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Part B (AB or BC): Graphing calculator not allowed 
Question 3 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

 

H

   1 1 cos ,
2 2

dH tH
dt

   H t t 0t 

 0 4H   

 

 Model Solution Scoring 

(a) 
 ,y H t  0, 4 .  

 

 

Solution curve 1 point 

 Scoring notes: 

  0, 4 , 4.5,t 

  

 Total for part (a) 1 point 

1



AP Calculus AB: 2024
AP® Calculus AB/BC 2024 Scoring Guidelines  

© 2024 College Board 

(b) 0 5,t    1.H t  ,t 0 5,t  H  

 

 
Because   1,H t   then 0dH

dt
  implies  cos 0.

2
t   

 

This implies that t   is a critical point. 

Considers sign of 

dH
dt

 

1 point 

Identifies t   1 point 

 
For 0 ,t    0dH

dt
  and for 5,t    0.dH

dt
  Therefore, 

t   is the location of a relative maximum value of .H  

Answer with 
justification 

1 point 

 

 Scoring notes: 

 0,dH
dt

 0,dH
dt

 0,dH
dt

  cos 0,
2
t   cos 0,

2
t 

 cos 0.
2
t 

 ,t 
1H   1t 

 

 dH
dt  cos

2
t

0 t   5.t   dH
dt

 

  

      2

2
1 11 sin c

2
1
2

os
2 2 2

dH
dt

d H t tH
dt

      

2

2
0

t

d H

dt 
   

Therefore, t   is the location of a relative maximum value of .H   

 Total for part (b) 3 points 
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(c)   ,y H t

   1 1 cos
2 2

dH tH
dt

   0 4.H   

  1 cos
1 2 2

dH t dt
H




 
Separation of 
variables 

1 point 

  
 

1 cos
1 2 2

ln 1 sin
2

dH t dt
H

tH C




   

 
   

One antiderivative 1 point 

 Second antiderivative 1 point 

  0ln 4 1 sin ln 3
2

C C      

Because  0 4,H   1,H   so 1 1.H H    

   ln 1 sin ln 3
2
tH     

Constant of 
integration and uses 
initial condition 

1 point 

    sin 2 ln 3 sin 21 3t tH e e     

   sin 21 3 tH t e   

Solves for H  1 point 

 Scoring notes: 

 

  ln 1
1

dH H
H

 





 

 

 
0 t 4 .H

 

    sin 21 3 tH t e 

 H t    sin 2 ln 31 .tH t e    

 1 1H H    

 

 s1 co
1 22

dH t dt
H

 


 

 Total for part (c) 5 points 

 Total for question 3 9 points 
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Part B (AB or BC): Graphing calculator not allowed 
Question 3 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 
 
A bottle of milk is taken out of a refrigerator and placed in a pan of hot water to be warmed. The increasing 
function M  models the temperature of the milk at time ,t  where ( )M t  is measured in degrees Celsius ( °C ) 
and t  is the number of minutes since the bottle was placed in the pan. M  satisfies the differential equation 

( )1 404
dM Mdt = − . At time 0t = , the temperature of the milk is 5°C . It can be shown that ( ) 40M t <  for 

all values of .t  
 
 Model Solution Scoring 

(a) A slope field for the differential equation ( )1 404
dM Mdt = −  is shown. Sketch the solution curve 

through the point ( )0, 5 .  

 

 

Solution curve 1 point 

 Scoring notes: 

• The solution curve must pass through the point ( )0, 5 ,  extend reasonably close to the left and right 
edges of the rectangle, and have no obvious conflicts with the given slope lines. 

• Only portions of the solution curve within the given slope field are considered. 

• The solution curve must lie entirely below the horizontal line segments at 40.M =  

 Total for part (a) 1 point 
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(b) Use the line tangent to the graph of M  at 0t =  to approximate ( )2 ,M  the temperature of the milk at 
time 2t =  minutes. 

 ( )
0

1 3540 54 4t

dM
dt =

= − =  
0t

dM
dt =

 1 point 

 The tangent line equation is ( )355 0 .4y t= + −  

( ) 352 5 2 22.54M =⋅≈ +  

The temperature of the milk at time 2t =  minutes is 
approximately 22.5  Celsius. 

Approximation 1 point 

 Scoring notes: 

• The value of the slope may appear in a tangent line equation or approximation. 

• A response of 355 24+ ⋅  is the minimal response to earn both points. 

• A response of ( )1 40 54 −  earns the first point. If there are any subsequent errors in simplification, 

the response does not earn the second point. 

• In order to earn the second point the response must present an approximation found by using a 
tangent line that: 
o passes through the point (0, 5)  and 

o has slope 35
4  or a nonzero slope that is declared to be the value of .dM

dt  

• An unsupported approximation does not earn the second point. 

• The approximation need not be simplified, but the response does not earn the second point if the 
approximation is simplified incorrectly. 

 Total for part (b) 2 points 

(c) 
Write an expression for 

2

2
d M
dt

 in terms of .M  Use 
2

2
d M
dt

 to determine whether the approximation from 

part (b) is an underestimate or an overestimate for the actual value of ( )2 .M  Give a reason for your 
answer. 

 
( )( ) ( )

2

2
1 1 1 140 404 4 4 16

d M dM M Mdtdt
= − = − − = − −  

2

2
d M
dt

  
1 point 

 
Because ( ) 40,M t <  

2

2 0,d M
dt

<  so the graph of M  is concave 

down. Therefore, the tangent line approximation of ( )2M  is an 
overestimate. 

Overestimate with 
reason 

1 point 

  

5
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 Scoring notes: 

• The first point is earned for either ( )( )2

2
1 1 404 4

d M M
dt

= − −  or ( )
2

2
1 4016

d M M
dt

= − −  (or 

equivalent). A response that presents any subsequent simplification error does not earn the  
second point. 

• A response that presents an expression for 
2

2
d M
dt

 in terms of dM
dt  but fails to continue to an 

expression in terms of M  (i.e., 
2

2
1
4

d M dM
dtdt

= − ) does not earn the first point but is eligible for the 

second point. 

• If the response presents an expression for 
2

2
d M
dt

 that is incorrect, the response is eligible for the 

second point only if the expression is a nonconstant linear function that is negative for 5 40.M< <  

o Special case: A response that presents 
2

2
1 (40 )16

d M M
dt

= −  does not earn the first point but is 

eligible to earn the second point for a consistent answer and reason.  

• To earn the second point a response must include 
2

2 0,d M
dt

<  or dM
dt  is decreasing, or the graph of 

M  is concave down, as well as the conclusion that the approximation is an overestimate. 

• A response that presents an argument based on 
2

2
d M
dt

 or concavity at a single point does not earn 

the second point. 

 Total for part (c) 2 points 

(d) Use separation of variables to find an expression for ( ) ,M t  the particular solution to the differential 

equation ( )1 404
dM Mdt = −  with initial condition ( )0 5.M =  

 1
40 4

dM dtM =
−

 

1
40 4

dM dtM =
−

⌠ ⌠
⌡⌡  

Separates variables 1 point 

 1ln 40 4M t C− − = +  Finds antiderivatives 1 point 

 ln 40 5 0 ln 35C C− − = + ⇒ = −  

( ) 40 40 0 40 40M t M M M< ⇒ − > ⇒ − = −  

( ) 1ln 40 ln 354M t− − = −  

( ) 1ln 40 ln 354M t− = − +  

 

Constant of 
integration and uses 
initial condition 

1 point 
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 440 35 tM e−− =  
440 35 tM e−= −  

Solves for M   1 point 

 Scoring notes: 

• A response with no separation of variables earns 0 out of 4 points. 

