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Part B (AB or BC): Graphing calculator not allowed 
Question 3 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

 

H

   1 1 cos ,
2 2

dH tH
dt

   H t t 0t 

 0 4H   

 

 Model Solution Scoring 

(a) 
 ,y H t  0, 4 .  

 

 

Solution curve 1 point 

 Scoring notes: 

  0, 4 , 4.5,t 

  

 Total for part (a) 1 point 
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(b) 0 5,t    1.H t  ,t 0 5,t  H  

 

 
Because   1,H t   then 0dH

dt
  implies  cos 0.

2
t   

 

This implies that t   is a critical point. 

Considers sign of 

dH
dt

 

1 point 

Identifies t   1 point 

 
For 0 ,t    0dH

dt
  and for 5,t    0.dH

dt
  Therefore, 

t   is the location of a relative maximum value of .H  

Answer with 
justification 

1 point 

 

 Scoring notes: 

 0,dH
dt

 0,dH
dt

 0,dH
dt

  cos 0,
2
t   cos 0,

2
t 

 cos 0.
2
t 

 ,t 
1H   1t 

 

 dH
dt  cos

2
t

0 t   5.t   dH
dt

 

  

      2

2
1 11 sin c

2
1
2

os
2 2 2

dH
dt

d H t tH
dt

      

2

2
0

t

d H

dt 
   

Therefore, t   is the location of a relative maximum value of .H   

 Total for part (b) 3 points 
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(c)   ,y H t

   1 1 cos
2 2

dH tH
dt

   0 4.H   

  1 cos
1 2 2

dH t dt
H




 
Separation of 
variables 

1 point 

  
 

1 cos
1 2 2

ln 1 sin
2

dH t dt
H

tH C




   

 
   

One antiderivative 1 point 

 Second antiderivative 1 point 

  0ln 4 1 sin ln 3
2

C C      

Because  0 4,H   1,H   so 1 1.H H    

   ln 1 sin ln 3
2
tH     

Constant of 
integration and uses 
initial condition 

1 point 

    sin 2 ln 3 sin 21 3t tH e e     

   sin 21 3 tH t e   

Solves for H  1 point 

 Scoring notes: 

 

  ln 1
1

dH H
H

 





 

 

 
0 t 4 .H

 

    sin 21 3 tH t e 

 H t    sin 2 ln 31 .tH t e    

 1 1H H    

 

 s1 co
1 22

dH t dt
H

 


 

 Total for part (c) 5 points 

 Total for question 3 9 points 
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Part B (AB or BC): Graphing calculator not allowed 
Question 3 9 points 

 
General Scoring Notes 
The model solution is presented using standard mathematical notation. 
 
Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 
 
A bottle of milk is taken out of a refrigerator and placed in a pan of hot water to be warmed. The increasing 
function M  models the temperature of the milk at time ,t  where ( )M t  is measured in degrees Celsius ( °C ) 
and t  is the number of minutes since the bottle was placed in the pan. M  satisfies the differential equation 

( )1 404
dM Mdt = − . At time 0t = , the temperature of the milk is 5°C . It can be shown that ( ) 40M t <  for 

all values of .t  
 
 Model Solution Scoring 

(a) A slope field for the differential equation ( )1 404
dM Mdt = −  is shown. Sketch the solution curve 

through the point ( )0, 5 .  

 

 

Solution curve 1 point 

 Scoring notes: 

• The solution curve must pass through the point ( )0, 5 ,  extend reasonably close to the left and right 
edges of the rectangle, and have no obvious conflicts with the given slope lines. 

• Only portions of the solution curve within the given slope field are considered. 

• The solution curve must lie entirely below the horizontal line segments at 40.M =  

 Total for part (a) 1 point 

4
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(b) Use the line tangent to the graph of M  at 0t =  to approximate ( )2 ,M  the temperature of the milk at 
time 2t =  minutes. 

