectangles.

You must be able to:

« compute left, right, and midpoint H % Riemann sums from a function or a table
« compute a trapezoidal F#JE estimate

o decide whether an estimate over- or under-estimates using increasing/decreasing
or concavity

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Left and right sums

6
Estimate / f dx with 3 equal subintervals of width Az = 2, using the table:
0

z 0 2 4 6
fz) 1 4 9 16

o Left sum uses the left endpoints: 2(1 + 4+ 9) = 28.
« Right sum uses the right endpoints: 2(4 + 9 + 16) = 58.

B Midpoint sum

The midpoint sum uses the value at the middle of each subinterval. With f(z) = 2?

on [0,6], n = 3, Az = 2, midpoints 1,3,5: 2(f(1)+ f(3) + f(5)) = 2(1+9+25) = 70.

AP Calculus BC « 6.2 Approximating Areas wi nann Sums @

@



B Trapezoidal estimate

A trapezoidal sum averages each pair of endpoint heights: Ax [LZ‘] + fi+ fo+ %}
For the table: 2[1 + 4+ 9+ 8] = 2(21.5) = 43. It equals the average of the left and
right sums.

B Over- or under-estimate

For an increasing function, a left sum under-estimates and a right sum over-
estimates. For a concave-up function, the trapezoidal sum over-estimates and the
midpoint sum under-estimates.

2 Practice

Now apply the methods above.
Use the table for 2.1-2.3:

z 0 3 6 9
glz) 2 5 6 10

-9

2.1 Find the left Riemann sum for / g dx with the three subintervals shown.
Jo

2.2 Find the right Riemann sum for the same integral.

2.3 Find the trapezoidal estimate.

AP Calculus BC ¢ 6.2 Approximating Areas wi nann Sums @
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3 Exam-style questions
3.1 For an increasing function, a left Riemann sum gives an 1]

e A over-estimate
¢ B under-estimate
o C exact value

¢ D value that depends on concavity

3.2 A car’s speed v(t) in m/s is recorded:

t(s) 0 4 8 12
o) 0 12 20 24

(a) Estimate the distance travelled over 0 < ¢ < 12 using a right Riemann sum with
three subintervals. 2]

(b) Is this an over- or under-estimate of the true distance? Give a reason. 1]

4

3.3 The function f is concave up on [0, 4]. A student estimates / f dx with a trapezoidal
0

sum. State, with a reason, whether the estimate is too large or too small. 2]

AP Calculus BC « 6.2 Approximating Areas wi nann Sums @



Name: :] AP Calculus BC: 2026

1. Male birds of a certain species arrive at a nesting area over a thirty-day period. The rate at
which the male birds arrive at the nesting area at time ¢ days is modeled by a differentiable
Solutions function M, where M(¢) is measured in number of birds per day. Selected values of M(¢) are

shown in the table.
2.1 Az =3; left =3(2+5+6) = 39.
2.2 right = 3(5 + 6 + 10) = 63.

2.33[24+5+46+ 2] =3(17) = 51. (Equivalently the average of 39 and 63.)

t (days) 0|5 |10|15 |20 | 25|30

M(t) (birdsperday) | 2 | 7 |16 | 6 | 5| 2 | 0

3.1 B — for an increasing function the left sum under-estimates.

3.2 (a) 4(12+ 20+ 24) = 224 m. (b) Over-estimate — v is increasing, so right endpoints

\ (Note: Your calculator should be in radian mode.)
are the largest values on each subinterval.

3.3 Too large — for a concave-up curve each trapezoid lies above the curve, so the Part A

trapezoidal sum over-estimates. . , . .
Approximate M’(7.5) using the average rate of change of M over the interval 5 < ¢ < 10. Show
the work that leads to your answer, and indicate units of measure.

Part B

i. Use a midpoint Riemann sum with the three subintervals [0, 10], [10,20], and [20,30] to
30
approximate J;) M(t)dt. Show the work that leads to your answer.

30
ii. Interpret the meaning of fo M(¢t)dt in the context of the problem.

Part C
The rate at which female birds of the same species arrive at the same nesting area, in birds per
day, is modeled by the function F defined as follows.

0 for0<r<15
FLO= 118+ 16 sin (Z(1+15)) for 15 <1< 45

How many female birds of this species arrive at the nesting area from ¢ = 15 to ¢ = 45? Show the
setup for your calculations, and round your answer to the nearest integer.
PartD

On the interval 15 < ¢ < 30, the difference in the rates at which male and female birds

of this species arrive at the nesting area can be modeled by the differentiable function
D(t)= M(t)— F(t), where Fis the function defined in part C. Is there a time ¢ in the interval
15 < ¢t < 20 when D(t) = 0? Justify your answer.

AP Calculus BC ¢ 6.2 Approximating Areas wi nann Sums @
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Name: () AP Calculus BC: 2025 Name: () AP Calculus BC: 2024

3. A student starts reading a book at time 7 = 0 minutes and continues reading for the next 10
minutes. The rate at which the student reads is modeled by the differentiable function R, where
R(t) is measured in words per minute. Selected values of R(¢) are given in the table shown.

t
(minutes)
C(1)

' 100 | 85 | 69 | 55
t (minutes) 0 2 8 10 (degrees Celsius)

R(t) (words per minute) | 90 | 100 | 150 | 162

1. The temperature of coffee in a cup at time ¢ minutes is modeled by a decreasing differentiable function C,

A. Approximate R’(l ) using the average rate of change of R over the interval 0 < ¢ < 2. Show
the work that leads to your answer. Indicate units of measure.

B. Must there be a value ¢, for 0 < ¢ < 10, such that R(c) = 1557 Justify your answer.

C. Use a trapezoidal sum with the three subintervals indicated by the data in the table to (a) Approximate C”(5) using the average rate of change of C over the interval 3 < ¢ < 7. Show the work that
leads to your answer and include units of measure.

where C(7) is measured in degrees Celsius. For 0 < < 12, selected values of C(r) are given in the table
shown.

10
approximate the value of fo R( t )dt. Show the work that leads to your answer.

D. A teacher also starts reading at time 7 = 0 minutes and continues reading for the next 10 (b) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
minutes. The rate at which the teacher reads is modeled by the function W defined by " L
w(t)= —%12 + 8¢+ 100, where (¢ ) is measured in words per minute. Based on the model, value of jo C() d. Interpret the meaning of E-[O C(1) dt in the context of the problem.
how many words has the teacher read by the end of the 10 minutes? Show the work that 54 55,0011
leads to your answer. (c) For 12 < 1 < 20, the rate of change of the temperature of the coffee is modeled by C’(r) = -,

where C’(1) is measured in degrees Celsius per minute. Find the temperature of the coffee at time 7 = 20.
Show the setup for your calculations.

~0.2455¢"""(100 — 1)

t2

(d) For the model defined in part (c), it can be shown that C”(z) .For 12 < t < 20,

determine whether the temperature of the coffee is changing at a decreasing rate or at an increasing rate.

Give a reason for your answer.

‘Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.




AP Calculus BC: 2023

t
(seconds)

f@)

(gallons per second)

0 60 90 120 | 135 | 150

0 0.1 | 0.15] 0.1 | 0.05 0

1. A customer at a gas station is pumping gasoline into a gas tank. The rate of flow of gasoline is modeled by a

differentiable function f, where f(¢) is measured in gallons per second and ¢ is measured in seconds since
pumping began. Selected values of f() are given in the table.

135
(a) Using correct units, interpret the meaning of Jso f() dt in the context of the problem. Use a right

Riemann sum with the three subintervals [60, 90], [90, 120], and [120, 135] to approximate the value of

135
I f(z) dr.

60

(b) Must there exist a value of ¢, for 60 < ¢ < 120, such that f'(c) = 0 ? Justify your answer.

2
(c) The rate of flow of gasoline, in gallons per second, can also be modeled by g(r) = [ﬁ] cos[[ﬁ] ] for

0 < ¢ < 150. Using this model, find the average rate of flow of gasoline over the time interval 0 < 7 < 150.

Show the setup for your calculations.

(d) Using the model g defined in part (c), find the value of g’(140). Interpret the meaning of your answer in
the context of the problem.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

AP Calculus BC: 2022

t
(days)

r'(1)

(centimeters per day)

—6.1 | -50|—-44|-38|-35

4. An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it

decreases in size. The radius of the base of the cone is given by a twice-differentiable function r, where r(z) is
measured in centimeters and ¢ is measured in days. The table above gives selected values of #’(), the rate of
change of the radius, over the time interval 0 < ¢ < 12.

(a) Approximate r”(8.5) using the average rate of change of r” over the interval 7 < 7 < 10. Show the
computations that lead to your answer, and indicate units of measure.

(b

=

Is there a time ¢, 0 < ¢ < 3, for which r’(f) = —6 ? Justify your answer.

(c) Use aright Riemann sum with the four subintervals indicated in the table to approximate the value of

-[12 r'(t) dt.

0

d

=

The height of the cone decreases at a rate of 2 centimeters per day. At time = 3 days, the radius is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with
respect to time, in cubic centimeters per day, at time ¢t = 3 days. (The volume V of a cone with radius r

1
and height 71 is V = = 7r’h)

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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Name: () AP Calculus BC: 2021

r

(centimeters) 0 1 2 25 4

illi /0 : 1 2 6 10 18
(milligrams per square centimeter)

The density of a bacteria population in a circular petri dish at a distance r centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square

centimeter. Values of f(r) for selected values of r are given in the table above.

(a) Use the data in the table to estimate f’(2.25). Using correct units, interpret the meaning of your answer

in the context of this problem.

(b) The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression

4 4
2z IO rf(r) dr. Approximate the value of 27 -[0 rf(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

(c) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in the

petri dish? Explain your reasoning.

(d) The density of bacteria in the petri dish, for 1 < r < 4, is modeled by the function g defined by
gr)=2-— l6(cos(l.57ﬁ))3. For what value of k, 1 < k < 4, is g(k) equal to the average value of g(r)

on the interval 1 <r <4 7?

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

AP Calculus BC: 2018

t
(years)

H(t)
(meters)

1.5 2 6 11 | 15

4. The height of a tree at time ¢ is given by a twice-differentiable function H, where H(t) is measured in meters

and ¢ is measured in years. Selected values of H(¢) are given in the table above.