• A response that presents an antiderivative of ( )ln 40 M− −  without absolute value symbols is 
eligible for all 4 points. 

• A response with no constant of integration can earn at most the first 2 points. 

• A response is eligible for the third point only if it has earned the first 2 points. 

o Special Case: A response that presents ( )ln 40 4
tM C+ − = +  (or equivalent) does not earn 

the second point, is eligible for the third point, but not eligible for the fourth.   

• An eligible response earns the third point by correctly including the constant of integration in an 
equation and substituting 0  for t  and 5  for .M  

• A response is eligible for the fourth point only if it has earned the first 3 points. 

• A response earns the fourth point only for an answer of 440 35 tM e−= −  or equivalent. 

 Total for part (d) 4 points 

 Total for question 3 9 points 
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Part B (AB): Graphing calculator not allowed 
Question 5 9 points 

General Scoring Notes 
The model solution is presented using standard mathematical notation. 

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

Consider the differential equation dy = 1 sin π x y  + 7. Let y = f ( x) be the particular solution to the dx 2 ( 2 ) 
differential equation with the initial condition f ( )1 = 2. The function f is defined for all real numbers. 

Model Solution Scoring 

(a) A portion of the slope field for the differential equation is given below. Sketch the solution curve 
through the point (1, 2). 

Solution curve 1 point 

Scoring notes: 

• The solution curve must pass through the point (1, 2), extend reasonably close to the left and right 
edges of the square and have no obvious conflicts with the given slope lines. 

• Only portions of the solution curve within the given slope field are considered. 

• The solution curve must indicate f ( x) > 0 for all points on the curve. 

• All local maximum/minimum points on the solution curve must occur at horizontal line segments in 
the slope field. 

Total for part (a) 1 point 

© 2022 College Board 
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(b) Write an equation for the line tangent to the solution curve in part (a) at the point (1, 2). Use the 
equation to approximate f (0.8). 

Tangent line equation 1 point dy 1 π 3 = ⋅ 3 ⋅ sin = dx 2 ( 2 ) 2( , )=(1, 2)x y  

3An equation for the tangent line is y = 2 + ( x − 1 .)2 

Approximation 1 point 3f (0.8) 2 (0.8 − 1)≈ +  =  1.72 

Scoring notes: 

• The tangent line equation can be presented in any equivalent form. 

• An incorrect tangent line equation with a slope of 3 is eligible to earn the second point for a 2 
consistent answer. 

3• A response of only 2 + (0.8 − 1) earns the second point but not the first. 2 

Total for part (b) 2 points 

(c) ′′( )It is known that f x > 0 for −1 ≤ x ≤ 1. Is the approximation found in part (b) an overestimate or an 
underestimate for f (0.8) ? Give a reason for your answer. 

′′ Answer with reason 1 point 

line lies below the graph of y = f x( ) at x = 0.8, and the 
approximation for f (0.8) is an underestimate. 

Because f x( ) > 0, f is concave up on −1 ≤ x ≤ 1, the tangent 

Scoring notes: 
′′ ′• The reason must include f x( ) > 0, f x( ) is increasing, or f x( ) is concave up. 

Total for part (c) 1 point 

© 2022 College Board 
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(d) Use separation of variables to find y = f ( x), the particular solution to the differential equation 
dy = 1 sin π x y  + 7 with the initial condition f ( )1 = 2.dx 2 ( 2 ) 
⌠ dy π⌠ =  1 sin x dx( )⌡ y + 7 ⌡ 2 2 

Separation of 
variables 

1 point 

1 π2 y + 7 = − cos x + C( )π 2 
One correct 
antiderivative 

1 point 

The other correct 
antiderivative 

1 point 

1 πf ( ) 1 = 2 ⇒ 2 2 + 7 = − cos ⋅1 + C( )π 2 
1 π⇒ 6 = − cos + C ⇒ C = 6( )π 2 

1 π y + 7 = 3 − cos x( )2π 2 

Constant of 
integration and uses 
initial condition 

1 point 

21 π y = 3 − cos x − 7( ( ))2π 2 
Solves for y 1 point 

Scoring notes: 

• A response with no separation of variables earns 0 out of 5 points. 

• A response with no constant of integration can earn at most the first 3 points. 

• A response is eligible for the fourth point only if it has earned the first point and at least 1 of the 2 
antiderivative points. 

1 π o Special case: The incorrect separation of y + 7 dy = sin ( x) dx does not earn the first 2 2 
1 (π 

2 x)point, is only eligible for the antiderivative point for − cos , and is eligible for the fourth π 

point. 

• An eligible response earns the fourth point by correctly including the constant of integration in an 
equation and substituting 1 for x and 2 for y. 

• A response is eligible for the fifth point only if it has earned the first 4 points. 

Total for part (d) 5 points 

Total for question 5 9 points 

© 2022 College Board 
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Part B (AB): Graphing calculator not allowed 
Question 6 9 points 

 
General Scoring Notes 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 
 
Scoring guidelines and notes contain examples of the most common approaches seen in student responses. 
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored 
appropriately. 
 
A medication is administered to a patient. The amount, in milligrams, of the medication in the patient at time  

t  hours is modeled by a function ( )y A t=  that satisfies the differential equation 12 .3
dy y
dt

−=  At time 0t =  

hours, there are 0  milligrams of the medication in the patient. 
 
 Model Solution Scoring 

(a) A portion of the slope field for the differential equation 12
3

dy y
dt

−=  is given below. Sketch the 

solution curve through the point ( )0, 0 .  

 

 

Solution curve 1 point 

 Scoring notes: 
• To earn the point the solution curve must pass through the point ( )0, 0 ,  be generally increasing and 

concave down, and approach the horizontal asymptote from below as t  increases. The point is not 
earned if two or more solution curves are presented. 

 Total for part (a) 1 point 
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(b) Using correct units, interpret the statement ( )lim 12
t

A t
→∞

=  in the context of this problem. 

 Over time the amount of medication in the patient approaches  
12  milligrams. 

Interpretation 1 point 

 Scoring notes: 

• To earn the point the interpretation must include “medication in the patient,” “approaches 12, ” and 
units (milligrams), or their equivalents. 

 Total for part (b) 1 point 

(c) Use separation of variables to find ( ) ,y A t=  the particular solution to the differential equation 
12

3
dy y
dt

−=  with initial condition ( )0 0.A =  

 12
3 12 3

dy y dy dt
dt y

−= ⇒ =
−

 Separation of 
variables 

1 point 

 ln 1212 3 3
dy dt ty Cy = ⇒ − − = +
−

⌠ ⌠ ⌡⌡
 Antiderivatives 1 point 

 3

3

ln 12 123
12

t C

t

ty C y e

y Ke

− −

−

− = − − ⇒ − =

⇒ = +
 

 
0 12 12K K= + ⇒ = −  

Constant of 
integration and uses 
initial condition 

1 point 

 ( ) 312 12 ty A t e−= = −  Solves for y  1 point 

 Scoring notes: 

• A response of 312
dy dty =
−

 is a bad separation and does not earn the first point. However, this 

response is eligible for the second and third points. It cannot earn the fourth point. 