 ( )
0

1 3540 54 4t

dM
dt =

= − =  
0t

dM
dt =

 1 point 

 The tangent line equation is ( )355 0 .4y t= + −  

( ) 352 5 2 22.54M =⋅≈ +  

The temperature of the milk at time 2t =  minutes is 
approximately 22.5  Celsius. 

Approximation 1 point 

 Scoring notes: 

• The value of the slope may appear in a tangent line equation or approximation. 

• A response of 355 24+ ⋅  is the minimal response to earn both points. 

• A response of ( )1 40 54 −  earns the first point. If there are any subsequent errors in simplification, 

the response does not earn the second point. 

• In order to earn the second point the response must present an approximation found by using a 
tangent line that: 
o passes through the point (0, 5)  and 

o has slope 35
4  or a nonzero slope that is declared to be the value of .dM

dt  

• An unsupported approximation does not earn the second point. 

• The approximation need not be simplified, but the response does not earn the second point if the 
approximation is simplified incorrectly. 

 Total for part (b) 2 points 

(c) 
Write an expression for 

2

2
d M
dt

 in terms of .M  Use 
2

2
d M
dt

 to determine whether the approximation from 

part (b) is an underestimate or an overestimate for the actual value of ( )2 .M  Give a reason for your 
answer. 

 
( )( ) ( )

2

2
1 1 1 140 404 4 4 16

d M dM M Mdtdt
= − = − − = − −  

2

2
d M
dt

  
1 point 

 
Because ( ) 40,M t <  

2

2 0,d M
dt

<  so the graph of M  is concave 

down. Therefore, the tangent line approximation of ( )2M  is an 
overestimate. 

Overestimate with 
reason 

1 point 

  

5
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 Scoring notes: 

• The first point is earned for either ( )( )2

2
1 1 404 4

d M M
dt

= − −  or ( )
2

2
1 4016

d M M
dt

= − −  (or 

equivalent). A response that presents any subsequent simplification error does not earn the  
second point. 

• A response that presents an expression for 
2

2
d M
dt

 in terms of dM
dt  but fails to continue to an 

expression in terms of M  (i.e., 
2

2
1
4

d M dM
dtdt

= − ) does not earn the first point but is eligible for the 

second point. 

• If the response presents an expression for 
2

2
d M
dt

 that is incorrect, the response is eligible for the 

second point only if the expression is a nonconstant linear function that is negative for 5 40.M< <  

o Special case: A response that presents 
2

2
1 (40 )16

d M M
dt

= −  does not earn the first point but is 

eligible to earn the second point for a consistent answer and reason.  

• To earn the second point a response must include 
2

2 0,d M
dt

<  or dM
dt  is decreasing, or the graph of 

M  is concave down, as well as the conclusion that the approximation is an overestimate. 

• A response that presents an argument based on 
2

2
d M
dt

 or concavity at a single point does not earn 

the second point. 

 Total for part (c) 2 points 

(d) Use separation of variables to find an expression for ( ) ,M t  the particular solution to the differential 

equation ( )1 404
dM Mdt = −  with initial condition ( )0 5.M =  

 1
40 4

dM dtM =
−

 

1
40 4

dM dtM =
−

⌠ ⌠
⌡⌡  

Separates variables 1 point 

 1ln 40 4M t C− − = +  Finds antiderivatives 1 point 

 ln 40 5 0 ln 35C C− − = + ⇒ = −  

( ) 40 40 0 40 40M t M M M< ⇒ − > ⇒ − = −  

( ) 1ln 40 ln 354M t− − = −  

( ) 1ln 40 ln 354M t− = − +  

 

Constant of 
integration and uses 
initial condition 

1 point 
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 440 35 tM e−− =  
440 35 tM e−= −  

Solves for M   1 point 

 Scoring notes: 

• A response with no separation of variables earns 0 out of 4 points. 

• A response that presents an antiderivative of ( )ln 40 M− −  without absolute value symbols is 
eligible for all 4 points. 

• A response with no constant of integration can earn at most the first 2 points. 