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of H’(6) in the

context of the problem.

(b

=

Explain why there must be at least one time ¢, for 2 < ¢ < 10, such that H'(z) = 2.

(c) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the
average height of the tree over the time interval 2 < ¢ < 10.

d

=

1

00.
The height of the tree, in meters, can also be modeled by the function G, given by G(x) = f , where
x

x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the

base of the tree is increasing at a rate of 0.03 meter per year. According to this model, what is the rate of

change of the height of the tree with respect to time, in meters per year, at the time when the tree is

50 meters tall?




Name: () AP Calculus BC: 2017 Name: () AP Calculus BC: 2016

CALCULUS BC
SECTION II, Part A
CALCULUS BC Time— 30 minutes
SECTION II, Part A Number of problems—2

Time—30 minutes A graphing calculator is required for these problems.

Number of questions—2

A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS. :

(hours)
R(1)

0 1 3 6 8

1340 1190 950 740 700

3 (liters / hour)
(feet) 0 2 5 10 ,
1. Water is pumped into a tank at a rate modeled by W(t) = 2000e”’ f20 liters per hour for 0 < ¢ < 8, where ¢
(squlglgg)feet) 50.3 14.4 6.5 2.9 is measured in hours. Water is removed from the tank at a rate modeled by R(t) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(f) are shown in the table above. At time

t = 0, there are 50,000 liters of water in the tank.
1. A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height / feet is given by

. . . . . . . a) Estimate R’(2). Show the work that leads to your answer. Indicate units of measure.
the function A, where A(h) is measured in square feet. The function A is continuous and decreases as h @ @) ¥

increases. Selected values for A(h) are given in the table above. (b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the amount of water removed? Give a reason for your answer.

volume of the tank. Indicate units of measure. (c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest

liter, at the end of 8 hours.
(b) Does the approximation in part (a) overestimate or underestimate the volume of the tank? Explain your

reasoning (d) For 0 < <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate

at which water is removed from the tank? Explain why or why not.

(c) The area, in square feet, of the horizontal cross section at height / feet is modeled by the function f given

50.3
by f(h) = Wh. Based on this model, find the volume of the tank. Indicate units of measure.
e+

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing with respect to time when the height of the water is 5 feet. Indicate units of measure.




Name: () AP Calculus BC: 2015 Name: () AP Calculus BC: 2014

CALCULUS BC
E t
SECTION II, Part B 0 5 5 8 2
Time— 60 minutes (minutes)
Number of problems—4
v(t)
0 100 40 | =120 | -150
No calculator is allowed for these problems. (meters / minute)

4. Train A runs back and forth on an east-west section of railroad track. Train A’s velocity, measured in meters

t 0 I o~ " 40 per minute, is given by a differentiable function v, (r), where time ¢ is measured in minutes. Selected values for
(minutes) v,(t) are given in the table above.
v(r) (a) Find the average acceleration of train A over the interval 2 < ¢ < 8.
0 200 | 240 | -220 | 150 ) ) ) o )
(meters per minute) (b) Do the data in the table support the conclusion that train A’s velocity is —100 meters per minute at some

time ¢ with 5 < ¢ < 8? Give a reason for your answer.

3. Johanna jogs along a straight path. For 0 < 7 < 40, Johanna’s velocity is given by a differentiable function v.
Selected values of v(r), where ¢ is measured in minutes and v(¢) is measured in meters per minute, are given in
the table above.

(c) Attime t = 2, train A’s position is 300 meters east of the Origin Station, and the train is moving to the east.
Write an expression involving an integral that gives the position of train A, in meters from the Origin
Station, at time ¢ = 12. Use a trapezoidal sum with three subintervals indicated by the table to approximate

(a) Use the data in the table to estimate the value of v’(16). the position of the train at time £ = 12.

(d) A second train, train B, travels north from the Origin Station. At time ¢ the velocity of train B is given by
vp(t) = —5¢% + 60t + 25, and at time ¢ = 2 the train is 400 meters north of the station. Find the rate, in
meters per minute, at which the distance between train A and train B is changing at time ¢ = 2.

40
(b) Using correct units, explain the meaning of the definite integral Jo [v(t)| dt in the context of the problem.

40
Approximate the value of JO |v(t)| dt using a right Riemann sum with the four subintervals indicated in the

table.

(c) Bob is riding his bicycle along the same path. For 0 < ¢ < 10, Bob’s velocity is modeled by
B(t) = > — 61> + 300, where 7 is measured in minutes and B(r) is measured in meters per minute.
Find Bob’s acceleration at time ¢ = 5.

(d) Based on the model B from part (c), find Bob’s average velocity during the interval 0 < ¢ < 10.
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6.3 Riemann Sums, Summation No-
tation, and Definite Integral Notation

Name: Class: Date: Total: 11 marks

KEY WORDS definite integral 714> o riemann sum 224 1 « integral f114)
« antiderivative il 5 5§

Objective

Build the skills to answer exam questions on Riemann sums and definite-integral
notation — connecting a limit of sums to fab fdx.

You must be able to:

« write a Riemann sum with summation notation
« recognise the definite integral EFH4) as the limit of Riemann sums as n — oo

b
« read the meaning of the parts of / f(z)dx

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Summation notation for a sum

b—a
A right Riemann sum with n equal pieces on [a, b] has width Az = and sample

points zx = a + k Ax:

Z f(zr) Az.

B The definite integral as a limit

Letting the rectangles become infinitely thin gives the exact area:

/b f(z)dx = TLILH;OXR: fzy) Ax.
@ k=1

The integral is this limit — a sum of infinitely many infinitely thin pieces.

AP Calculus BC o 6.3 Riemann Sums, Summat tation, and Definite Integral Notation @
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B Reading the notation
b
In / f(z)dx: a and b are the limits of integration, f(z) is the integrand, and dx

marla(s the variable and the "width” of each piece. The result is a number (a signed

area), not a function.

B From a limit back to an integral

n
A limit like lim Z /1422 s a right sum with Az = £ on [1,4], so it equals

n—00
k=1

/jﬁdz.

2 Practice

Now apply the methods above.

10
2.1 For / f dz estimated with n = 4 equal subintervals, state Azx. 1]
J2

2
2.2 Write, in summation notation, a right Riemann sum for / f dx with n equal subin-
0

tervals. 2]
5
2.3 In / (3x + 2) dz, name the integrand and the limits of integration. 2]
1
AP Calculus BC « 6.3 Riemann Sums, Summat tation, and Definite Integral Notation @



3 Exam-style questions Solutions

b 10 -2
3.1 The definite integral / f dz is defined as [1] 2.1 Az = 1 2.
a
an antiderivati 2 2k ok
¢ A an antiderivative of f 2.2 Ax =2, 1, = —; sum = Z f(%) .2
o B the limit of Riemann sums as n — oo n " =
+ C the slope of f 2.3 Integrand 3z + 2; limits of integration 1 and 5.

o D the: f and f(b
e average of f(a) and f(b) 3.1 B — the definite integral is the limit of Riemann sums.

n’

4 6
3.2 (a) Az = —, s0 b—a = 4; the sample 2+ 2 starts at 2, so [a,b] = [2,6]. (b) / 2% d.
2

n

i i 4k\2 4
3.2 Consider nlggj; (2+ 28)°. 4

(a) State the width Az and the interval [a, b].

3.3 More signed area lies below the axis than above it over [0, 6].

[

(b) Write the limit as a definite integral. 2]

6
3.3 A definite integral / v(t) dt evaluates to a negative number. Explain what a neg-

0
ative value tells you about the signed area, in one sentence. 1]

AP Calculus BC o 6.3 Riemann Sums, Summat tation, and Definite Integral Notation @ AP Calculus BC « 6.3 Riemann Sums, Summat tation, and Definite Integral Notation @
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1. Male birds of a certain species arrive at a nesting area over a thirty-day period. The rate at
which the male birds arrive at the nesting area at time ¢ days is modeled by a differentiable
function M, where M(¢) is measured in number of birds per day. Selected values of M(¢) are
shown in the table.

t (days) 0|5 |10|15|20| 25|30

M(t) (birdsperday) | 2 | 7 |16 | 6 | 5 | 2 | O

(Note: Your calculator should be in radian mode.)

Part A

Approximate M’(7.5) using the average rate of change of M over the interval 5 < ¢ < 10. Show
the work that leads to your answer, and indicate units of measure.

Part B
i. Use a midpoint Riemann sum with the three subintervals [0, 10], [10,20], and [20,30] to

30
approximate J;) M(t)dt. Show the work that leads to your answer.

30
ii. Interpret the meaning of fo M(¢t)dt in the context of the problem.

Part C

The rate at which female birds of the same species arrive at the same nesting area, in birds per
day, is modeled by the function F defined as follows.

0 for0<¢< 15
F(1)= 18+16sin(27[—0(t+15)) for 15 < ¢ <45

How many female birds of this species arrive at the nesting area from ¢ = 15 to ¢ = 45? Show the
setup for your calculations, and round your answer to the nearest integer.

PartD

On the interval 15 < ¢ < 30, the difference in the rates at which male and female birds

of this species arrive at the nesting area can be modeled by the differentiable function
D(t)= M(t)— F(t), where Fis the function defined in part C. Is there a time ¢ in the interval
15 < ¢t < 20 when D(t) = 0? Justify your answer.

AP CALCULUS BC « EXERCISE SHEET

6.4 The Fundamental Theorem of Cal-
culus and Accumulation Functions

Name: Class: Date: Total: 11 marks
KEY WORDS accumulation function 21 %L o accumulation 221 « integral f14)
Objective

Build the skills to answer exam questions on the Fundamental Theorem of Calculus
and accumulation functions — differentiating an integral with a variable limit.