• Absolute value bars are not required in this part. 

• A response that correctly separates to 3
12

dy dty =
−

 but then incorrectly simplifies to  

4
dy dty =
−

 earns the first point (for the initial correct separation), is eligible for the second point 

(for ln 4 ,y t− − =  with or without C+ ), but is not eligible for the third or fourth points. 

• ln 12 3
ty+ − =  (with or without C+ ) does not earn the second point and is not eligible for the 

fourth point; ln 12 3
ty C+ − = +  is eligible for the third point. 

• In all other cases, the points are earned consecutively—the second point cannot be earned without 
the first, the third without the second, etc. 

 Total for part (c) 4 points 

12



AP Calculus AB: 2021
AP® Calculus AB/BC 2021 Scoring Guidelines  

© 2021 College Board 

(d) A different procedure is used to administer the medication to a second patient. The amount, in 
milligrams, of the medication in the second patient at time t  hours is modeled by a function ( )y B t=  

that satisfies the differential equation 3 .2
dy y
dt t= −

+
 At time 1t =  hour, there are 2.5  milligrams of 

the medication in the second patient. Is the rate of change of the amount of medication in the second 
patient increasing or decreasing at time 1 ?t =  Give a reason for your answer. 

 
( )

( )

( )

2

2 2

2
3 12 2

dy t ydy y d y dt
dt t dt t

+ −
= − ⇒ = −

+ +
 

Quotient rule 1 point 

 
( ) ( )1 2.5 6.51 3 33 3 3

BB′ = − = − =  

( ) ( ) ( )
2

1 3 1 6.5 2.5 41 09 93
B BB
′ − −′′ = − = − =

⋅
− <  

( )1 0B′′ <  1 point 

 The rate of change of the amount of medication is decreasing at 

time 1t =  because ( )1 0B′′ <  and 
2

2
d y
dt

 is continuous in an 

interval containing 1.t =  

Answer with reason 1 point 

 Scoring notes: 

• The first point is for correctly applying the quotient rule to 2
y

t +  or applying the product rule to 

( ) 12 .y t −+  Errors in differentiating the constant, 3,  or handling the sign of the second term of dy
dt  

will result in not earning the second point. 

• The second point cannot be earned unless the second derivative 
2

2
d y
dt

 is correct. 

• For the second point it is sufficient to state the sign of ( )1B′′  is negative with supporting work. If a 
value is declared for ( )1 ,B′′  it must be correct in order to earn the second point. 

• Eligibility for the third point: An attempt at using the quotient rule (or product rule) to find ( )1 .B′′  In 
this case the third point will be earned for a consistent conclusion based on the declared value (or 
sign) of ( )1 .B′′  

 Total for part (d) 3 points 

 Total for question 6 9 points 
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2019 SCORING GUIDELINES 

Question 1 

(a) 
5 

E t    d t  153.457690
0 

To the nearest whole number, 153  fish enter the lake from midnight 
to 5 A.M. 

1
  : integral 

2 :  
1 : answer 

(b) 1 5 

  L t    d t  6.059038
5 0 0 

 

 

The average number of fish that leave the lake per hour from 
midnight to 5 A.M. is 6.059  fish per hour. 

1
  : integral 

2 : 
1 : answer 

(c) The rate of change in the number of fish in the lake at time t is 
given by  Et    L t  .  

E t   Lt    0  t  6.20356  

E t   Lt    0 for 0  t 6.20356, and E t     Lt    0 for

6.20356  t 8 .  Therefore the greatest number of fish in the lake is 
at time  t  6.204  (or  6.203).  

— OR — 

Let A t   be the change in the number of fish in the lake from  

midnight to  t  hours after midnight.  


t

A t     E s   L s   ds  
0 

A t    E t   L t   0  t  C  6.20356  

t A t 
0 0 
C 135.01492 
8 80.91998 

Therefore the greatest number of fish in the lake is at time 
t  6.204  (or  6.203).   

 1 : sets  E t   L t   0 


3 :  1 : answer  
 1 : justification 

(d) E 5  L 5    10.7228     0 

Because  E  5  L 5  0,  the rate of change in the number of fish 

is decreasing at time

 

  t  5.  

 1 : considers  E5  and L5
2 :    

 1 : answer with explanation 

© 2019 The College Board.   
Visit the College Board on the web: collegeboard.org.  
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Question 2 

(a) vP is differentiable   vP  is continuous on  0.3  t  2.8.  

vP 2.8  vP 0.3  55  55   0  
2.8  0.3 2.5 

By the Mean Value Theorem, there is a value c, 0.3  c  2.8, such that 

v cP    0.  

— OR — 

vP is differentiable  vP   is continuous on  0.3  t  2.8.  

By the Extreme Value Theorem,  vp  has a minimum on 0.3, 2.8 .   

vP 0.3  55  29  vP 1.7  and vP 1.7  29  55  vP 2.8  .   
Thus vP  has a minimum on the interval 0.3, 2.8 . 

Because  vP  is differentiable, v 
P  t  must equal 0  at this minimum.  

 1 :  v 2.8  v
 P P 0.3   0

2 :   1 : justification, using  
 Mean Value Theorem 

— OR —

 1 :  vP 0.3  vP 1.7 
 and vP 1.7  vP 2.8 

2 :  
 1 : justification, using  
 Extreme Value  Theorem 

(b) 


 
2.8  v 0  v 0.3     v 0.3    v 1.  v tP   dt  0.3 P P   1.4  P P 
0  2   2  

 vP 1.7  vP 2.8   1.1 
 2   

 0 5 5    55   29  29 5 5 0.3  1.4    1.1 
2  2   2  

 40.75 

7  
1 : answer, using trapezoidal sum 

(c) v t  Q    60  t  A   1.866181 or  t  B   3.519174  

v tQ    60 for A t     B


B 

v tQ   dt  106.108754  
A

The distance traveled by particle Q during the interval A t    B is

106.109 (or  106.108)  meters. 

 1 : interval 


3 :  1 : definite integral  
 1 : distance 

(d) From part (b), the position of particle  P at time t  2.8 is 

x 
2.8 

P 2.8  vP t    40.75.  
0 

dt

xQ 2.8   xQ 0     
2.8

vQ t  dt   90  135 .937653  45.937653  
0 

Therefore at time  t  2.8, particles P and  Q  are approximately 

45.937653  40.75  5.188 (or  5.187)  meters apart.  

 2.8 
1 :  v tQ   d t 0

3 :     1 : position of particle  Q
 
 1 : answer 

© 2019 The College Board. 
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Question 3 

(a) 
5 2 5

f x  d x    f x  d x   f  x d x
6 6 2 


2 

f x   7    d x  2   99    
6 4  

2 9 9  f x  d x  7   11      4
6 4 4 

 5 2 5
1 :  f  x d x  f  x d x  f x d   6 6 2


3 :  5

1 : f x  d x 2
 1 : answer 

x

(b) 
5 
 2 f  x  4 dx  2 

3 
5 5

f  x dx   4 dx 
3 3 

 2 f  5  f 3    45  3  
 2 0    3  5    8 

 2 3  5    8  2   2  5

— OR — 


5
2 f x   4 dx  2 f  x   4x x5

x3 3 

 2 5f    20    2 f  3  12  
 2  0 20     2 3  5    
 2 2  5  

12  

 :  1 :  Fundamental Theorem of Calculus 
2   

 1 :  answer 
 :  1 :  Fundamental Theorem of Calculus 

2   
 1 :  answer 

(c) 1g x   f x    0  x  1, x   , x  5
2 

x  g x 
2  0  

1 1  
2 

1  
2 

1  
4 

5  9 11   
4 

On the interval  2 x  5,  the absolute  maximum value 

of  g is 

 

9g 5   11   
4 

.  