• A response is eligible for the third point only if it has earned the first 2 points. 

o Special Case: A response that presents ( )ln 40 4
tM C+ − = +  (or equivalent) does not earn 

the second point, is eligible for the third point, but not eligible for the fourth.   

• An eligible response earns the third point by correctly including the constant of integration in an 
equation and substituting 0  for t  and 5  for .M  

• A response is eligible for the fourth point only if it has earned the first 3 points. 

• A response earns the fourth point only for an answer of 440 35 tM e−= −  or equivalent. 

 Total for part (d) 4 points 

 Total for question 3 9 points 
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Part B (AB): Graphing calculator not allowed 
Question 5 9 points 

General Scoring Notes 
The model solution is presented using standard mathematical notation. 

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be 
correct to three places after the decimal point. Within each individual free-response question, at most one 
point is not earned for inappropriate rounding. 

Consider the differential equation dy = 1 sin π x y  + 7. Let y = f ( x) be the particular solution to the dx 2 ( 2 ) 
differential equation with the initial condition f ( )1 = 2. The function f is defined for all real numbers. 

Model Solution Scoring 

(a) A portion of the slope field for the differential equation is given below. Sketch the solution curve 
through the point (1, 2). 

Solution curve 1 point 

Scoring notes: 

• The solution curve must pass through the point (1, 2), extend reasonably close to the left and right 
edges of the square and have no obvious conflicts with the given slope lines. 

• Only portions of the solution curve within the given slope field are considered. 

• The solution curve must indicate f ( x) > 0 for all points on the curve. 

• All local maximum/minimum points on the solution curve must occur at horizontal line segments in 
the slope field. 

Total for part (a) 1 point 

© 2022 College Board 
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(b) Write an equation for the line tangent to the solution curve in part (a) at the point (1, 2). Use the 
equation to approximate f (0.8). 

Tangent line equation 1 point dy 1 π 3 = ⋅ 3 ⋅ sin = dx 2 ( 2 ) 2( , )=(1, 2)x y  

3An equation for the tangent line is y = 2 + ( x − 1 .)2 

Approximation 1 point 3f (0.8) 2 (0.8 − 1)≈ +  =  1.72 

Scoring notes: 

• The tangent line equation can be presented in any equivalent form. 

• An incorrect tangent line equation with a slope of 3 is eligible to earn the second point for a 2 
consistent answer. 

3• A response of only 2 + (0.8 − 1) earns the second point but not the first. 2 

Total for part (b) 2 points 

(c) ′′( )It is known that f x > 0 for −1 ≤ x ≤ 1. Is the approximation found in part (b) an overestimate or an 
underestimate for f (0.8) ? Give a reason for your answer. 

′′ Answer with reason 1 point 

line lies below the graph of y = f x( ) at x = 0.8, and the 
approximation for f (0.8) is an underestimate. 

Because f x( ) > 0, f is concave up on −1 ≤ x ≤ 1, the tangent 

Scoring notes: 
′′ ′• The reason must include f x( ) > 0, f x( ) is increasing, or f x( ) is concave up. 

Total for part (c) 1 point 

© 2022 College Board 
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(d) Use separation of variables to find y = f ( x), the particular solution to the differential equation 
dy = 1 sin π x y  + 7 with the initial condition f ( )1 = 2.dx 2 ( 2 ) 
⌠ dy π⌠ =  1 sin x dx( )⌡ y + 7 ⌡ 2 2 

Separation of 
variables 

1 point 

1 π2 y + 7 = − cos x + C( )π 2 
One correct 
antiderivative 

1 point 

The other correct 
antiderivative 

1 point 

1 πf ( ) 1 = 2 ⇒ 2 2 + 7 = − cos ⋅1 + C( )π 2 
1 π⇒ 6 = − cos + C ⇒ C = 6( )π 2 

1 π y + 7 = 3 − cos x( )2π 2 

Constant of 
integration and uses 
initial condition 

1 point 

21 π y = 3 − cos x − 7( ( ))2π 2 
Solves for y 1 point 

Scoring notes: 

• A response with no separation of variables earns 0 out of 5 points. 