You must be able to:
o use di/ f(t)dt = f(z) (the accumulation function ZFE%Y)
€T a

« apply the chain rule when the upper limit is a function of z

« evaluate an accumulation function g(z / f(t)dt at given points

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The Fundamental Theorem (derivative form)

If g(z / f(t)dt, then ¢'(z) = f(x). Differentiating "undoes” the integral. For

g(x) = / cos(t?) dt, we get ¢'(x) = cos(¥?) — no integration needed.
2

B Chain rule with a variable upper limit
If the upper limit is u(x), then
d u(x)
= s0d= f(u@) )

2

T
For / sintdt: the answer is sin(z?) - 2.
0

AP Calculus BC e 6.4 The Fundamental Theor: ‘alculus and Accumulation Functions @
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.2 Let g(x) = f he is conti .
B Evaluating an accumulation function 3.2 Let g(v) /2 F(8)dt, where f is continuous
T 3 . .
g(z) = / (2t)dt. A value like ¢g(3) = / 2dt = [t*3 =9—-1=8,and g(1) = 0 (2) Find g(2). 1
(zero—widlth interval). ' (b) Given f(5) =7, find ¢/(5). 1
(c) If f(t) > 0 for all t > 2, state whether g is increasing or decreasing for x > 2, with a
B Sign of the accumulation reason. 2]
¢ increases where f > 0 and decreases where f < 0, because ¢ = f. Reading a
graph of f tells you where g rises and falls.
2 Practice
Now apply the methods above.
2.1 1If = 3+ 1) dt, find ¢'(z). 1 2
9(@) /0 ( ) dt, find g'(x) 3.3 Let h(z) = / e ¥ dt. Find (). 2]
0
d T
2.2 Find —/ Vidt.
dzr J,
d Ili
2.3 Find —/ costdt. 2]
dz J,
3 Exam-style questions
3.1 1If g(z) = / f(t)dt, then ¢'(x) = 1
a
< A fl(2)
« B f(2)
« C f(z) - fla)
« D F(z)— F(a)
AP Calculus BC o 6.4 The Fundamental Theort Jalculus and Accumulation Functions @ AP Calculus BC 6.4 The Fundamental Theor« ‘alculus and Accumulation Functions @




Solutions
2.1 ¢'(z) =2%+ 1.

2.2 \/x.

2.3 cos(z?) - 322

3.1 B — by the Fundamental Theorem, ¢'(z) = f(z).

3.2 (a) g(2) = 0 (zero-width interval). (b) ¢'(5) = f(5) = 7. (c) Increasing — ¢'(z)

f(z) >0 for x > 2.
3.3 W(z) = e ) .2 = 2¢~4",

AP Calculus BC e 6.4 The Fundamental Theor:

‘alculus and Accumulation Functions

®

@

AP Calculus BC: 2025

1. An invasive species of plant appears in a fruit grove at time ¢ = 0 and begins to spread. The
function C defined by C(#)= 7.6arctan(0.2¢) models the number of acres in the fruit grove

affected by the species t weeks after the species appears. It can be shown that C'(¢) = 253_§ 2

(Note: Your calculator should be in radian mode.)

A. Find the average number of acres affected by the invasive species from time 7 = 0 to time
t = 4 weeks. Show the setup for your calculations.
B. Find the time t when the instantaneous rate of change of C equals the average rate of change

of C over the time interval 0 < ¢ < 4. Show the setup for your calculations.

C. Assume that the invasive species continues to spread according to the given model for all
times 7 > 0. Write a limit expression that describes the end behavior of the rate of change in
the number of acres affected by the species. Evaluate this limit expression.

D. At time 7 = 4 weeKs after the invasive species appears in the fruit grove, measures are taken
t
to counter the spread of the species. The function A, defined by 4(¢)= C(¢) —L 0.1-In(x)dx,
models the number of acres affected by the species over the time interval 4 < ¢ < 36. At what

time ¢, for 4 < ¢ < 36, does A attain its maximum value? Justify your answer.

AP Calculus BC: 2024
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Graph of f

4. The graph of the differentiable function f, shown for —6 < x < 7, has a horizontal tangent at x = —2 and is
linear for 0 < x < 7. Let R be the region in the second quadrant bounded by the graph of f, the vertical line
x = —6, and the x- and y-axes. Region R has area 12.

(a) The function g is defined by g(x) = J:f(t) dr. Find the values of g(—6), g(4), and g(6).

(b) For the function g defined in part (a), find all values of x in the interval 0 < x < 6 at which the graph of g
has a critical point. Give a reason for your answer.

(c) The function 4 is defined by h(x) = J.X()f'(t) dt. Find the values of /(6), h’(6), and " (6). Show the work

that leads to your answers.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each in the space provided for that part.
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ol s 6 0

5. The function f is twice differentiable for all x with f(0) = 0. Values of f”, the derivative of f, are given in
the table for selected values of x.

(a) For x 2 0, the function % is defined by h(x) = 'f; 1+ (f'(1))* dr. Find the value of /’(rr). Show the work

that leads to your answer.

(b) What information does I: N1+ (f(x) )2 dx provide about the graph of f ?

(c) Use Euler’s method, starting at x = 0 with two steps of equal size, to approximate f(27). Show the
computations that lead to your answer.

t
(d) Find f(t + 5)cos (Z) dt. Show the work that leads to your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

Name: : AP Calculus BC: 2023

2. For 0 < t < &, a particle is moving along the curve shown so that its position at time 7 is (x(z), y(¢)), where
. .. . s . ﬁ _ cost : _ e
x(r) is not explicitly given and y(¢) = 2sin ¢. It is known that 7= At time ¢ = 0, the particle is at
position (1, 0).

(a) Find the acceleration vector of the particle at time 7 = 1. Show the setup for your calculations.

(b) For 0 <t < x, find the first time ¢ at which the speed of the particle is 1.5. Show the work that leads to
your answer.

(c) Find the slope of the line tangent to the path of the particle at time 7 = 1. Find the x-coordinate of the
position of the particle at time # = 1. Show the work that leads to your answers.

(d) Find the total distance traveled by the particle over the time interval 0 < ¢ < 7. Show the setup for your
calculations.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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END OF PART A

CALCULUS BC
SECTION II, Part B

Time—1 hour

4 Questions

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

Name: () AP Calculus BC: 2022

1. From 5 AM. to 10 AM,, the rate at which vehicles arrive at a certain toll plaza is given by
A(r) = 450,/ sin(0.62¢) , where ¢ is the number of hours after 5 A.M. and A(r) is measured in vehicles per hour.

Traffic is flowing smoothly at 5 A.M. with no vehicles waiting in line.

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the
toll plaza from 6 AM. (f = 1) to 10 AM. (r = 5).

(b) Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from
6 AM.(t=1)to10 AM. (t =5).

(c) Is the rate at which vehicles arrive at the toll plaza at 6 A.M. (t = 1) increasing or decreasing? Give a reason
for your answer.

(d) A line forms whenever A(t) 2 400. The number of vehicles in line at time ¢, for a < t < 4, is given by
t
N(t) = I (A(x) — 400) dx, where a is the time when a line first begins to form. To the nearest whole
a
number, find the greatest number of vehicles in line at the toll plaza in the time interval a < t < 4. Justify

your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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Graph of f’

3. Let f be a differentiable function with f(4) = 3. On the interval 0 < x < 7, the graph of f”, the derivative
of f, consists of a semicircle and two line segments, as shown in the figure above.

(a) Find f(0) and f(5).
(b) Find the x-coordinates of all points of inflection of the graph of f for O < x < 7. Justify your answer.

(c) Let g be the function defined by g(x) = f(x) — x. On what intervals, if any, is g decreasing for
0 < x <77 Show the analysis that leads to your answer.

(d) For the function g defined in part (c), find the absolute minimum value on the interval 0 < x < 7. Justify
your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

AP Calculus BC: 2021

—4

Graph of f

. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = .[(j () dr.

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.

(b) Let P be the function defined by P(x) = G(x) « f(x). Find P’(3).

o G
(¢) Find lim 3 .
x—>2 x° — 2x

(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a

value ¢, —4 < ¢ < 2, for which G’(c) is equal to this average rate of change? Justify your answer.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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CALCULUS BC
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

3
.
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| ) ] |
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Graph of f

3. The continuous function f is defined on the closed interval —6 < x < 5. The figure above shows a portion of
the graph of £, consisting of two line segments and a quarter of a circle centered at the point (5, 3). It is

known that the point (3, 3 — ﬁ) is on the graph of f.

5 -2
(a) If_[ 6f(x) dx =7, find the value of_[ 6f(x) dx. Show the work that leads to your answer.

(b) Evaluate LS (2f(x) +4) dx.

(c) The function g is given by g(x) = sz f (1) dt. Find the absolute maximum value of g on the interval

—2 < x <5. Justify your answer.

10T =3f(x)
(@ Find lim ———~ 2
x—1 f(x) — arctan x

Name: : AP Calculus BC: 2019
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6. A function f has derivatives of all orders for all real numbers x. A portion of the graph of f is shown above,
along with the line tangent to the graph of f at x = 0. Selected derivatives of f at x = 0 are given in the table

above.

(a) Write the third-degree Taylor polynomial for f about x = 0.

(b) Write the first three nonzero terms of the Maclaurin series for e*. Write the second-degree Taylor

polynomial for ef(x) about x = 0.

(c) Let h be the function defined by h(x) = jgf(t) dt. Use the Taylor polynomial found in part (a) to find an

approximation for A(1).

(d) Ttis known that the Maclaurin series for i converges to /(x) for all real numbers . It is also known that
the individual terms of the series for (1) alternate in sign and decrease in absolute value to 0. Use the
alternating series error bound to show that the approximation found in part (c) differs from A(1) by at
most 0.45.

STOP
END OF EXAM
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Name: () AP Calculus BC: 2014

CALCULUS BC
CALCULUSBC SECTION II, Part B
SECTION II, Part A Time—60 minutes

Number of problems—4
Time—30 minutes

Number of questions—2 No calculator is allowed for these problems.

A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.

1. People enter a line for an escalator at a rate modeled by the function r given by

3 Y
B 44(—) (1 - —) for 0 <7< 300
r(t) = 100 300 T
0 for ¢ > 300, T 4, -4

where r(t) is measured in people per second and 7 is measured in seconds. As people get on the escalator, Graph of f
they exit the line at a constant rate of 0.7 person per second. There are 20 people in line at time ¢ = 0.