 1 :  g x   f  x  


3 :   1 : identifies  x  1 as a candidate  
 1 : answer  with justification 

(d) 
10 x  3 f x     10 1  3 f  1

lim 
x1 f x     arctan x f  1  arctan 1 

 10  3  2 4 
1 a rctan  1  1 

4 

1 : answer  

© 2019 The College Board.   
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Question 4 

(a) V   r2h     1 2 h  h  
dV dh 1      4     cubic feet per second
dt h4 dt h4 10 5

 dV dh  1 :   
2 :   dt dt  

 1 : answer with units

(b) d h2  1 dh  1 1 1     
2 

    h   
dt 20 h dt 20 h  10 200

Because  d h2  1 
2 

  0 for h  0, 
dt 200 

the rate of change of the

height is increasing when the height of the water is 3  feet.  

 d 11 :   h  dh 10  1 
20 h 


3 :   d h2  1 dh   

1 :     dt2 
 
20 h dt 


 1 :  answer with explanation 

(c) dh 1   dt
h 10 

 dh  1  dt
 h  10 

12 h    t  C
10 

 
12 5     0  C  C 

10 
12 h    t  2 5

10 

1h t    2 

 t  5
20 

 

2 5  

 1 : separation of  variables 
 1 : antiderivatives 


4 :   1 : constant of integration  
 and uses  initial condition
 
 1 :  h t   

Note: 0 4  if no separation of variables 

Note: max 2 4  [1-1-0-0  ] if no constant 
of integration 

© 2019 The College Board.   
Visit the College Board on the web: collegeboard.org.  

18



AP Calculus AB: 2019  

 

 

 

 

 

 
  

 

AP® CALCULUS AB 
2019 SCORING GUIDELINES 

Question 5 

(a) 
2 2 

 h    x gx   dx      6 2 x  1 2 

0 
  2  3cos    x 

0  2  dx 

 x2 
 2 3 6    6x   x  1    2x   sin x  3   2  x0  

  2   2 12   4  0    0 
3  3    0  0 

2  2 44   12    4   
3 3 3 

The area of R  is 44
3 

.  

 1 : integrand 
 
 1 : antiderivative of  3cos  x
 2 

4 :   1 : antiderivative of   
 remaining terms 
 1 : answer 

(b) 
2 2

  dx   1A x dx  
0 0 x  3  

 ln  x x2 3  ln 5  ln 3 
x0 

The volume of the solid is ln 5  ln 3.  

 1 : integral 
2 :   

1 : answer 

(c) 
2 

   6  g x  2  6  h 2   
0 

x  dx  
 1 : limits and constant 


3 :   1 : form of  integrand  
 1 : integrand 

© 2019 The College Board.   
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Question 6 

(a) 2 h 2   
3 

1 : answer  

(b) a x   9 x h x  3x h x  
 

2a 2  9  2 2 h 2  3  23h 2  36  4  24   160  
3 

2 3
 1 : form of product rule 


3 :  1 : a x    
 1 :  a 2 

(c) Because  h is differentiable, h is continuous, so lim h x   h2   4
x2 

.  

Also, x2  4 x2  4 lim h x   lim , so lim  4
x2 x2 1   f x 3 x2 1   f x 3 

.  

Because  lim x 2  4
x2 

  0, we must also have lim 1   f x 3  0  
x2 

 . 

Thus lim f x   1
x2 

.  

Because  f is differentiable, f is continuous, so f 2  lim f x  1
x2 

.  

Also, because  f is twice differentiable, f  is continuous, so  

lim f x   f 2
x2 

exists.

Using L’Hospital’s Rule, 

x2  4 2x 4lim  lim   4
x2 1   f x   3 x2 3  f x  2 f  x  3 1 2  f 2 

.  

Thus 1f  2    
3 

.  

 x2  41 :  lim  4
x2 

 1   f x 3


4 :  1 :  f  2  
 1 : L ’Hospital ’s Rule 
 1 :  f  2

(d) Because  g and h are differentiable, g and h are continuous, so  

lim g x    g2  4 
x2 

and lim h x   h2  4
x2 

.   

Because  g x    k x  h x  for 1  x  3, it follows from the squeeze

theorem that lim k x    4
x2 

.   

Also, 4  g2  k2  h2  4, so k2  4.  

Thus k is continuous at x  2.  

1 : continuous with justification  

© 2019 The College Board.   
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Question 1 
 

  
   
(a) ( )

300

0
270r t dt =∫   

 
According to the model, 270 people enter the line for the escalator 
during the time interval 0 300.t≤ ≤   
 

 1 : integral
2 : 

 1 : answer




 

 

(b) ( )( ) ( )
300 300

0 0
20 0.7 20 0.7 300 80r t dt r t dt+ − = + − ⋅ =∫ ∫   

 
According to the model, 80 people are in line at time 300.t =  
 

 1 : considers rate out
2 : 

 1 : answer




 

 

(c) Based on part (b), the number of people in line at time 300t =  is 80. 
 
The first time t that there are no people in line is  

80300 414.2860.7+ =  (or 414.285) seconds. 

 

1 : answer  
 

(d) The total number of people in line at time t, 0 300,t≤ ≤  is modeled by 

( )
0

20 0.7 .
t
r x dx t+ −∫  

 
( ) 1 20.7 0 33.013298, 166.574719r t t t− = ⇒ = =  

 
t People in line for escalator 
0 20 
1t   3.803 

2t   158.070 
300 80 

 
The number of people in line is a minimum at time 33.013t =  seconds, 
when there are 4 people in line. 
 

( ) 1 : considers 0.7 0
 1 : identifies 33.013

4 : 
 1 : answers
 1 : justification

r t
t

− =
 =



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Question 2 
 

  
   
(a) ( )3 2.118v′ = −  

 
The acceleration of the particle at time 3t =  is 2.118.−   
 
 
 

1 : answer  
 

(b) ( ) ( ) ( ) ( )
3 3

0 0
3 0 5 1.760213x x v t dt v t dt= + = − + = −∫ ∫  

 
The position of the particle at time 3t =  is 1.760.−  
 
 
 

( )
3

0
 1 : 

3 :  1 : uses initial condition
 1 : answer

v t dt





∫
 

 

(c) ( )
3.5

0
2.844v t dt =∫  (or 2.843) 

 

( )
3.5

0
3.737v t dt =∫  

 

The integral ( )
3.5

0
v t dt∫  is the displacement of the particle over 

the time interval 0 3.5.t≤ ≤  
 

The integral ( )
3.5

0
v t dt∫  is the total distance traveled by the 

particle over the time interval 0 3.5.t≤ ≤  
 
 
 

( )

( )

3.5

0
3.5

0

 1 : answers

 2 : interpretations of  3 : 

and 

v t dt

v t dt








∫
∫

 

 

(d) ( ) ( )2v t x t′=  
 
( ) 2 1        1.57054v t t t= − ⇒ =  

 
The two particles are moving with the same velocity at time 

1.571t =  (or 1.570). 
 