• A response with no constant of integration can earn at most the first 3 points. 

• A response is eligible for the fourth point only if it has earned the first point and at least 1 of the 2 
antiderivative points. 

1 π o Special case: The incorrect separation of y + 7 dy = sin ( x) dx does not earn the first 2 2 
1 (π 

2 x)point, is only eligible for the antiderivative point for − cos , and is eligible for the fourth π 

point. 

• An eligible response earns the fourth point by correctly including the constant of integration in an 
equation and substituting 1 for x and 2 for y. 

• A response is eligible for the fifth point only if it has earned the first 4 points. 

Total for part (d) 5 points 

Total for question 5 9 points 

© 2022 College Board 
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Grass clippings are placed in a bin, where they decompose. For 0 30,t≤ ≤  the amount of grass clippings 
remaining in the bin is modeled by ( ) ( )6.687 0.931 ,tA t =  where ( )A t  is measured in pounds and t is measured 
in days. 

(a)   Find the average rate of change of ( )A t  over the interval 0 30.t≤ ≤  Indicate units of measure. 

(b)   Find the value of ( )15 .A′  Using correct units, interpret the meaning of the value in the context of the 
problem. 

(c)   Find the time t for which the amount of grass clippings in the bin is equal to the average amount of grass 
clippings in the bin over the interval 0 30.t≤ ≤  

(d)   For 30,t >  ( ) ,L t  the linear approximation to A at 30,t =  is a better model for the amount of grass 
clippings remaining in the bin. Use ( )L t  to predict the time at which there will be 0.5 pound of grass 
clippings remaining in the bin. Show the work that leads to your answer. 

  
   
 

(a) ( ) ( )30 0 0.197 (or 0.196) lbs/day30 0
A A−

= − −
−

 

 
 
 

 

1 : answer with units  
 

 

(b) ( )15  (or 0.14 )6 60 1 3.A = −′ −  
 
The amount of grass clippings in the bin is decreasing at a rate 
of 0.164 (or 0.163) lbs/day at time 15t =  days. 
 
 
 

( ) 1 : 
2 : 

 1 : interpretatio
5

n
1A′




 

 

 
 

(c) 
 

( ) ( )
30

0
12.415 (or 11

3 40 2. 14)A tA t t td ⇒= =∫  

 
 
 

( )
30

0
1 1 : 2 : 30

 1 : answer

A t dt



∫  

 

 

(d) ( ) ( ) ( ) ( )30 30 30L t A A t′= + ⋅ −  
 

( )
( )

30 0.055976
30 0.782928A

A′ −
=
=

 

 

( ) 0.5 35.054L t t= ⇒ =  
 

( )
( )

 2 : expression for 
4 :  1 : 0.5

 1 : answer
L t

L t
 =

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Let R be the region enclosed by the graph of ( ) 4 32.3 4f x x x= − +  and 
the horizontal line 4,y =  as shown in the figure above. 

(a)   Find the volume of the solid generated when R is rotated about the 
horizontal line 2.y = −  

(b)   Region R is the base of a solid. For this solid, each cross section 
perpendicular to the x-axis is an isosceles right triangle with a leg  
in R. Find the volume of the solid. 

(c)   The vertical line x k=  divides R into two regions with equal areas. 
Write, but do not solve, an equation involving integral expressions 
whose solution gives the value k. 

  
    

(a) ( ) 0, .4 2 3f x x= ⇒ =  
 

( ) ( )( )
2.3 22
0

Vo 4 2 2

98.868 (or 

lum

98.8 7)

e

6

f x dxπ=  + − + 
=
∫  

 
 
 
 

 

 2 : integrand
4 :  1 : limits

 1 : answer






 

 

 
(b) ( )( )

2.3 2

0
3.574 (or 3.573)

1Volume 42 f x dx= −

=

⌠
⌡  

 
 
 
 

 

{ 2 : integrand
3 : 

 1 : answer
 

 

 

(c) 
 

( )( ) ( )( )
2.3

0
4 4

k

k
f x dx f x dx− = −∫ ∫  

 
{ 1 : area of one region

2 : 
 1 : equation
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The function f is defined on the closed interval [ ]5, 4 .−  The graph 
of f consists of three line segments and is shown in the figure above. 