3. The function f is defined on the closed interval [—5, 4]. The graph of f consists of three line segments and is
(a) How many people enter the line for the escalator during the time interval 0 < ¢ < 300 ? x
shown in the figure above. Let g be the function defined by g(x) = J \ f(z)dr.
(b) During the time interval 0 < ¢ < 300, there are always people in line for the escalator. How many people \

are in line at time ¢ = 300 ? (a) Find g(3).

(b) On what open intervals contained in =5 < x < 4 is the graph of g both increasing and concave down?

i i in li ? .
(c) For ¢t > 300, what is the first time # that there are no people in line for the escalator? Give a reason for your answer.

(d) For 0 <t <300, at what time ¢ is the number of people in line a minimum? To the nearest whole

(c) The function h is defined by h(x) = 2%). Find 1(3).
number, find the number of people in line at this time. Justify your answer. X

(d) The function p is defined by p(x) = f(x2 - x). Find the slope of the line tangent to the graph of p at the

point where x = —1.
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6.5 Interpreting the Behavior of Ac-
cumulation Functions

Name: Class: Date: Total: 9 marks

KEY WORDS local extrema #;{fi  accumulation function 2154 « accumulation 21

Objective
Build the skills to answer exam questions on the behavior of accumulation functions
— reading features of g(z) = [ f(t) dt from a graph of f.

You must be able to:

o decide where g is increasing/decreasing from the sign of f
« locate local extrema {H of g where f crosses zero (sign change)
 decide concavity of g from whether f is increasing or decreasing

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B o rises where f is positive

Because ¢'(z) = f(x), the accumulation function g increases on intervals where the
graph of f is above the axis and decreases where f is below the axis.

B Extrema of g at zeros of f

¢ has a local maximum where f changes from + to —, and a local minimum
where f changes from — to +. A zero of f where the sign does not change is not an
extremum of g.

B Concavity of g from the slope of f

g"(x) = f'(x), so g is concave up where f is increasing and concave down where
f is decreasing. A point where f has a local max or min is a point of inflection
of g.

B Comparing values of g

To compare ¢(3) and g(0), look at the net signed area of f between them: g(3)—g(0) =
fos f dt. More area above the axis than below makes g(3) > ¢(0).

AP Calculus BC « 6.5 Interpreting the Behavio cumulation Functions @

2 Practice

Now apply the methods above. Let g(z) = / f(t) dt, where f is continuous.
0

2.1 On an interval where f(¢) < 0, state whether g is increasing or decreasing. 1]
2.2 At a point where f changes from positive to negative, what feature does g have? [1]

2.3 On an interval where f is increasing, state the concavity of g. 1]

3 Exam-style questions
3.1 g(z) = [y f(t)dt. The graph of f crosses from below the axis to above it at z = 4.
At x =4, g has a 1]

e A local maximum
¢ B local minimum
¢ C point of inflection
« D vertical asymptote

3.2 The graph of f consists of straight segments: f > 0 on (0,3), f < 0 on (3,7), and
f(3)=0. Let g(x) = foz f(t)dt.

(a) On what interval is g increasing? 1]

(b) At what x does g attain a local maximum? Justify.

AP Calculus BC « 6.5 Interpreting the Behavio cumulation Functions @



3.3 For g(z) = [ f(t)dt, the graph of f is increasing on (1,5). State, with a reason, the Solutions
concavity of g on (1,5). 2] ]
2.1 Decreasing — ¢'(z) = f(z) < 0.
2.2 A local maximum.
2.3 Concave up — ¢"(z) = f'(z) > 0.
3.1 B — f changes — to +, so ¢’ changes sign the same way and ¢ has a local minimum.
3.2 (a) g increases on (0,3) where f > 0. (b) At = 3, because f (which is ¢') changes
from positive to negative there.
3.3 Concave up — ¢”(z) = f'(z) > 0 since f is increasing.
AP Calculus BC « 6.5 Interpreting the Behavio cumulation Functions @ AP Calculus BC « 6.5 Interpreting the Behavio cumulation Functions @
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1. Male birds of a certain species arrive at a nesting area over a thirty-day period. The rate at CALCULUS BC
which the male birds arrive at the nesting area at time ¢ days is modeled by a differentiable SECTION II, Part B
function M, where M(¢) is measured in number of birds per day. Selected values of M(¢) are Time—60 minutes

shown in the table. Number of problems—4

¢ (days) 0 5 110 15| 20 | 25 | 30 No calculator is allowed for these problems.
M(t) (birdsperday) | 2 | 7 16| 6 | 5 | 2 | O . (4, 4)
(Note: Your calculator should be in radian mode.)
Part A
-4 ~2 2 4
Approximate M’(7.5) using the average rate of change of M over the interval 5 < ¢ < 10. Show
the work that leads to your answer, and indicate units of measure.
—a44
Part B (-4,-4) (8.-4) (12,-4)
i. Use a midpoint Riemann sum with the three subintervals [0, 10], [10,20], and [20,30] to Graph of f
30
approximate J;) M(t)dt. Show the work that leads to your answer. 3. The figure above shows the graph of the piecewise-linear function f. For —4 < x < 12, the function g is defined
30
ii. Interpret the meaning off M(¢t)dt in the context of the problem. by g(x) = J"Xf(t) dr.
0 2
Part C

(a) Does g have a relative minimum, a relative maximum, or neither at x = 10 ? Justify your answer.

The rate at which female birds of the same species arrive at the same nesting area, in birds per (b) Does the graph of g have a point of inflection at x = 4 ? Justify your answer.
day, is modeled by the function F defined as follows. . . . .
(c) Find the absolute minimum value and the absolute maximum value of g on the interval —4 < x < 12.

Justify your answers.
for0<t< 15

F(t):{lg_‘r_ 16 sin(z%(t-f- 15>) for 15 < 1 < 45 (d) For —4 < x <12, find all intervals for which g(x) < 0.

How many female birds of this species arrive at the nesting area from ¢ = 15 to ¢ = 45? Show the
setup for your calculations, and round your answer to the nearest integer.

PartD

On the interval 15 < ¢ < 30, the difference in the rates at which male and female birds

of this species arrive at the nesting area can be modeled by the differentiable function
D(t)= M(t)— F(t), where Fis the function defined in part C. Is there a time ¢ in the interval
15 < ¢t < 20 when D(t) = 0? Justify your answer.
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6.6 Applying Properties of Definite In-
tegrals

Name: Class: Date: Total: 10 marks

KEY WORDS integral 11/} « definite integral 51/

Objective

Build the skills to answer exam questions on the properties of definite integrals —
combining and manipulating integral values.

You must be able to:

. use/aa‘f=0a11d/baf=—/abf

c b c
« split an integral over adjacent intervals: f= / f+ / f
a b

" b b
o factor out constants and add integrands: / (cf+9)= c/ f +/ g

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Zero-width and reversing

a a b
/ fdx =0 (no width). Reversing the limits flips the sign: / fde=— / fdx.
a b a

B Adding adjacent intervals
4 3 4

Integrals join end-to-end: / f= / f +/ fou fff = 5 and f14f = 9, then
1 J1 3

Jir=9-5=4

B Linearity

Constants come out and sums split:

/ab(3f(x)+29(x))dac:3/abf+2/:g.

If [7f=4and [l g=1,then [}(3f +2¢) =3(4) +2(1) = 14.

AP Calculus BC « 6.6 Applying Properties of L Integrals @

®

B Combining with a reversal

Given f;f =10, find f; 3f. Reverse and factor: f; 3f = 3f52 f=3(=10) = —30.

2 Practice

3 7 3
Now apply the methods above. You are given / f=6, / f=-2,and / g=>5.
0 3 0

7
2.1 Find/ fdx.
0
0
2.2 Find/ fdx.
3

3
2.3 Find / (2f +g)dx.
0

3 Exam-style questions

3.1 /éf(x)d.r:
< A f(5)

« B1

« CO

¢ D undefined

AP Calculus BC « 6.6 Applying Properties of L Integrals
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. y .
h =12 and / h=T. Solutions
1

3.2 You are given /
J1
21 [ f=[f+ [ f=6+(-2) =4

6
a) Find | hda. 2 . :
(a) Fin /4 vdx 22 [V f=—[if=—6
' 2.32 =17.
(b) Find/ hdz. ] 32(6)+5=17
J6

3.1 C — a zero-width interval gives 0.
32() [Jh=fTh—[lh=12-7T=5 (b) [[h=—12.
3.3 5(8) —4(—3) =40+ 12 = 52.

2 2 2
3.3 Given / p=_8and / q = —3, find / (5p — 4q) dx.
. Jo .

0 0

AP Calculus BC « 6.6 Applying Properties of T Integrals @ AP Calculus BC « 6.6 Applying Properties of T Integrals
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Name: : AP Calculus BC: 2023

t
(seconds)

f@)

(gallons per second)

0 60 90 120 | 135 | 150

0 0.1 | 0.15] 0.1 | 0.05 0

1. A customer at a gas station is pumping gasoline into a gas tank. The rate of flow of gasoline is modeled by a
differentiable function f, where f(¢) is measured in gallons per second and ¢ is measured in seconds since
pumping began. Selected values of f() are given in the table.

135
(a) Using correct units, interpret the meaning of Jso f() dt in the context of the problem. Use a right

Riemann sum with the three subintervals [60, 90], [90, 120], and [120, 135] to approximate the value of

135
I f(z) dr.

60

(b) Must there exist a value of ¢, for 60 < ¢ < 120, such that f'(c) = 0 ? Justify your answer.

2
(c) The rate of flow of gasoline, in gallons per second, can also be modeled by g(r) = [ﬁ] cos[[ﬁ] ] for

0 < ¢ < 150. Using this model, find the average rate of flow of gasoline over the time interval 0 < 7 < 150.

Show the setup for your calculations.

(d) Using the model g defined in part (c), find the value of g’(140). Interpret the meaning of your answer in
the context of the problem.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

Name: : AP Calculus BC: 2019

CALCULUS BC
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

3
/N

2 -IN\9 2 3 4 5

[ |

-l I |

Graph of f

3. The continuous function f is defined on the closed interval —6 < x < 5. The figure above shows a portion of
the graph of £, consisting of two line segments and a quarter of a circle centered at the point (5, 3). It is

known that the point (3,3 — +/3) is on the graph of .