 
 

( ) ( )2 1 : sets 2 : 
 1 : answer

v t x t ′=


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Question 3 
 

  
   
(a) ( ) ( ) ( ) ( ) ( )

( ) ( )
5 1

1 5
5 1 1

3 19 253 9 1 32 2 2

f f g x dx f g x dx
−

−
− = + = −

= − − − + = − − =

∫ ∫
 

 
 
 

{ 1 : integral
2 : 

 1 : answer
 

 

(b) ( ) ( ) ( )

( )

( ) ( )

6 3 6

1 1 3
3 6 2

1 3
6

3

3

2 2 4

2 16 24 4 4 103 3 3

x

x

g x dx g x dx g x dx

dx x dx

x
=

=

= +

= + −

 = + − = + − − =  

∫ ∫ ∫
∫ ∫  

 
 
 

( )2
 1 : split at 3

3 :  1 : antiderivative of 2 4
 1 : answer

x

x

=


−


 

 

(c) The graph of f is increasing and concave up on 0 1x< <  and 
4 6x< <  because ( ) ( ) 0f x g x′ = >  and ( ) ( )f x g x′ =  is 
increasing on those intervals. 
 
 
 

{ 1 : intervals
2 : 

 1 : reason
 

 

(d) The graph of f has a point of inflection at 4x =  because 
( ) ( )f x g x′ =  changes from decreasing to increasing at 4.x =  

 
 
 

{ 1 : answer
2 : 

 1 : reason
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Question 4 
 

  
   
(a) ( ) ( ) ( )7 5 11 6 56 7 5 2 2

H HH − −′ ≈ = =
−

 

 
( )6H ′  is the rate at which the height of the tree is changing, in meters  

per year, at time 6t =  years. 
 

{ 1 : estimate
2 : 

 1 : interpretation with units
 
 

(b) ( ) ( )5 3 6 2 25 3 2
H H− −= =

−
 

 
Because H is differentiable on 3 5,t≤ ≤  H is continuous on 3 5.t≤ ≤  
 
By the Mean Value Theorem, there exists a value c, 3 5,c< <  such that 

( ) 2.H c′ =  
 

( ) ( )5 3 1 : 5 32 :  1 : conclusion using 
Mean Value Theorem

H H−
 −




 

 

(c) The average height of the tree over the time interval 2 10t≤ ≤  is given 

by ( )
10

2
1 .10 2 H t dt
− ∫  

 

( ) ( )
( )

10

2
1.5 2 2 6 6

2

1 1

.

11 2 11 15
2 2 21 2 38 8

1 2636 58 3

2

5 7

H t dt + + + ++ + +≈ ⋅ ⋅ ⋅ ⋅

= =

∫
 

 
The average height of the tree over the time interval 2 10t≤ ≤  is  
263
32  meters. 

 

{ 1 : trapezoidal sum
2 : 

 1 : approximation
 

 

(d) ( ) 50 1G x x= ⇒ =  
 

( )( ) ( )( ) ( )
( ) ( )2 2

1 100 100 1 100
1 1

x xd d dx dx dxG x G xdt dx dt dt dtx x
+ − ⋅

= ⋅ = ⋅ = ⋅
+ +

 

 

( )( )
( )21

100 30.03 41 1x

d G xdt =
= ⋅ =

+
  

 
According to the model, the rate of change of the height of the tree with 

respect to time when the tree is 50 meters tall is 3
4  meter per year. 

 

( )( ) 2 : 3 : 
 1 : answer

d G xdt




 

 
Note: max 1 3  [1-0] if  

no chain rule 
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Question 5 
 

  
   
(a) The average rate of change of f on the interval 0 x π≤ ≤  is

( ) ( )0 1.0
f f eππ

π π
− − −=
−

 

 

1 : answer  
 

(b) ( ) cos sinx xf x e x e x′ = −  

( ) ( ) ( )3 2 3 2 3 23 3 3cos sin2 2 2f e e eπ π ππ π π′ = − =  

 

The slope of the line tangent to the graph of f at 3
2x π=  is 3 2.e π  

 

( ) 1 : 
2 : 

 1 : slope
f x′




 

 

(c) ( ) 50 cos sin 0 ,4 4f x x x x xπ π′ = ⇒ − = ⇒ = =  

 
x ( )f x  
0 1 

4
π  41

2
eπ  

5
4
π  5 41

2
e π−  

2π  2e π  
 

The absolute minimum value of f on 0 2x π≤ ≤  is 5 41 .
2

e π−  

 

( ) 1 : sets 0
5 1 : identifies ,3 : 4 4

as candidates
 1 : answer with justification

f x

x xπ π
′ =


= =






 

 

(d) ( )
2

lim 0
x

f x
π→

=  

 
Because g is differentiable, g is continuous. 

( ) ( )2
lim 02x

g x g
π

π
→

= =  

 
By L’Hospital’s Rule, 

( )
( )

( )
( )

2

2 2
lim lim .2x x

f x f x e
g x g x

π

π π→ →

′ −
= =′  

 

 1 :  is continuous at 2
and limits equal 03 : 

 1 : applies L’Hospital’s Rule
 1 : answer

g x π =






 

 
Note: max 1 3  [1-0-0] if no limit 

notation attached to a ratio of 
derivatives 
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Question 6 
 

  
   
(a) 

 
 

( )
( )

 1 : solution curve through 0, 2
2 : 

 1 : solution curve through 1, 0




 

 
Curves must go through the indicated 
points, follow the given slope lines, and 
extend to the boundary of the slope field. 
 

(b) 
( ) ( ), 1, 0

4
3x y

dy
dx =

=  

An equation for the line tangent to the graph of ( )y f x=  at 

1x =  is ( )4 1 .3y x= −  

 

( ) ( )40.7 0.7 1 0.43f ≈ − = −  

 

{ 1 : equation of tangent line
2 : 

 1 : approximation
 

 

(c) ( )21 23
dy x ydx = −  

( )2
1
32

dy x dx
y

=
−

⌠ ⌠ ⌡⌡
 

21 1
2 6 x Cy

− = +
−

 

1 1 1
2 6 3C C= + ⇒ =  

2
21 1 1 2

2 6 3 6
xxy

− += + =
−

 

2
62

2
y

x
= −

+
 

 
Note: this solution is valid for .x− < <∞ ∞  

 1 : separation of variables
 2 : antiderivatives

5 :  1 : constant of integration 
and uses initial condition

 1 : solves for y









 

 
Note: 0 5  if no separation of variables 
 
Note: max 3 5  [1-2-0-0] if no constant of 

integration 
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Question 1 

t 
(hours) 0 1 3 6 8 

( )R t  
(liters / hour) 

1340 1190 950 740 700 
 

Water is pumped into a tank at a rate modeled by ( )
2 202000 tW t e−=  liters per hour for 0 8,t≤ ≤  where t is 

measured in hours. Water is removed from the tank at a rate modeled by ( )R t  liters per hour, where R is 
differentiable and decreasing on 0 8.t≤ ≤  Selected values of ( )R t  are shown in the table above. At time 

0,t =  there are 50,000 liters of water in the tank. 

(a) Estimate ( )2 .R′  Show the work that leads to your answer. Indicate units of measure. 

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of 
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total 
amount of water removed? Give a reason for your answer. 