Let g be the function defined by ( ) ( )
3

.
x

g x f t dt
−

= ∫  

(a)   Find ( )3 .g  

(b)   On what open intervals contained in 5 4x− < <  is the graph  
of g both increasing and concave down? Give a reason for your 
answer. 

(c)   The function h is defined by ( ) ( ) .5
g xh x x=  Find ( )3 .h′  

(d)   The function p is defined by ( ) ( )2 .p x f x x= −  Find the slope 

of the line tangent to the graph of p at the point where 1.x = −  
  
   
 

(a) ( ) ( )
3

3
6 4 13 9g f t dt

−
= + −= =∫  

 
 

 

1 : answer  
 

 

(b) ( ) ( )fg x x′ =  
 
The graph of g is increasing and concave down on the 
intervals 5 3x− < < −  and 0 2x< < because g f′ =  is 
positive and decreasing on these intervals. 
 
 

 

{ 1 : answer
2 : 

 1 : reason
 

 

 

(c) ( ) ( ) ( )
( )

( ) ( )
2 2

5 5 5 5
255

xg x g x xg x g x
x

h
x

x′
′ ′− −

= =  

 

( ) ( )( ) ( ) ( )

( ) ( )

2
5 3 3 5 3

25·3
15 2 5 9 75 1

225 225 3

3h g g′ −
=

− − −= = = −

′
 

 
 

 

( ) 2 : 
3 : 

 1 : answer
h x′




 

 

 

(d) ( ) ( )( )2 2 1xx f x xp′ ′= − −  
 
( ) ( )( ) ( )( )2 3 61 3 2p f ′= − = − −′ =−  

 

 

( ) 2 : 
3 : 

 1 : answer
p x′



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Train A runs back and forth on an east-west section of 
railroad track. Train A’s velocity, measured in meters per 
minute, is given by a differentiable function ( ) ,Av t  where 
time t is measured in minutes. Selected values for ( )Av t  
are given in the table above. 

(a)   Find the average acceleration of train A over the interval 2 8.t≤ ≤  
(b)   Do the data in the table support the conclusion that train A’s velocity is 100−  meters per minute at some time t 

with 5 8 ?t< <  Give a reason for your answer. 

(c)   At time 2,t =  train A’s position is 300 meters east of the Origin Station, and the train is moving to the east. 
Write an expression involving an integral that gives the position of train A, in meters from the Origin Station, at 
time 12.t =  Use a trapezoidal sum with three subintervals indicated by the table to approximate the position of 
the train at time 12.t =  

(d)   A second train, train B, travels north from the Origin Station. At time t the velocity of train B is given by 
( ) 25 60 25,Bv tt t= − + +  and at time 2t =  the train is 400 meters north of the station. Find the rate, in meters 

per minute, at which the distance between train A and train B is changing at time 2.t =  

t ( )minutes  0 2 5 8 12 

( )Av t  ( )meters minute  0 100 40 –120 –150 

 
(a) ( ) ( ) 28 2 120 100 110  m/min8 2 6average accel 3

A Av v− − −= = −=
−  

 

 
1 : average acceleration  

 

(b) Av  is differentiable ⇒  Av  is continuous 
( ) ( )8 120 100 40 5A Avv = − < − < =  

 
Therefore, by the Intermediate Value Theorem, there is a time t, 
5 8,t< <  such that ( ) 100.A tv = −  

 

( ) ( ) 1 : 
2 : 

 1 : conclusion, u
8 100 5

sing IVT
A Av v< − <




 

 

 

(c) ( ) ( ) ( ) ( )
12 12

2 2
12 2 300A A A As s v t dt v t dt= + = +∫ ∫  

( )
12

2
100 40 40 120 120 1503 3 42 2 2

450
Av t dt + − − −≈ ⋅ + ⋅ + ⋅

= −
∫  

 

( )12 300 450 150As ≈ − = −  
 

The position of Train A at time 12t =  minutes is approximately 150 
meters west of Origin Station. 
 