5 -2
(a) Ifj 6f()c) dx =7, find the value ofJ. 6 f(x) dx. Show the work that leads to your answer.

(b) Evaluate _[j (2f(x) +4) dx.

(c) The function g is given by g(x) = J'xz f(2) dt. Find the absolute maximum value of g on the interval

—2 < x £ 5. Justify your answer.

10— 3
(@ Find lim ————~ =2
x—1 f(x) — arctan x
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CALCULUSBC
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.
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Graph of g

3. The graph of the continuous function g, the derivative of the function f, is shown above. The function g is

piecewise linear for —5 < x < 3, and g(x) = 2(x — 4)* for 3 < x < 6.
(a) If f(1) = 3, what is the value of f(—5) ?

6
(b) Evaluate L g(x) dx.

(c) For —5 < x < 6, on what open intervals, if any, is the graph of f both increasing and concave up? Give a
reason for your answer.

(d) Find the x-coordinate of each point of inflection of the graph of f. Give a reason for your answer.

AP CALCULUS BC « EXERCISE SHEET

6.7 The Fundamental Theorem of Cal-
culus and Definite Integrals

Name: Class: Date: Total: 13 marks

KEY WORDS net change (4751F o antiderivative JfipE% « integral £1/) o definite integral & #14)

Objective

Build the skills to answer exam questions on the Fundamental Theorem of Calculus
(evaluation form) — using an antiderivative to evaluate a definite integral.

You must be able to:

b
o apply / f(z)dx = F(b) — F(a), where F' = f

a
« evaluate integrals of powers, exponentials, and basic trig functions

b
o interpret / f/(z)dz = f(b) — f(a) as a net change F451k

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Evaluating with an antiderivative

3
/ 22 dw: an antiderivative of 2z is 22, so
1
3 5
/ 2edr = [mz]l =32-12=3.
1

B A power and a constant
2
/ (32> + 1) dx = [¢° + 1’]3 = (8+2) — 0 = 10. Antidifferentiate term by term, then

0
subtract the values at the limits.
B Net change from a rate

b
If f"is a rate of change, then / f'(x)dx = f(b) — f(a) is the net change in f. If a

tank’s level changes at rate r(¢) and f(]m rdt = —4, the level fell by 4 over those 10
units.

AP Calculus BC o 6.7 The Fundamental Theor« ‘alculus and Definite Integrals @



3.2 A particle’s velocity is v(t) = 3t — 4 m/s.
B Trig and exponential

2
(a) Evaluato/ v(t) dt.
0

T 1
/ Sinl’dl’:[—COSCE]gi—COSTI'+COSO:1+1:273,II(1/ e“dz:[e“]:):e—l.
0 0 (b) State what this value represents physically. [1]

2 Practice

Now apply the methods above.

[

4
2.1 Evaluate/ rdx.
0

3.3 Water enters a tank at rate r(¢) = 6¢ L/min. Find the total volume added between
t =1 and t = 4 minutes. 3]

[

2
2.2 Evaluate/ (42%) d.
1

/2
2.3 Evaluate / coszdx. 2]
0

3 Exam-style questions

AP Calculus BC o 6.7 The Fundamental Theor« Jalculus and Definite Integrals @ AP Calculus BC o 6.7 The Fundamental Theor« ‘alculus and Definite Integrals @




Name: :] AP Calculus BC: 2026

1. Male birds of a certain species arrive at a nesting area over a thirty-day period. The rate at
which the male birds arrive at the nesting area at time ¢ days is modeled by a differentiable
Solutions function M, where M(¢) is measured in number of birds per day. Selected values of M(¢) are

. shown in the table.

2.1 [32%] =8-0=38.

2
2.2 [z']=16—-1=15. t (days) 0 | 5|10 |15 |20 | 25|30

. /2
2.3 [sinz]"=1-0=1. M(t) (birdsperday) | 2 | 7 |16 | 6 | 5 | 2 | O

3.1 B — by the FTC, [ f' = f(b) — f(a).

5 (Note: Your calculator should be in radian mode.)
3.2 (a) [t* — 4t]0 =(8—=8)—0=0. (b) The particle’s displacement over 0 < ¢ < 2 is

0— it4rcturns to its start. Part A
3.3 / 6t dt = [3t2}/11 =48-3=45L Approximate M’(7.5) using the average rate of change of M over the interval 5 < ¢ < 10. Show
st the work that leads to your answer, and indicate units of measure.
PartB
i. Use a midpoint Riemann sum with the three subintervals [0, 10], [10,20], and [20,30] to
approximate f;o M(t)dt. Show the work that leads to your answer.

30
ii. Interpret the meaning of fo M(¢t)dt in the context of the problem.

Part C
The rate at which female birds of the same species arrive at the same nesting area, in birds per
day, is modeled by the function F defined as follows.

0 for0<r<15
FLO= 118+ 16 sin (Z(1+15)) for 15 <1< 45

How many female birds of this species arrive at the nesting area from ¢ = 15 to ¢ = 45? Show the
setup for your calculations, and round your answer to the nearest integer.
PartD

On the interval 15 < ¢ < 30, the difference in the rates at which male and female birds

of this species arrive at the nesting area can be modeled by the differentiable function
D(t)= M(t)— F(t), where Fis the function defined in part C. Is there a time ¢ in the interval
15 < ¢t < 20 when D(t) = 0? Justify your answer.

AP Calculus BC e 6.7 The Fundamental Theor: ‘alculus and Definite Integrals @




Name: : AP Calculus BC: 2025

4. The continuous function fis defined on the closed interval —6 < x < 12. The graph of f
consisting of two semicircles and one line segment, is shown in the figure.

I/r ‘\\

Graph of f

Let g be the function defined by g(x)= f: F(t)dr.

A. Find g'(8). Give a reason for your answer.

B. Find all values of x in the open interval —6 < x < 12 at which the graph of g has a point of

inflection. Give a reason for your answer.
C. Find g(12) and g(0). Label your answers.

D. Find the value of x at which g attains an absolute minimum on the closed interval
—6 < x < 12. Justify your answer.

Name: () AP Calculus BC: 2024

t
(minutes)

C(r)
(degrees Celsius)

100 85 69 55

1. The temperature of coffee in a cup at time # minutes is modeled by a decreasing differentiable function C,
where C(r) is measured in degrees Celsius. For 0 < 7 < 12, selected values of C(¢) are given in the table
shown.

(a) Approximate C’(5) using the average rate of change of C over the interval 3 < 7 < 7. Show the work that
leads to your answer and include units of measure.

(b) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the

12 12
value of -[0 C(t) dt. Interpret the meaning of %J‘o C(7) dt in the context of the problem.

724.5560'0”

(c) For 12 < 1 < 20, the rate of change of the temperature of the coffee is modeled by C’(r) = ;

where C’(1) is measured in degrees Celsius per minute. Find the temperature of the coffee at time 7 = 20.
Show the setup for your calculations.

~0.2455¢"""(100 — 1)

12

(d) For the model defined in part (c), it can be shown that C”(z) .For 12 < t < 20,

determine whether the temperature of the coffee is changing at a decreasing rate or at an increasing rate.

Give a reason for your answer.

‘Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.



Name: () AP Calculus BC: 2024 Name: () AP Calculus BC: 2024
2. A particle moving along a curve in the xy-plane has position (x(z), y(7)) at time ¢ seconds, where x(z) and y(r)
are measured in centimeters. It is known that x’(f) = 8¢ — £ and y'(£) = —t + "> + 20. At time = 2
seconds, the particle is at the point (3, 6).
(a) Find the speed of the particle at time # = 2 seconds. Show the setup for your calculations.

(b) Find the total distance traveled by the particle over the time interval 0 < ¢ < 2. Show the setup for your
calculations.

(c) Find the y-coordinate of the position of the particle at the time ¢ = 0. Show the setup for your calculations.

(d) For 2 <t < 8, the particle remains in the first quadrant. Find all times # in the interval 2 < t < 8 when the
particle is moving toward the x-axis. Give a reason for your answer.

Write your responses to this question only on the designated pages in the separate Free Response CALCULUS BC
booklet. Write your solution to each part in the space provided for that part.
SECTION II, Part B

Time—1 hour

4 Questions

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

END OF PART A
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t t t t + t + t t + X
6 -5-4 3-2-10 1 2 3 4\s\§\7
NI 6.-1)
ol
Graph of f
4. The graph of the differentiable function f, shown for —6 < x < 7, has a horizontal tangent at x = —2 and is
linear for 0 < x < 7. Let R be the region in the second quadrant bounded by the graph of f, the vertical line
x = —6, and the x- and y-axes. Region R has area 12.

(a) The function g is defined by g(x) = J.(':f(t) dr. Find the values of g(—6), g(4), and g(6).

(b) For the function g defined in part (a), find all values of x in the interval 0 < x < 6 at which the graph of g
has a critical point. Give a reason for your answer.

(c) The function % is defined by h(x) = J.XGf'(t) dt. Find the values of h(6), h’(6), and h”(6). Show the work

that leads to your answers.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

AP Calculus BC: 2022

y

N 6.2)
1+ 7,1
ENEREVEEEEE
-2+

Graph of f”

3. Let f be a differentiable function with f(4) = 3. On the interval 0 < x < 7, the graph of f”, the derivative
of f, consists of a semicircle and two line segments, as shown in the figure above.

(a) Find f(0) and f(5).
(b) Find the x-coordinates of all points of inflection of the graph of f for 0 < x < 7. Justify your answer.

(c) Let g be the function defined by g(x) = f(x) — x. On what intervals, if any, is g decreasing for
0 < x <77 Show the analysis that leads to your answer.

(d) For the function g defined in part (c), find the absolute minimum value on the interval 0 < x < 7. Justify
your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.



