AP CALCULUS BC « EXERCISE SHEET

8.11 Volume with Washer Method: Re-
volving Around the x- or y-Axis

Name: -~ Class: . Date: Total: 14 marks

Objective

Build the skills to answer exam questions on the washer method —volumes of revolution
with a hole.

You must be able to:

o identify the outer and inner radii of a washer (ring)
« integrate m(R2 ., — R2,..) (the washer method #u[&[¥%)

outer inner

e set each radius as a distance from a curve to the axis

1 Worked examples

Study these first. Each one shows the method for a question type used later —follow the
steps and you can do the Practice and Exam-style questions yourself.

B When there is a hole

If the region does not touch the axis, revolving it leaves a hole, so each slice is a
washer (a ring). Its area is (outer disc) — (inner disc):

b
V = ﬂ-/ (R?)uter R?nner) d

B Jdentifying the radii

Revolve the region between y = /x (top) and y = x (bottom) on [0, 1] about the
z-axis. Outer radius (further curve) R = /x; inner radius r = x:

ver [ (@R -a)do=r [(@-at)ir=r(s-1) =5

B Do not square then subtract wrongly

R? —r? is not (R — r)?. Square each radius separately, then subtract.

B Choosing outer vs inner

The outer radius comes from the curve farther from the axis; the inner from the
curve nearer the axis. A quick sketch settles which is which.
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2 Practice

Now apply the methods above.

2.1 State the washer-method formula for the volume. 1]

2.2 For R =4 and r = 2, find 7(R* — r?). 1]

1
2.3 Evaluate 7T/ (z — 2?) dz. 2]
0

3 Exam-style questions

3.1 The washer method integrates 1]
Ar /(R —r)dx
B W/(RQ—TQ)CZZB

cw/Rde

D/(Rz—r2)dx

3.2 The region between y = x and y = z* (from x = 0 to = = 1) is revolved about the
T-axis.

(a) Identify the outer and inner radii. 2]
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(b) Set up and evaluate the volume. [4]

3.3 The region bounded by y = 4 and y = 22 (for 0 < x < 2) is revolved about the
x-axis. Set up the washer integral for the volume. 3]

4 Go further

You are now ready for the real exam questions on this subtopic:

o work through the 8.11 Volumes by the Washer Method lesson on the Learn
page;

o read the Volume with Washer Method: Revolving Around the x- or y-Axis
section of the AP Calculus BC handout on the Know page.
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Solutions

b
2'1 V = 7]—/ (Rguter R?nner) d
2.2 (16 —4) = 127.

x? 2371 _ 1 1\ _ =«
237[5 -5, =7(3-3) =%
3.1 B —subtract the squares of the radii.

2 (a) On (0,1), y = x is above y = z% outer R = z, inner r = 22. (b) V =
1

T

2

2
3.3 O0uter R =4, innerr =2% V=n [ (4*—(2°)*)de = 7r/ (16 — z*) du.
0

S~
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