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What we will cover

1 | Convergence & partial sums

2 | Geometric series

3 | The convergence tests Lo ... .- L

4 | Absolute vs conditional °

5 | Taylor polynomials & error

6 | Power series & intervals
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LConvergence

Convergent and divergent series

An infinite series )_ a, is defined as the limit of its partial sums
SN:al+"'+3N-

Every convergence question is really a question about the limit of the partial sums.
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LConvergence

Convergent and divergent series, in detail

sum=a/(l-r)=2

partial sums S_n
climb toward the limit

5 =nzoar” =12 onlyif|rl<1
s1 s2 s3 s4 S5 s6 s7 s8 s9

An infinite series ) a, is defined as the limit of its partial sums Sy = a; +
500 + aN.
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LConvergence

Geometric series — the one you can sum exactly

A geometric series has a constant
ratio r. It converges exactly when

Sum3+3+3 424
and |r] < 1:

I <1
Here a=3 and r= %

> a
Zaﬂ’zl .

n=0 - a 3
1—r:1—1:6'
2

It underlies power series later in the

unit.
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LConvergence

Working with Geometric Series

arithmetic: add d each step geometric: multiply by r each step
+3
w3/
x1.5
43 / . 5 /4
/ x1.5 /
/
— — ]
2 5) 8 11 2 3 4.5 6.75
up = a+ (n—1)d: equal steps U, = ar™ 1 growing steps

A geometric sequence multiplies by the same ratio at each step
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LThe tests

Start here — the nth term test

If the terms do not shrink to zero, the sum

Iti |
cannot settle: @ Itis only a

test for divergence
lim a, # 0 = diverges.
n—o0

If a, — 0 the test is inconclu-
Always check this quick test first. sive — the series may still diverge
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LThe tests

p-series and the harmonic series

1
Z 1 {converges p= The harmonic series Z% (p=1)
nP | diverges p<1 diverges — even though its terms go

The integral test proves this: for to zero. A famous, must-know fact.

positive, decreasing, continuous f, Y aj

and floo f both converge or both diverge. The p-series family is the standard yardstick
for the comparison tests.
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LThe tests

Comparison and alternating series

Direct comparison
0 < a, < byand > b,
converges = so does »_ a,

Alternating series

b, positive, decreasing,
and b, — 0 = converges

Limit comparison

lim 2= finite and positive

= both do the same thing

Ratio test

ant1 |.

L= hm‘ : L < 1 converges,

L>1 dlverges L = 1 inconclusive
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LThe tests

Worked example — the ratio test

n
Test Z 5
The ratio test is the go-to for

ntl 2" nal 1 factorials or nth powers — and

= = -~ <1 it is exactly how you find a
on+l p 2n 2 Y Y

dn+1
an

radius of convergence.

so the series converges.
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LThe tests

Absolute vs conditional convergence

(="

The classic: Y ——— converges
n
conditionally — it relies on the can-
. . . T
cellation of signs, since ) + di-
verges.

Absolutely

> |an| converges —
the stronger property

Conditionally -
ST a5 conyerses but Alternating error bound
n

> |an| does not
S — Sn| < byt

The error is no larger than the first
omitted term.
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LThe tests

Absolute against conditional convergence

Converges absolutely

Converges condition-
ally

Why it matters

How to test

A series converges absolutely when > |a,| converges — and then
>~ an converges too, whatever the signs do.

It converges conditionally when > a, converges but > |a,| does
not — the alternating harmonic series is the standard case.

An absolutely convergent series can be rearranged freely; a con-
ditionally convergent one can be rearranged to give any sum at
all.

Test > |an| first. If it converges you are finished; if not, try the
alternating series test on 3 aj.

“Converges” is not one property. Say which kind, because the error bound and the rearrange-

ment both depend on it.
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L Taylor

Taylor polynomials

A Taylor polynomial approximates f near a centre a using its derivatives there:

n £k
Pa(x) =) i kga) (x—a)k.

k=0

Each added term matches one more derivative. Centred at a = 0 it is a Maclaurin poly-
nomial.
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L Taylor

Taylor polynomials, in detail

each polynomial hugs sin x
more closely near x = 0

"\

. . X3 XS
sinx: x =3 +5 —

Each added term matches one more derivative at the centre, so the polynomial
hugs the curve more closely — and only near a.
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L Taylor

The Lagrange error bound

How far can a Taylor polynomial be from the
truth?

max | A" (2)]
R,(x)| < —1— 715 gt
R < =gy X
Bound the (n + 1)th derivative on the in-
terval, then compute — the standard way to
prove an estimate is accurate enough.
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L Taylor

Radius and interval of convergence

- o n Xn
A.p(.)wer series > c,,-(x a) converges Interval of Z X"
within a radius R of its centre. Find R n

with the ratio test, then test the . n
. Ratio: |x| — |x] < 1,s0 R =
endpoints separately. n+1
1. x = —1: alternating harmonic —
The ratio test is inconclusive at the converges.
endpoints — that is why they need their x = 1: harmonic — diverges.

own check.
Interval = [—1,1).
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L Taylor

The four Maclaurin series to memorise

X" 1
eX:ZH 1—x:ZXH

) (_l)nx2n+1 (_1)nx2n
smx:zm COSX:ZW

New series come from manipulating these — substituting, differentiating, integrat-
ing, multiplying.



The four Maclaurin series to memorise, in detail

Each extra Maclaurin term hugs the function over a wider range
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L Taylor

Worked example — the substitution trick

Maclaurin series for <

Substitute x* for x in e =Y X—n:

n!

(©.e]
2 A" X0
e _E%n!_l+x2+2!+3!+---
n—=

which converges for all x.

This substitution is far
faster than differentiating
e six times — which is ex-
actly what the exam is test-
ing.
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L Taylor

Defining Convergent and Divergent Infinite Series

Nested matryoshka dolls: an infinite series keeps adding terms — some converge,
some diverge
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L Taylor

Exam tips

m Test a series for convergence with the right tool: geometric (|r] < 1, sum 2-),
nth-term, ratio, integral, comparison, or alternating-series test.

= A geometric infinite sum converges only when |r| < 1; otherwise it diverges.

m Build a Taylor/Maclaurin series to approximate a function; more terms give a
better fit near the centre.

m Know the standard Maclaurin series for €%, sin x, cos x, and %{

= Find the radius/interval of convergence with the ratio test, then check the
endpoints separately.
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L Recap

Unit 10 — key takeaways

e Convergence e Geometric

the limit of the partial sums; |l < 1 = a/(l —r)— the one
check a, — 0 first exact sum

e The tests o Taylor

p-series yardstick; comparison, P, matches derivatives at a; ratio
alternating, ratio test gives R



Infinite Sequences & Series

L Recap

Check yourself

0 Does 3~ 1 converge?
9 Sum3—|—%—|—%+ -------;--;--1--L

e The ratio test gives L = 1. What follows?

partial sums

0 Give the Maclaurin series for e

| Answers 1. no—it diverges 2.6 3. inconclusive — use another test 4. Y x*"/n!



