AP CALCULUS BC « EXERCISE SHEET

1.16 Working with the Intermediate
Value Theorem (IVT)

Name: - Classt — Date: Total: 13 marks
KEY WORDS intermediate value theorem « change o continuous
Objective

Build the skills to answer exam questions on the Intermediate Value Theorem
(IVT).

You must be able to:

» state the Intermediate Value Theorem
« use it to show a value (e.g. a zero) is attained

1 Key knowledge and worked examples

Study these first. Each one shows the method for a question type used later.

B The IVT
If f is continuous on [a,b] and N is any value between f(a) and f(b), then there is
at least one c in (a,b) with f(c) = N.

A sign change (f(a) and f(b) opposite signs) guarantees a zero in between.

B Example
If f is continuous with f(1) = —2 and f(3) = 4, the IVT guarantees a zero in (1, 3).

B Key knowledge: Use IVT without claiming uniqueness

The Intermediate Value Theorem needs continuity on a closed interval. Opposite
signs guarantee at least one zero between its endpoints; IVT alone does not establish
exactly one zero.
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® Worked example: Use IVT without claiming uniqueness

Take f(z) = 2® —x—1on [1,2]. Tt is a polynomial, so it is continuous. The endpoint
values are f(1) = —1 and f(2) = 5. Since 0 is between them, IVT guarantees some
c € (1,2) with f(c) = 0. An additional argument would be needed to conclude that
this zero is unique.

f(x)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00

2 Practice

2.1 State the IVT. 1]

2.2 State the condition f must satisfy for the IVT. 1]

2.3 If f(1) = =2, f(3) =4, and f is continuous, must f have a zero in (1,3)? 2]

3 Exam-style questions
3.1 The IVT requires f to be 1]
D A differentiable

B continuous on |a, b]
C linear
D a polynomial
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3.2 1If f(2) = —1 and f(5) = 3 (continuous), the IVT guarantees a ¢ with [1]

D A f(c) =10
B f(c)
()

= 0 for some c in (2,5)
= 00

3.3 f is continuous, f(0) = =5, f(4) = 3.
(a) State f(0) and f(4). [1]

(b) Note the sign change. 1]
(c) State what the IVT guarantees. 1]
3.4 Let g(x) = 2® — 2. (a) Evaluate g(1) and g(2). 2]

(b) Use IVT to state a justified conclusion about zeros in (1,2). Name the necessary
function condition. 2]
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Solutions

Each answer shows the steps, then the result.

2.1

o if f is continuous on [a,b] and N lies between f(a) and f(b), then f(c) = N for some
cin (a,b)

2.2

e it must be continuous on [a, b]

2.3

o yes — f is continuous and changes sign, so by the IVT there is a zero in (1, 3)
3.1B

« continuous on [a, b].

3.2B

« f(c) =0 for some ¢ in (2,5).

3.3

(a)

« f(0)=-5 f(4)=3

(b)

e it changes from negative to positive
()

e azero (a c with f(c) =0) in (0,4)
3.4

(a) g(1) = —1 and ¢(2) = 6.

(b) A polynomial is continuous on [1, 2], so there is at least one zero between the endpoints
because their values enclose 0.
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