Name: () AP Calculus BC: 2022 Name: () AP Calculus BC: 2019

CALCULUS BC
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

0 * 3
Figure 1 Figure 2 2 \
1 1 N
5. Figures 1 and 2, shown above, illustrate regions in the first quadrant associated with the graphs of y = — and \
x
1 1 2 -IN9 2 3 4 5
y = —5, respectively. In Figure 1, let R be the region bounded by the graph of y = —, the x-axis, and the ] } i i
x X
1
vertical lines x = 1 and x = 5. In Figure 2, let W be the unbounded region between the graph of y = — and
X Graph of f

the x-axis that lies to the right of the vertical line x = 3.
3. The continuous function f is defined on the closed interval —6 < x < 5. The figure above shows a portion of

(a) Find the area of region R. the graph of £, consisting of two line segments and a quarter of a circle centered at the point (5, 3). It is
known that the point (3,3 — +/3) is on the graph of .
(b) Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis is a

5 )
rectangle with area given by xe” /5. Find the volume of the solid. (a) If j_ ef (x) dx =17, find the value of I_ 6 f(x) dx. Show the work that leads to your answer.

(c) Find the volume of the solid generated when the unbounded region W is revolved about the x-axis.
5
(b) Evaluate _L (2f(x) +4) dx.

(c) The function g is given by g(x) = J'xz f(2) dt. Find the absolute maximum value of g on the interval

Write your responses to this question only on the designated pages in the separate Free Response

. . . . —2 < x £ 5. Justify your answer.
booklet. Write your solution to each part in the space provided for that part.

10— 3
(@ Find lim ————~ =2
x—1 f(x) — arctan x




AP Calculus BC: 2018

CALCULUSBC
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.
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Graph of g

. The graph of the continuous function g, the derivative of the function f, is shown above. The function g is

piecewise linear for —5 < x < 3, and g(x) = 2(x — 4)* for 3 < x < 6.
(a) If f(1) = 3, what is the value of f(—5) ?

6
(b) Evaluate L g(x) dx.

(c) For —5 < x < 6, on what open intervals, if any, is the graph of f both increasing and concave up? Give a
reason for your answer.

(d) Find the x-coordinate of each point of inflection of the graph of f. Give a reason for your answer.

1.

AP Calculus BC: 2017

CALCULUSBC
SECTION II, Part A
Time—30 minutes

Number of questions—2

A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.

h
(feet) 0 2 5 10
A(h)
(square feet) || 503 | 144 | 65 29

A tank has a height of 10 feet. The area of the horizontal cross section of the tank at height 4 feet is given by
the function A, where A(h) is measured in square feet. The function A is continuous and decreases as h
increases. Selected values for A(h) are given in the table above.

(a) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the
volume of the tank. Indicate units of measure.

(b) Does the approximation in part (a) overestimate or underestimate the volume of the tank? Explain your
reasoning.

(c) The area, in square feet, of the horizontal cross section at height / feet is modeled by the function f given

50.3
by f(h) = Wh. Based on this model, find the volume of the tank. Indicate units of measure.
e+

(d) Water is pumped into the tank. When the height of the water is 5 feet, the height is increasing at the rate
of 0.26 foot per minute. Using the model from part (c), find the rate at which the volume of water is
changing with respect to time when the height of the water is 5 feet. Indicate units of measure.

®)
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CALCULUSBC
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

y
(=6,2) (3.2)
1+
——t— 5 1 ——N— X
Graph of f’

3. The function f is differentiable on the closed interval [—6, 5] and satisfies f(—2) = 7. The graph of f’, the
derivative of f, consists of a semicircle and three line segments, as shown in the figure above.

(a) Find the values of f(—6) and f(5).
(b) On what intervals is f increasing? Justify your answer.
(c) Find the absolute minimum value of f on the closed interval [—6, 5]. Justify your answer.

(d) Foreach of f”(—5) and f”(3), find the value or explain why it does not exist.

AP Calculus BC: 2014

CALCULUS BC
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

A, -4

Graph of f
3. The function f is defined on the closed interval [—5, 4]. The graph of f consists of three line segments and is

shown in the figure above. Let g be the function defined by g(x) = ji f(z)dr.

(a) Find g(3).

(b) On what open intervals contained in =5 < x < 4 is the graph of g both increasing and concave down?
Give a reason for your answer.

(¢) The function  is defined by h(x) = g(;c). Find h’(3).

(d) The function p is defined by p(x) = f()c2 - x). Find the slope of the line tangent to the graph of p at the

point where x = —1.

©



AP CALCULUS BC « EXERCISE SHEET

6.8 Finding Antiderivatives and Indef-
inite Integrals

Name: Class: Date: Total: 13 marks

KEY WORDS indefinite integral /~i#f14) o constant of integration £14)75 %%

« antiderivative il %L o definite integral 5 f114) o integral F14)

Objective

Build the skills to answer exam questions on antiderivatives and indefinite integrals
reversing differentiation.

You must be able to:
n+1

+1

« apply the power rule for integration / " dr = v + C (for n # —1)
n

. 1 e .
« integrate —, e*, and basic trig functions
x

« always include the constant of integration FA/3 4 C

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The power rule for integration

Add one to the power and divide by the new power:

xn+1
" dr = —1).
/w dx n+1+C (n# -1)

4 .
So /x:‘dx:%+0and/5dx:5,r+c’.

B The special case n = -1

1
The power rule fails for n = —1; instead / —dx=Inlz|+C.
T

B Standard antiderivatives

e’dr = e* + C, /cos:ndm =sinz + C, /sinmdl’ = —cosz + C, /soczxda: =
tanx + C.

AP Calculus BC « 6.8 Finding Antiderivatives ¢ lefinite Integrals @

@

B Term by term (and never forget 4+C)

Integrate a sum piece by piece: [ (622 — 4z +1)dax = 22% — 22% + 2 + C. The +C is

essential — an indefinite integral is a family of functions.

2 Practice

Now apply the methods above.

2.1 Find /:):5 dx. 1]

2.2 Find /(4.L3 —2x)dx. 2

2.3 Find / (l +e“7> dx. 2
T

3 Exam-style questions

3.1 /cosxdx: 1]

e A —sinz+C
e Bsinz+C
e« C—coszx+C
e Dtanz+C

AP Calculus BC « 6.8 Finding Antiderivatives ¢ lefinite Integrals @



3.2 (a) Find the general antiderivative of f(z) = 322 + 4. 2] Solutions
(b) Find the particular antiderivative F' with F'(0) = 5. 2] 26
2.1 —+C.
6
2.2z —2?+C.
2.3 In|z|+e*+C.
3.1B — [coszdr =sinz+C.
3.2 (a) F(z) =23+ 22>+ C. (b) F(0) =C =5,s0 F(z) = 2° + 222 + 5.
; 2 o — e 1/2 i 2] 1/2 -1 _ a®/? _2.3/2
3.3 Find VT + dz. Write \/z as x1/? first. 3 3.3 [(z'?+ 22 ) dx = 3/ +2Infz|+ C = 22*? 4+ 2Inz| + C.
z .
AP Calculus BC « 6.8 Finding Antiderivatives ¢ lefinite Integrals @ AP Calculus BC « 6.8 Finding Antiderivatives ¢ lefinite Integrals




Name: AP Calculus BC: 2026

5. Let fbe the function defined by f(x) = 3/x — 1, and let g be the function defined by

2(x) = "% % The graphs of fand g intersect at the point (2, 1). Let R be the region bounded

by the graph of f, the x-axis, and the vertical line x = 2, as shown in the figure.

Part A

2
Evaluate J; f(x)dx. Show the work that leads to your answer.

Part B

Write, but do not evaluate, an expression involving one or more integrals that gives the volume
of the solid generated when region R is rotated about the x-axis.

Part C

Write, but do not evaluate, an expression involving one or more integrals that gives the
perimeter of region R.

PartD

Evaluate J; g(x)dx. Show the work that leads to your answer.

AP CALCULUS BC « EXERCISE SHEET

6.9 Integrating Using Substitution

Name: Class: Date: Total: 14 marks

KEY WORDS integral {1/} o definite integral 7& 143

Objective

Build the skills to answer exam questions on integration by substitution (u-substitution)
— reversing the chain rule.

You must be able to:

« choose u = g(z) so that its derivative ¢’(z) also appears in the integrand
e convert dz to du and integrate in terms of u

« handle a definite integral by changing the limits or converting back to x

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Choosing u

Look for an "inside function” whose derivative is also present. For / 22 (v +1)* dx,

let u = 2? + 1, so du = 2x dx. The integral becomes

A 2 4
/u“;du:uerC:i(‘L 1_1) +C.

B Adjusting for a constant

If the derivative is off by a constant, fix it. For /I(JLZ + 1)3d:::7 let u = 2% + 1,

du =2z dz, so xdr = %du:

B Definite integral — change the limits

2
For / 22(2? + 1)* dz, with u = 2 + 1: when =0, u = 1; when = 2, u = 5. So
0

5

0 115 625 —1
/ udu = {%] = = 156.
1 1 4

AP Calculus BC « 6.9 Integrating Using Substii @



B A trig example

/cos(Sac) dz: let v = 3x, du = 3dzx, so dov = %du, giving ésin

2 Practice

Now apply the methods above.

2.1 For /3x2(w3 + 5)* dx, state a good choice of u and find du.

2.2 Find / 21 ¢ da.

2.3 Find /sin(4z) dx.

3 Exam-style questions

3.1 To integrate /xcos(r?) dx, the best substitution is

e Au==z

e Bu=coszx
e Cu=2a?

e D u = cos(x?)

AP Calculus BC « 6.9 Integrating Using Substit

(3z) + C.

3.2 Find /(QJ; +1)(2? + 2)° da.

1
3.3 Evaluate / 322V/x3 4 1 dz using a substitution, changing the limits.

0

AP Calculus BC « 6.9 Integrating Using Substit
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Solutions

2.1 u=2%+5; du=322dx.

2.2 u =22 du=2xdr; [e"du=e" +C.

2.3 u =4z, dz = {du; —1 cos(4z) + C.

3.1 C — u = 2?2 gives du = 2z dx, matching the x in the integrand.

2 6
32u=2a%+z,du= 2z +1)dr; fu‘aalu:"bf6 :erC.
33u=2a%+1du=32%dr;limits v =0 vu=1,2=1—>u=2; ff\/ﬂdu: [§u3/2]i
=2(2v2-1)~1.22.