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest liter, 
at the end of 8 hours. 

(d) For 0 8,t≤ ≤  is there a time t when the rate at which water is pumped into the tank is the same as the rate 
at which water is removed from the tank? Explain why or why not. 

     
(a) ( ) ( ) ( ) 23 1 950 1190 120 liters/hr3 1 3 12 RR R− −≈ = = −

− −
′  

 
{ 1 : estimate

2 :
 1 : units

 

 

(b) The total amount of water removed is given by ( )
8

0
.R t dt∫  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

8

0
1

1 13

0 2 1 3 3 2 6

40 2 1190 3 950 2 740
8050  liters

R t R R R Rdt ≈ ⋅ ⋅ ⋅ ⋅

+ + +
=

+ + +

=
∫

 

 
This is an overestimate since R is a decreasing function. 
 

 1 : left Riemann sum
3 :  1 : estimate

 1 : overestimate with reason






 

 

(c) ( )
8

0
8050

50000 7836.

Total 5000

195325 8050 49786  li ers

0

t

t dtW≈ −

= + − ≈

+ ∫  

 

{ 1 : integral
2 :

 1 : estimate
 

 

(d) ( ) ( )0 0 0,W R− >  ( ) ( )8 8 0,W R− <  and ( ) ( )W t R t−  is 
continuous. 
 
Therefore, the Intermediate Value Theorem guarantees at least one 
time t, 0 8,t< <  for which ( ) ( ) 0,W t R t− =  or ( ) ( ).W t R t=  
 
For this value of t, the rate at which water is pumped into the tank 
is the same as the rate at which water is removed from the tank. 

( ) ( ){ 1 : considers 
2 :

 1 : answer with explanation
W t R t−
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Question 2 

For 0,t ≥  a particle moves along the x-axis. The velocity of the particle at time t is given by 

( )
2

1 2sin .2
tv t  = +  

 
 The particle is at position 2x =  at time 4.t =  

(a) At time 4,t =  is the particle speeding up or slowing down? 

(b) Find all times t in the interval 0 3t< <  when the particle changes direction. Justify your answer. 

(c) Find the position of the particle at time 0.t =  

(d) Find the total distance the particle travels from time 0t =  to time 3.t =  
  
   
(a) ( )

( )
4 2.978716
4 1.164000 0

0v
v = −

>
′ <

=
 

 
The particle is slowing down since the velocity and 
acceleration have different signs. 
 

conclusion with re2 : ason  
 

(b) ( ) 0 2.707468v t t= ⇒ =  
 
( )v t  changes from positive to negative at 2.707.t =  

Therefore, the particle changes direction at this time. 
 

{ 1 : 2.707
2 :

 1 : justification
t =

 

 

(c) ( ) ( ) ( )

( )

0

4
2 5.815027 3.815

0 4 v t dtx x

= + − = −

= + ∫  

 

 1 : integral
3 :  1 : uses initial condition

 1 : answer






 

 

(d) ( )
3

0
5.301Distance v t dt == ∫  

 
{ 1 : integral

2 :
 1 : answer
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Question 3 

The figure above shows the graph of the 
piecewise-linear function f. For 4 12,x− ≤ ≤  
the function g is defined by 

( ) ( )
2

.
x

g x f t dt= ∫  

(a) Does g have a relative minimum, a relative 
maximum, or neither at 10 ?x =  Justify 
your answer. 

(b) Does the graph of g have a point of 
inflection at 4 ?x =  Justify your answer. 

(c) Find the absolute minimum value and the 
absolute maximum value of g on the 
interval 4 12.x− ≤ ≤  Justify your answers. 

(d) For 4 12,x− ≤ ≤  find all intervals for which ( ) 0.g x ≤  

  
   
  ( ) ( )  in (a), (b), (c1 : ), r ) o  (dx f xg′ =  

 
(a) The function g has neither a relative minimum nor a 

relative maximum at 10x =  since ( ) ( )g x f x′ =  and 
( ) 0f x ≤  for 8 12.x≤ ≤  

 

answer with justifica1 : tion  
 

(b) The graph of g has a point of inflection at 4x =  since 
( ) ( )g x f x′ =  is increasing for 2 4x≤ ≤  and decreasing 

for 4 8.x≤ ≤  
 

answer with justifica1 : tion  
 

(c) ( ) ( )g x f x′ =  changes sign only at 2x = −  and 6.x =  
 

x  ( )g x  
− 4  − 4  
−2  −8  

6  8  
12  − 4  

 
On the interval 14 2,x− ≤ ≤  the absolute minimum  
value is ( )2 8g − = −  and the absolute maximum value  
is ( )6 8.g =  
 

 1 : considers 

4 :
 1 : considers 4  and 12
 2 : answ

2  an

ers 

d 6
as candida

with justificatio

tes

n

x

x x

x=

 = − =

− =




 

 

(d) ( ) 0g x ≤  for 24 x− ≤ ≤  and 10 12.x≤ ≤  
 

2 : intervals  
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Question 4 

Consider the differential equation 
2

.1
dy y
dx x=

−
 

(a) On the axes provided, sketch a slope field for the given differential equation at the six points indicated. 

(b) Let ( )y f x=  be the particular solution to the given differential equation with the initial  
condition ( )2 3.f =  Write an equation for the line tangent to the graph of ( )y f x=  at 2.x =   
Use your equation to approximate ( )2.1 .f  

(c) Find the particular solution ( )y f x=  to the given differential equation with the initial condition ( )2 3.f =  

     (a) 

 
 

{ 1 : zero slopes
2 :

 1 : nonzero slopes
 

 

(b) 
( ) ( )

2

, 2, 3

3 92 1x y

dy
dx =

= =
−

 

 
An equation for the tangent line is ( )9 2 3.y x= − +  
 
( ) ( )9 2.1 2 92. 3 3.1f ≈ − + =  

 

{ 1 : tangent line equation
2 :

 1 : approximation
 

 

(c) 

( )

2

2

1 1
1

1 1
1

1 ln 1

1 1ln 2 13 3
1 1ln 1 3

1
1 ln 13

dy dxxy

dy dxxy

x Cy

CC

xy

y
x

=
−

=
−

− = − +

− = − +

− = − −

⇒

=

=

−

−

−

⌠ ⌠ ⌡⌡

 

Note: This solution is valid for 1 31 1 .x e< < +  

 1 : separation of variables
 2 : antiderivatives

5 :  1 : constant of integration and
      uses initial condition
 1 : solves for y









 

 
Note: max 3 5  [1-2-0-0] if no constant 
 of integration 
 
Note: 0 5  if no separation of variables 
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Question 5 

 

The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height h, 

the radius of the funnel is given by ( )21 3 ,20r h= +  where 0 10.h≤ ≤  The units of r and h are inches. 

(a) Find the average value of the radius of the funnel. 

(b) Find the volume of the funnel. 

(c) The funnel contains liquid that is draining from the bottom. At the instant when the height of the liquid is 

3h =  inches, the radius of the surface of the liquid is decreasing at a rate of 1
5  inch per second. At this 

instant, what is the rate of change of the height of the liquid with respect to time? 
     
