AP CALCULUS BC « EXERCISE SHEET

9.9 Finding the Area of the Region
Bounded by Two Polar Curves

Name: Class: Date: Total: 36 marks
KEY WORDS meeting point o inside o outside » cardioid « pole
 region

Objective

Build the skills to answer exam questions on the area between two polar curves
: finding where the curves meet, 3 [(R? — r?)df), and regions
inside one curve and outside another.

You must be able to:

o find the angles where two polar curves meet by solving f(6) = ¢(0)
o write the area inside R = f(6) and outside r = g(0) as %/(R2 — %) db

« evaluate such integrals with the double-angle identities
e build an area from simpler areas by adding or subtracting

1 Key knowledge and worked examples

B Area between polar curves

idea rule

meeting points solve f(6) = g(0); also check the pole, where r = 0 on
each curve

. . | P

inside R, outside r A= 3 (R -7 )d@7 where R > r on [a, f]

not %/(R —r)2do

limits the angles of the meeting points that bound the region
build up inside both = one whole area — the part outside the
other
identities sin? @ = (1 — cos26), cos? @ = 1(1 + cos 26)
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Worked example 1: inside a circle, outside another. Inside r = 2sinf and
outside r = 1.

1. Known: 2sinf =1 at 0 = § and 5?7‘

1 5m/6 1 5m/6
2. Rule: 7/ (4sin?0 — 1)df = 7/ (1 —2co0s20)db.
2 /6 2 /6

5m/6
3. Numbers: } [0 — sin 29] = } Q—W ++3].
2 /6 2 3
V3

s
4. Result: — + —.
esu 3 + 5

Worked example 2: meeting points. Where do r = 1 and r = 2cosf meet,
T LHh<I?
2 =V =73

1. Known: 2cosf = 1.
2. Rule: cosf = %
3. Numbers: 6 = %, with r = 1.

4. Result: (%, :I:?) in Cartesian form.

Answer shapes: sketch or read the figure to decide which curve is outside; write
the limits next to the integral.

2 Practice

2.1 Find the area of the ring between the circles r = 3 and r = 1. 2

2.2 Find the points where the circles r = 1 and r = 2 cos #f meet. Give them in polar and
in Cartesian form. 3]

Y
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2.3 Find the area of the region inside r = 2 and outside 7 = 2sin6, for 0 <6 < 7. [3] 3.3 The circle r = 3sinf and the cardioid » = 1 + sin# are shown. They meet at two
points and at the pole.

Y
(a) Find the Cartesian coordinates of the two points where the curves meet, other than
the pole. 3
o 3 "

. (b) Find the area of the region inside the circle and outside the cardioid. 4]
3 Exam-style questions

Y

3.1 Find the exact area of the region inside r = 4 cos # and outside r = 2. [4]

Y
@r

3.2 The cardioid » = 1 + sin # and the circle r = 1 are shown.

(a) Find the values of 6 in [0, 27) where the curves meet. 2]

(b) Find the area inside the cardioid and outside the circle. 3]

(c) Find the area inside the circle and outside the cardioid. 1]
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(¢) Find the area of the region inside both curves. Give the exact value and a decimal. 5]

(d) Find the area of the region inside the cardioid and outside the circle. [6]
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Solutions
Marking: M1 a correct method, A1 the correct answer, B1 an independent mark.

Each answer shows the steps, then the result.

2.1
1/27T(9—1)d.9:87r

2 Jo

2.2

2cos0 = 1; (1, £3); (;, i@)

2.3

1 /2 /2 T
f/ (474sin29)d9:/ 2cos0df = —
2 Jo 0 2

3.1

[49 +

N |
[NSRIY

/3 1 /3
deosf = 2 at 0 = £7; / (16 cos® 0 — 4)df = 5/ (4 + 8cos26)db;
—/3 —m/3

/3 4
tsin20]” =T 42v3
—m/3 3
3.2
(a) 14+sinf=1,s0sinf=0: =0, 7

1 [™ . 2 _} " i in? 1 0= u
(b)§/0 ((1+sm€) 71)d9—2/0 (2sin 0 + sin® 6) db; 2(4+2> —2+4
@5 [ G-y w=2-7
) i sin = 1

3.3

(a) 3sinf =1+ sin 6 gives sinf = %, 0=5, %’T, r= %; <34ﬂ, %) and (7¥7 %)

1 [57/6 1 [57/6 1
(b) 5/ (9sin® 6 — (1+sin6)?) df = 5/ (3—4cos20—2sin0) db; 5[30—25111204—

/6 /6

57/6 1 /bm w
20039] =-|—=—-z)=7

/6 2\ 2 2

. 9 9 5T
(c) the circle has radius 2, arca R inside both = TR 3.93
1 [ 1 3t 3 5r w 5
d) cardioid area — 14sin6)?df = =(2n+7) = —; =———— = = check: n+2* = 27,
(@) 5 (rsimoyas = gomem) = L T2 - T
. 5 _ 3 . .

the circle, and “F + 4 = =, the cardioid
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