AP Calculus BC « 6.9 Integrating Using Substit @
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6.10 Integrating Using Long Division
and Completing the Square

Name: Class: Date: Total: 14 marks

KEY WORDS complete the square il j; ¢ polynomial long division 22 I [ 7

Objective

Build the skills to answer exam questions on integrating with long division and
completing the square — rewriting a rational integrand into an integrable form.

You must be able to:

« use polynomial long division ZIix{ [ when the numerator’s degree is > the
denominator’s
« complete the square fii Jj in a denominator to reach an arctangent form

. du 1 u

e recognise | ——— = —arctan — + C'
J w+a® a a

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B Long division first

a? ) - z? 1
dz is top-heavy. Divide: =x—14 ——. Then
r+1 z+1 z+1

1 z?
<x71+7>d:ﬁ:—71:+ln|x+1\+0.
z+1 2

B A simple 1/x-type

1 .
/ 3 dz =1In |z — 3| + C (substitution u = x — 3). Watch for these after dividing.
o
B Completing the square
1
/m dz: complete the square, 2> +4x + 5= (z +2)?+ 1. Withu =1z + 2,

du
/ 271_:_1 = arctan(u) + C' = arctan(z + 2) + C.
u

AP Calculus BC « 6.10 Integrating Using Long m and Completing the Square @



B The arctangent template

1 1 1 1
/mdu: aarctan%—kc. For /mdx: éarctan%-i-c.

2 Practice

Now apply the methods above.

2

3 7
2.1 Use long division to rewrite s as 1+ ——.
-+ 1 z+1

. 1
2.2 Fllld/mdl‘.

2.3 Complete the square: write 22 4 6z + 13 in the form (x + a)? + b.

3 Exam-style questions

o
31 [ ——do =
/x2+25 v

o A arctan(z) + C

« Biarctant +C

e Cln(z*+25)+C
o D 5arctan(bz) + C

AP Calculus BC o 6.10 Integrating Using Long m and Completing the Square

[

[

2
3.2 Find /idft
z+1

1
3.3 Find /m dx by completing the square.

AP Calculus BC « 6.10 Integrating Using Long

m and Completing the Square



Solutions

r+3

2.1 =
rz+1

2

z+1

1 x
2.2 jarctan 7 + C.

2.3 (z+3)°+4.
3.1B —witha=5, [ 2 =larctanf+C.

r+2
.13"1‘_1

3.2 =
r+1

3.3224+20+10 = (2 +1)2+9; withu =z +1, [ &

AP Calculus BC

22425
1
z+1

6.10 Integrating Using Long

m;f(l+$)dx:x+ln|x+l|+0‘

T+
Larctan ® = L arctan
3 373 3

w249 T

m and Completing the Square

1
+C.

AP CALCULUS BC « EXERCISE SHEET

6.11 Integrating Using Integration by
Parts

Name: Class: Date: Total: 16 marks

KEY WORDS integration by parts 4314}

Objective

Build the skills to answer exam questions on integration by parts — the reverse of the
product rule.

You must be able to:
. apply/udv:uvf/vdu

o choose u and dv well (the LIATE guide)
e apply the method twice when needed

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The formula

Integration by parts reverses the product rule:

/udv:uvf/vdu.

Pick u (to differentiate) and dv (to integrate); then du and v follow.

B Choosing u with LIATE
Choose u as the first type in LIATE that appears: Logs, Inverse trig, Algebraic,

Trig, Exponential. For [ ze®dz: x is algebraic (A), e” exponential (E), so u = z,

dv = e* dx.
B A worked example

/l’e””dx: u=ux,dv=e"dr = du=dr,v=_e":

/xe‘”dm:xezf/ezd:c:a:ezfe””+0.

AP Calculus BC « 6.11 Integrating Using Integ y Parts @



B Integrating a logarithm

/lnl‘dl‘: let u=1Inz, dv = dzx, so du = %dw, V=T

2 Practice

Now apply the methods above.

2.1 For /xcosac dz, state a good choice of u and dv.

2.2 Find /ZL‘COSZL‘d.’L’.

2.3 Find /:L‘eh dz.

AP Calculus BC o 6.11 Integrating Using Integ y Parts

/hl:L’d:EZ:L’lII:L‘—/:E-%d:[::[hl.’L'—fL‘-'rC.

3 Exam-style questions

3.1In /xsinxdx, the best choice by LIATE is

e Au=sinz, dv=uxdx
e Bu=ux,dv=sinxzdr
e Cu==zxsinz, dv=dx
e Du=1,dv=uzsinzdr

3.2 Find /hICIIdI.

1
3.3 Evaluate/ ze® dx.
0

AP Calculus BC « 6.11 Integrating Using Integ y Parts



Name: AP Calculus BC: 2024

. 0 2
Solutions * i "

2.1 u = x (algebraic), dv = cosz dz. UAMCON I 6 0

2:2du=dz, v =sinz; [zcosedr =wsing - [sinzde = rsinz+cosz +C. 5. The function f is twice differentiable for all x with f(0) = 0. Values of f”, the derivative of f, are given in

the table for selected values of x.

23u=ux,dv=e*dr=v= %e%; %xeh — f %ez" dr = %$621~ - ie“ +C.

3.1 B — z is algebraic (A), sinz is trig (T); A comes before T, so u = x.
(&) (@ (a) For x 2 0, the function % is defined by h(x) = J.x J1+ (f/(£))? dr. Find the value of /’(x). Show the work
3.2u:lnx,dvzdl’,v:ﬂc;xlnx—fﬂp%dl’:zlnl’—l‘#»c. 0

that leads to your answer.
3.3 u=uz, dv=e"dz; [xe’”}é —folezdz =(e—=0)— [e”](l) =e—(e—1)=1. Y

(b) What information does J.O” N1+ (f ’(x))2 dx provide about the graph of f ?

(c) Use Euler’s method, starting at x = 0 with two steps of equal size, to approximate f(27). Show the
computations that lead to your answer.

t
(d) Find f(t + 5)cos (Z) dt. Show the work that leads to your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

AP Calculus BC o 6.11 Integrating Using Integ y Parts @
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12
34+x

5. The graphs of the functions f and g are shown in the figure for 0 < x < 3. It is known that g(x) =
for x > 0. The twice-differentiable function f, which is not explicitly given, satisfies f(3) = 2 and
Ljf(x)dx =10
(a) Find the area of the shaded region enclosed by the graphs of f and g.

(b) Evaluate the improper integral L:O ( g(x))2 dx, or show that the integral diverges.

3
(c) Let & be the function defined by h(x) = x- f’(x). Find the value of -[0 h(x) dx.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

AP CALCULUS BC « EXERCISE SHEET

6.12 Integrating Using Linear Partial
Fractions

Name: Class: Date: Total: 16 marks

KEY WORDS partial fractions /4=

Objective

Build the skills to answer exam questions on integration by linear partial fractions
— splitting a rational function to integrate it.

You must be able to:

« factor the denominator and write the partial-fraction #5434\, decomposition

¢ solve for the unknown constants

« integrate each simple fraction to a logarithm

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The decomposition

A proper fraction with a factored denominator splits into simpler pieces:

1 A B

@ D@t2) o-1 z+2

B Solving for A and B

Multiply through by (z — 1)(z +2): 1=A(z+2)+ Bz —1). Set z =1: 1 =34 =
A=3% Setz=-2:1=-3B=B=—1.
B Integrating the pieces

Each piece integrates to a log:

13 1/3
/(x_l7x+2)dx:%ln|m71|7%1n\x+2|+0.

AP Calculus BC o 6.12 Integrating Using Linea al Fractions @



B When to divide first

If the fraction is improper (numerator degree > denominator), do long division
first, then apply partial fractions to the remainder.

2 Practice

Now apply the methods above.
1

2.1 Write the partial-fraction form of m (with unknowns A, B). 1

A B

2.2 Find A and B for 0 = + 3]

(x—2)(x+3) z-2 x+3

2 3
2.3 Integrat dx. 2
negrae/(mil+m+4>x 2]

3 Exam-style questions

A
3.1 After decomposing, /
x

e AAln|z—a|+C
A
B

e CA(x—a)+C
. Dg(z—a)z—&-C

AP Calculus BC o 6.12 Integrating Using Linea al Fractions @

1
3.2 Decompose and integrate | ————  dx.
P & / (z—D(@+1)

(a) Find the constants.

(b) Complete the integration.

r+7
3.3Find | ———d
m /(z—l)(erS) .

AP Calculus BC o 6.12 Integrating Using Linea al Fractions



Solutions

A n B
r—3 z+1

225=A(x+3)+B(z—2);2=25=5A=>A=12=-3 5=-5B=B=—1

2.3 2In|z — 1|+ 3In|x + 4+ C.

31A  [Adr=Aln|z—a|+C.

32 1=A@@+1)+Blx-1);2=1 A=42=-1: B=-1 (b) tlnjz —1| -

tnfjz+ 1]+ C.

33s4+7=A(x+3)+Bx—1);2=1:8=4A=A=22=-3:4=—-4B= B=—-1;

J (A — 2)de=2njz— 1| —Injz+ 3]+ C.

z—1 z+3

2.1

AP Calculus BC « 6.12 Integrating Using Linea al Fractions @
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1

- where k is a constant.
x°—2x+k

5. Consider the family of functions f(x) =

(a) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6.
1
(b) For k = —8, find the value of Jof(x) dx.

2
(¢) For k = 1, find the value of I() f(x) dx or show that it diverges.




Name: () AP Calculus BC: 2017

5. Let fbe the function defined by f(x) = —5———.
2x° —Tx+5

(a) Find the slope of the line tangent to the graph of fat x = 3.

(b) Find the x-coordinate of each critical point of f in the interval 1 < x < 2.5. Classify each critical point as
the location of a relative minimum, a relative maximum, or neither. Justify your answers.

2

(c) Using the identity that 52 7ies ST

o0
, evaluate "(x) dx or show that the integral
g g

diverges.

o0
. . 3 . .
(d) Determine whether the series 2 ﬁ converges or diverges. State the conditions of the test
s 2n” —Tn+

used for determining convergence or divergence.