(a) ( )

( )( )

10310
2

0 0
Average radius

109
6

1 1 13 310 20 200 3

1 100030 0  in0 3 020

hh dh h + = +  

+ − =

=

=

⌠
⌡  

 

 1 : integral
3 :  1 : antiderivative

 1 : answer






 

 

(b) ( )( )( ) ( )

( )( )

10 2 102 2 4
00

105
3

0

3

1 3 9 620 400

9 2400 5

100000 220990 2000 0  in400 5 40

Volume h dh h h dh

hh h

ππ

π

π π

+ = + +

 = + +  

+ + − =

=

=

⌠
⌡ ∫

 

 

 1 : integrand
3 :  1 : antiderivative

 1 : answer






 

 

(c) ( )1 220
1
5 10

1 10 2  in/se

3

c5 3 3

dr dhhdt dt
dh
dt

dh
dt

=

− =

= − = −⋅

 
{ 2 : chain rule

3 :
 1 : answer

 

 

 

33



AP Calculus AB: 2016
AP® CALCULUS AB 

2016 SCORING GUIDELINES 
 

© 2016 The College Board.  
Visit the College Board on the Web: www.collegeboard.org. 

Question 6 

x ( )f x  ( )f x′  ( )g x  ( )g x′  

1 – 6 3 2 8 

2 2 –2 –3 0 

3 8 7 6 2 

6 4 5 3 –1 
 
The functions f and g have continuous second derivatives. The table above gives values of the functions and 
their derivatives at selected values of x. 

(a) Let ( ) ( )( ).k x f g x=  Write an equation for the line tangent to the graph of k at 3.x =  

(b) Let ( ) ( )
( ) .g xh x f x=  Find ( )1 .h′  

(c) Evaluate ( )
3

1
2 .f x dx′′∫  

  
   
(a) ( ) ( )( ) ( )

( ) ( )( ) ( ) ( )3 3
3

3 6 2 5 2 1
6 4

0
3

k f g
k f g f

g f
= = =

⋅ ⋅ ⋅′ ′ ′ ′= = = =
 

 
An equation for the tangent line is ( )10 3 4.y x= − +  
 

{ 2 : slope at 3
3 :

 1 : equation for tangent line
x =  

 

(b) ( ) ( ) ( ) ( ) ( )
( )( )

( )
( )

2

2

1 1 1 11
1

6 8 2 3 54 3
36 26

g f
f

h f g′ ′−
=

−

⋅ ⋅′

− −=
−
⋅

= = −
⋅

 

 

( ){ 2 : expression for 
3 :

 1 : a er
1

nsw
h′  

 

(c) ( ) ( ) ( ) ( )[ ]

( )[ ]

3 3
11

1 12 2 6 22 2
1 75 22 2

f x dx f x f f=′′ ′ ′ ′ = − 

= − − =

∫
 

 

{ 2 : antiderivative
3 :

 1 : answer
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Grass clippings are placed in a bin, where they decompose. For 0 30,t≤ ≤  the amount of grass clippings 
remaining in the bin is modeled by ( ) ( )6.687 0.931 ,tA t =  where ( )A t  is measured in pounds and t is measured 
in days. 

(a)   Find the average rate of change of ( )A t  over the interval 0 30.t≤ ≤  Indicate units of measure. 

(b)   Find the value of ( )15 .A′  Using correct units, interpret the meaning of the value in the context of the 
problem. 

(c)   Find the time t for which the amount of grass clippings in the bin is equal to the average amount of grass 
clippings in the bin over the interval 0 30.t≤ ≤  

(d)   For 30,t >  ( ) ,L t  the linear approximation to A at 30,t =  is a better model for the amount of grass 
clippings remaining in the bin. Use ( )L t  to predict the time at which there will be 0.5 pound of grass 
clippings remaining in the bin. Show the work that leads to your answer. 

  
   
 

(a) ( ) ( )30 0 0.197 (or 0.196) lbs/day30 0
A A−

= − −
−

 

 
 
 

 

1 : answer with units  
 

 

(b) ( )15  (or 0.14 )6 60 1 3.A = −′ −  
 
The amount of grass clippings in the bin is decreasing at a rate 
of 0.164 (or 0.163) lbs/day at time 15t =  days. 
 
 
 

( ) 1 : 
2 : 

 1 : interpretatio
5

n
1A′




 

 

 
 

(c) 
 

( ) ( )
30

0
12.415 (or 11

3 40 2. 14)A tA t t td ⇒= =∫  

 
 
 

( )
30

0
1 1 : 2 : 30

 1 : answer

A t dt



∫  

 

 

(d) ( ) ( ) ( ) ( )30 30 30L t A A t′= + ⋅ −  
 

( )
( )

30 0.055976
30 0.782928A

A′ −
=
=

 

 

( ) 0.5 35.054L t t= ⇒ =  
 

( )
( )

 2 : expression for 
4 :  1 : 0.5

 1 : answer
L t

L t
 =

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Let R be the region enclosed by the graph of ( ) 4 32.3 4f x x x= − +  and 
the horizontal line 4,y =  as shown in the figure above. 

(a)   Find the volume of the solid generated when R is rotated about the 
horizontal line 2.y = −  

(b)   Region R is the base of a solid. For this solid, each cross section 
perpendicular to the x-axis is an isosceles right triangle with a leg  
in R. Find the volume of the solid. 

(c)   The vertical line x k=  divides R into two regions with equal areas. 
Write, but do not solve, an equation involving integral expressions 
whose solution gives the value k. 

  
    

(a) ( ) 0, .4 2 3f x x= ⇒ =  
 

( ) ( )( )
2.3 22
0

Vo 4 2 2

98.868 (or 

lum

98.8 7)

e

6

f x dxπ=  + − + 
=
∫  

 
 
 
 

 

 2 : integrand
4 :  1 : limits

 1 : answer






 

 

 
(b) ( )( )

2.3 2

0
3.574 (or 3.573)

1Volume 42 f x dx= −

=

⌠
⌡  

 
 
 
 

 

{ 2 : integrand
3 : 

 1 : answer
 

 

 

(c) 
 

( )( ) ( )( )
2.3

0
4 4

k

k
f x dx f x dx− = −∫ ∫  

 
{ 1 : area of one region

2 : 
 1 : equation
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The function f is defined on the closed interval [ ]5, 4 .−  The graph 
of f consists of three line segments and is shown in the figure above. 

Let g be the function defined by ( ) ( )
3

.
x

g x f t dt
−

= ∫  

(a)   Find ( )3 .g  

(b)   On what open intervals contained in 5 4x− < <  is the graph  
of g both increasing and concave down? Give a reason for your 
answer. 

(c)   The function h is defined by ( ) ( ) .5
g xh x x=  Find ( )3 .h′  

(d)   The function p is defined by ( ) ( )2 .p x f x x= −  Find the slope 

of the line tangent to the graph of p at the point where 1.x = −  
  
   
 

(a) ( ) ( )
3

3
6 4 13 9g f t dt

−
= + −= =∫  

 
 

 

1 : answer  
 

 

(b) ( ) ( )fg x x′ =  
 
The graph of g is increasing and concave down on the 
intervals 5 3x− < < −  and 0 2x< < because g f′ =  is 
positive and decreasing on these intervals. 
 
 

 

{ 1 : answer
2 : 

 1 : reason
 

 

 

(c) ( ) ( ) ( )
( )

( ) ( )
2 2

5 5 5 5
255

xg x g x xg x g x
x

h
x

x′
′ ′− −

= =  

 

( ) ( )( ) ( ) ( )

( ) ( )

2
5 3 3 5 3

25·3
15 2 5 9 75 1

225 225 3

3h g g′ −
=

− − −= = = −

′
 

 
 

 

( ) 2 : 
3 : 

 1 : answer
h x′




 

 

 

(d) ( ) ( )( )2 2 1xx f x xp′ ′= − −  
 
( ) ( )( ) ( )( )2 3 61 3 2p f ′= − = − −′ =−  

 

 

( ) 2 : 
3 : 

 1 : answer
p x′



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Train A runs back and forth on an east-west section of 
railroad track. Train A’s velocity, measured in meters per 
minute, is given by a differentiable function ( ) ,Av t  where 
time t is measured in minutes. Selected values for ( )Av t  
are given in the table above. 

(a)   Find the average acceleration of train A over the interval 2 8.t≤ ≤  
(b)   Do the data in the table support the conclusion that train A’s velocity is 100−  meters per minute at some time t 

with 5 8 ?t< <  Give a reason for your answer. 

(c)   At time 2,t =  train A’s position is 300 meters east of the Origin Station, and the train is moving to the east. 
Write an expression involving an integral that gives the position of train A, in meters from the Origin Station, at 
time 12.t =  Use a trapezoidal sum with three subintervals indicated by the table to approximate the position of 
the train at time 12.t =  

(d)   A second train, train B, travels north from the Origin Station. At time t the velocity of train B is given by 
( ) 25 60 25,Bv tt t= − + +  and at time 2t =  the train is 400 meters north of the station. Find the rate, in meters 

per minute, at which the distance between train A and train B is changing at time 2.t =  

t ( )minutes  0 2 5 8 12 

( )Av t  ( )meters minute  0 100 40 –120 –150 

 
(a) ( ) ( ) 28 2 120 100 110  m/min8 2 6average accel 3

A Av v− − −= = −=
−  

 

 
1 : average acceleration  

 

(b) Av  is differentiable ⇒  Av  is continuous 
( ) ( )8 120 100 40 5A Avv = − < − < =  

 
Therefore, by the Intermediate Value Theorem, there is a time t, 
5 8,t< <  such that ( ) 100.A tv = −  

 

( ) ( ) 1 : 
2 : 

 1 : conclusion, u
8 100 5

sing IVT
A Av v< − <




 

 

 

(c) ( ) ( ) ( ) ( )
12 12

2 2
12 2 300A A A As s v t dt v t dt= + = +∫ ∫  

( )
12

2
100 40 40 120 120 1503 3 42 2 2

450
Av t dt + − − −≈ ⋅ + ⋅ + ⋅

= −
∫  

 

( )12 300 450 150As ≈ − = −  
 

The position of Train A at time 12t =  minutes is approximately 150 
meters west of Origin Station. 
 

 

 1 : position expression
3 :  1 : trapezoidal sum

 1 : position at time 12t



=





 

 

(d) Let x be train A’s position, y train B’s position, and z the distance 
between train A and train B. 

( )

( )( ) ( )( )

2 2 2 2 2

300, 400 500
2 20 120 25 125

500 300 100 400 125

80000 160 meters per minute5

2

00

B

dydz dxx y x ydt dt dt
x y z
v

dz
dt

dz
dt

z z= + = +

= = ⇒ =
= − + + =

= +

= =

⇒

 

 2 : implicit differentiation of
3 :       distance relationship

 1 : answer





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x  2−  2 1x− < < −  1−  1 1x− < <  1 1 3x< <  3 

( )f x  12 Positive 8 Positive 2 Positive 7 

( )f x′  5−  Negative 0 Negative 0 Positive 1
2  

( )g x  1−  Negative 0 Positive 3 Positive 1 

( )g x′  2 Positive 3
2  Positive 0 Negative 2−  

 

The twice-differentiable functions f and g are defined for all real numbers x. Values of f, ,f ′  g, and g′  for 
various values of x are given in the table above.  

(a)   Find the x-coordinate of each relative minimum of f on the interval [ ]2, 3 .−  Justify your answers. 

(b)   Explain why there must be a value c, for 1 1,c− < <  such that ( ) 0.f c′′ =  

(c)   The function h is defined by ( ) ( )( )ln .h x f x=  Find ( )3 .h′  Show the computations that lead to your 
answer. 

(d)   Evaluate ( )( ) ( )
3

2
.f g x g x dx

−
′ ′∫  

      

(a) 1x =  is the only critical point at which f ′  changes 
sign from negative to positive. Therefore, f has a 
relative minimum at 1.x =  
 

 

1 : answer with justification  
 

 

(b) f ′  is differentiable ⇒ f ′  is continuous on the 
interval 11 x− ≤ ≤  

( ) ( )
( )

1 1 0 0 021 1
f f′ ′− − −= =

− −
 

 

Therefore, by the Mean Value Theorem, there is at  
least one value c, 1 1,c− < <  such that ( ) 0.f c′′ =  
 

( ) ( ) 1 : 1 1 0
2 : 

 1 : explanation, using Mean Value Theorem
f f′ ′− − =




 

 

 

(c) ( ) ( ) ( )1h x f xf x
′ ′= ⋅  

( ) ( ) ( )1 1 1 13 3 7 2 143h ff
′ ′= ⋅ = ⋅ =  

 

 

( ) 2 : 
3 : 

 1 : answer
h x′




 

 

 

(d) ( )( ) ( ) ( )( )

( )( ) ( )( )
( ) ( )

3 3

22

3 2
1 1

2 8 6

x

x
f g x g x dx

f g f g
f

x

f

f g
=

=−−

= − −

 ′ ′ = 

= − −
= −



= −

∫
 

 

{ 2 : Fundamental Theorem of Calculus
3 : 

 1 : answer
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Consider the differential equation ( )3 cos .dy y xdx = −  Let ( )y f x=  be the particular solution to the differential 

equation with the initial condition ( )0 1.f =  The function f is defined for all real numbers. 

(a)   A portion of the slope field of the differential equation is given below. Sketch the solution curve through the 
point ( )0, 1 .  

(b)   Write an equation for the line tangent to the solution curve in part (a) at the point ( )0, 1 .  Use the equation to 
approximate ( )0.2 .f  

(c)   Find ( ) ,y f x=  the particular solution to the differential equation with the initial condition ( )0 1.f =  

     (a) 

 
 

1 : solution curve  
 

 

(b) 
( ) ( ), 0, 1

cos 0 22
x y

dy
dx =

= =  

An equation for the tangent line is 2 1.y x= +  
( ) ( )2 0.2 1 1.40.2f ≈ + =  

 

 

{ 1 : tangent line equation
2 : 

 1 : approximation
 

 

 

(c) ( )3 cos

cos3
ln 3 sin
ln 2 sin 0 ln 2
ln 3 sin ln 2

dy y xdx
dy x dxy

y x C
C C

y x

= −

=
−

− − = +
− = + ⇒ = −
− − = −

∫ ∫
  

Because ( )0 1,y =  3,y <  so 3 3y y− = −  
sin

sin3 2
3 2 x

xy
y e

e

−

−=

=

−

−
 

Note: this solution is valid for all real numbers. 

 

 1 : separation of variables
 2 : antiderivatives

6 :  1 : constant of integration
 1 : uses initial condition
 1 : solves for y









 

 
Note:  max 3 6  [1-2-0-0-0] if no 

constant of integration 
 
Note: 0 6  if no separation of variables 
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