AP Calculus BC: 2015

5. Consider the function f(x) = 5 ! , where k is a nonzero constant. The derivative of f is given by
x° —kx
, k—2x
f(x) = R
(" = )
(a) Let k = 3, sothat f(x) = 5 . Write an equation for the line tangent to the graph of f at the point
x° =3x
whose x-coordinate is 4.
(b) Let k = 4, sothat f (x) == 1 ™ Determine whether f has a relative minimum, a relative maximum, or
X~ —4x

neither at x = 2. Justify your answer.

(c) Find the value of k for which f has a critical point at x = —5.

1

x? —6x

(d) Let k = 6, so that f(x) =

. Find the partial fraction decomposition for the function f.

Find Jf(x) dx.

AP CALCULUS BC « EXERCISE SHEET

6.13 Evaluating Improper Integrals

Name: Class: Date: Total: 13 marks

KEY WORDS diverges % ¢ improper integral 757 o limit #iZfE « converges I8
o integral f1/)

Objective

Build the skills to answer exam questions on improper integrals — integrals with an
infinite limit or an infinite discontinuity.

You must be able to:

 rewrite an improper integral as a limit FfR
« evaluate the limit to decide convergence {8 or divergence & H{
« handle a discontinuity inside the interval

1 Worked examples
Study these first. Each one shows the method for a question type used later — follow

the steps and you can do the Practice and Exam-style questions yourself.

B Infinite upper limit

Replace oo with b and take a limit:

oo 1 b b
— dr = lim z2dr=1lim | -1 =lim(—-L1+1)=1
. x? b—oo Jy bro0 11 booo b

The limit is finite, so the integral converges to 1.
B A divergent example

/ —dzr = lim [ln ﬂl; = lim Inb = oo. The limit is infinite, so it diverges.
.z

b—oo b—oo

B Discontinuity at an endpoint

1

1

/ 7 dx is improper at z = 0: lim,_,o+ fal V2 dx = lim,_,q+ [Qﬂ]l =2-0=2.
0 VT ¢

Converges.
® The rule for 1/x"p on [1, 00)

o0
1
/ = dx converges when p > 1 and diverges when p < 1 — a handy check.
.
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2 Practice 3.3 Determine whether / — dx converges or diverges, showing your reasoning with a
9y T

Now apply the methods above. limit. 3

oo |
2.1 Rewrite / - dx as a limit.
1T

>~ 1
2.2 Evaluate / — da. (3]
LT

1
2.3 State whether / 7 dx converges or diverges (use the p-rule). [1]
1z

3 Exam-style questions
1

3.1 — dx converges when 1
1 P

e Ap<l1

« B p= 1

« Cp>1
e« Dallp

3.2 Evaluate/ e " dx.
0

(a) Write it as a limit. 1]

(b) Evaluate. (3]

AP Calculus BC « 6.13 Evaluating Improper In @ AP Calculus BC o 6.13 Evaluating Improper In @




Name: :] AP Calculus BC: 2026

5. Let fbe the function defined by f(x)= 3/x — I, and let g be the function defined by
2(x) = e *%) The graphs of fand g intersect at the point (2,1). Let R be the region bounded

Solutions
b by the graph of f, the x-axis, and the vertical line x = 2, as shown in the figure.
2.1 lim / v 3 dw.
b—oo Jq
. y
2.2 [7ﬁ]1:fﬁ+%; asb%oothis%%.
2.3 Diverges — p = % <1 1+
3.1 C — converges for p > 1.
b
3.2 (a) lim / e"dx. (b) [— e"”]g =—e+1; s lasb— oo
b—oo J
3.3 lim [In 1};) = lim (Inb —In2); Inb — oo, so it diverges.
b—o0 b—oo O x

Part A

2
Evaluate J; f(x)dx. Show the work that leads to your answer.

Part B

Write, but do not evaluate, an expression involving one or more integrals that gives the volume
of the solid generated when region R is rotated about the x-axis.

Part C

Write, but do not evaluate, an expression involving one or more integrals that gives the
perimeter of region R.

PartD

Evaluate J; g(x)dx. Show the work that leads to your answer.

AP Calculus BC « 6.13 Evaluating Improper In @
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12

5. The graphs of the functions f and g are shown in the figure for 0 < x < 3. It is known that g(x) = 3t
X

for x > 0. The twice-differentiable function f, which is not explicitly given, satisfies f(3) = 2 and
3

jo £(x) dx = 10.

(a) Find the area of the shaded region enclosed by the graphs of f and g.

(b) Evaluate the improper integral L:O ( g(x))2 dx, or show that the integral diverges.

3
(c) Let & be the function defined by h(x) = x- f’(x). Find the value of -[0 h(x) dx.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

©)

AP Calculus BC: 2022

Figure 1 Figure 2

5. Figures 1 and 2, shown above, illustrate regions in the first quadrant associated with the graphs of y = 1; and
y= %, respectively. In Figure 1, let R be the region bounded by the graph of y = %, the x-axis, and the
vertical lines x = 1 and x = 5. In Figure 2, let W be the unbounded region between the graph of y = Lz and

X
the x-axis that lies to the right of the vertical line x = 3.
(a) Find the area of region R.

(b) Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis is a

rectangle with area given by xe*/5. Find the volume of the solid.

(c) Find the volume of the solid generated when the unbounded region W is revolved about the x-axis.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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2. Researchers on a boat are investigating plankton cells in a sea. At a depth of & meters, the density of plankton
2
cells, in millions of cells per cubic meter, is modeled by p(h) = 0.212 0025 for 0 < h < 30 and is

1 modeled by f(h) for h > 30. The continuous function f is not explicitly given.

5. Consider the family of functions f(x) = , where k is a constant.

2
X —2x+k (a) Find p’(25). Using correct units, interpret the meaning of p’(25) in the context of the problem.

(a) Find the value of k, for k > 0, such that the slope of the line tangent to the graph of f at x = 0 equals 6. . . L . . i
(b) Consider a vertical column of water in this sea with horizontal cross sections of constant area 3 square

meters. To the nearest million, how many plankton cells are in this column of water between 7 = 0 and

1 - 9
(b) For k = —8, find the value of jo f(x) dx. hr = 30 meters?

(c) There is a function u such that 0 < f(h) < u(h) for all & 2 30 and E; u(h) dh = 105. The column of
2
(c) For k = 1, find the value of IO f(x) dx or show that it diverges.

water in part (b) is K meters deep, where K > 30. Write an expression involving one or more integrals

that gives the number of plankton cells, in millions, in the entire column. Explain why the number of

plankton cells in the column is less than or equal to 2000 million.

(d) The boat is moving on the surface of the sea. Attime ¢ 2 0, the position of the boat is (x(z), y(¢)), where
x’(t) = 662sin(5¢) and y’(r) = 880cos(6¢). Time ¢ is measured in hours, and x(¢) and y(¢) are
measured in meters. Find the total distance traveled by the boat over the time interval 0 < 7 < 1.

END OF PART A OF SECTION I

AP Calculus BC: 2017

5. Let f be the function defined b X)=—F5——.
f ¥ /() 2% = Tx+5

(a) Find the slope of the line tangent to the graph of fat x = 3.

(b) Find the x-coordinate of each critical point of fin the interval 1 < x < 2.5. Classify each critical point as
the location of a relative minimum, a relative maximum, or neither. Justify your answers.

. S 2 o .
(c) Using the identity that 2 7res =55 1_T evaluate L f(x) dx or show that the integral

diverges.

0
. . 3 . . .
(d) Determine whether the series z o —7nts converges or diverges. State the conditions of the test
n=5 2~ — In+

used for determining convergence or divergence.
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6.14 Selecting Techniques for Antid-
ifferentiation

Name: Class: Date: Total: 10 marks

KEY WORDS antiderivative Jiipf%{ o integral f14)

Objective

Build the skills to answer exam questions on selecting antidifferentiation techniques
— choosing the right method quickly.

You must be able to:
« recognise when a basic rule, a substitution, long division, or completing the
square applies

« match an integrand’s shape to the fastest method
o carry the chosen method through to a correct antiderivative

1 Worked examples

Study these first. Each one shows the method for a question type used later — follow
the steps and you can do the Practice and Exam-style questions yourself.

B The decision guide

« Basic rule — a power, ¢*, sin / cos, or % on its own.

¢ Substitution — an inside function whose derivative also appears (e.g. 2z beside
2 +1).

« Long division — a rational function with numerator degree > denominator de-
gree.

« Completing the square — an irreducible quadratic 224 bx + ¢ in a denominator
(arctangent).

B Spotting a substitution
/1326””3 dz: the 22 is (up to a constant) the derivative of 3 — substitute u = 3.

3
Answer Le”” + C.

3€

AP Calculus BC o 6.14 Selecting Techniques for ifferentiation @
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B Spotting a division

z° x
——— dx: top-heavy, so divide first: £ — ———, then integrate (the second piece
/IQJrl p-heavy, T grate ( P
needs u = 22 + 1).

B Spotting a basic rule

/ (22 + cos x) dx needs no tricks — just the basic rules: 22 +sinz + C.

2 Practice

Now apply the methods above. For each, name the best method (basic / substitution /
division / complete-the-square).

1
21 [ ——d I
/:L‘2+4 o )

2.2 /5z4(a75+2)7dx 1]

2

2241

2.3/T 1 0
T

3 Exam-style questions

3.1 Which integral is best done by substitution? 1]
A /(13 —2)dz
1

. B/idl’
2249

« C /cos(:ﬁ)ﬂxdw

2
. D/ T e
r+1

AP Calculus BC « 6.14 Selecting Techniques for ifferentiation @
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2 +3 i
3.2 Find / T dx (rewrite the fraction first). (3] Solutions
T
2.1 Complete-the-square / arctangent form (basic arctangent rule).
2.2 Substitution, u = ® + 2.
2.3 Basic — split into = + % first.
3.1 C — 2z is the derivative of 22, so substitute v = 22.
2
z°+3 3 . ; .
3.2 =2+ [(o+3)dr =% + 32| + C.
R €T o x
. 6x . . .
3.3 Find /m dx. 3 3.3u=2%+1, du=2wdz, so 6xde =3du; [3du=3Inlul =3In(z?+1)+ C.
AP Calculus BC e 6.14 Selecting Techniques for ifferentiation @ AP Calculus BC o 6.14 Selecting Techniques for ifferentiation
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