 

 1 : position expression
3 :  1 : trapezoidal sum

 1 : position at time 12t



=





 

 

(d) Let x be train A’s position, y train B’s position, and z the distance 
between train A and train B. 

( )

( )( ) ( )( )

2 2 2 2 2

300, 400 500
2 20 120 25 125

500 300 100 400 125

80000 160 meters per minute5

2

00

B

dydz dxx y x ydt dt dt
x y z
v

dz
dt

dz
dt

z z= + = +

= = ⇒ =
= − + + =

= +

= =

⇒

 

 2 : implicit differentiation of
3 :       distance relationship

 1 : answer





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x  2−  2 1x− < < −  1−  1 1x− < <  1 1 3x< <  3 

( )f x  12 Positive 8 Positive 2 Positive 7 

( )f x′  5−  Negative 0 Negative 0 Positive 1
2  

( )g x  1−  Negative 0 Positive 3 Positive 1 

( )g x′  2 Positive 3
2  Positive 0 Negative 2−  

 

The twice-differentiable functions f and g are defined for all real numbers x. Values of f, ,f ′  g, and g′  for 
various values of x are given in the table above.  

(a)   Find the x-coordinate of each relative minimum of f on the interval [ ]2, 3 .−  Justify your answers. 

(b)   Explain why there must be a value c, for 1 1,c− < <  such that ( ) 0.f c′′ =  

(c)   The function h is defined by ( ) ( )( )ln .h x f x=  Find ( )3 .h′  Show the computations that lead to your 
answer. 

(d)   Evaluate ( )( ) ( )
3

2
.f g x g x dx

−
′ ′∫  

      

(a) 1x =  is the only critical point at which f ′  changes 
sign from negative to positive. Therefore, f has a 
relative minimum at 1.x =  
 

 

1 : answer with justification  
 

 

(b) f ′  is differentiable ⇒ f ′  is continuous on the 
interval 11 x− ≤ ≤  

( ) ( )
( )

1 1 0 0 021 1
f f′ ′− − −= =

− −
 

 

Therefore, by the Mean Value Theorem, there is at  
least one value c, 1 1,c− < <  such that ( ) 0.f c′′ =  
 

( ) ( ) 1 : 1 1 0
2 : 

 1 : explanation, using Mean Value Theorem
f f′ ′− − =




 

 

 

(c) ( ) ( ) ( )1h x f xf x
′ ′= ⋅  

( ) ( ) ( )1 1 1 13 3 7 2 143h ff
′ ′= ⋅ = ⋅ =  

 

 

( ) 2 : 
3 : 

 1 : answer
h x′




 

 

 

(d) ( )( ) ( ) ( )( )

( )( ) ( )( )
( ) ( )

3 3

22

3 2
1 1

2 8 6

x

x
f g x g x dx

f g f g
f

x

f

f g
=

=−−

= − −

 ′ ′ = 

= − −
= −



= −

∫
 

 

{ 2 : Fundamental Theorem of Calculus
3 : 

 1 : answer
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Consider the differential equation ( )3 cos .dy y xdx = −  Let ( )y f x=  be the particular solution to the differential 

equation with the initial condition ( )0 1.f =  The function f is defined for all real numbers. 

(a)   A portion of the slope field of the differential equation is given below. Sketch the solution curve through the 
point ( )0, 1 .  

(b)   Write an equation for the line tangent to the solution curve in part (a) at the point ( )0, 1 .  Use the equation to 
approximate ( )0.2 .f  

(c)   Find ( ) ,y f x=  the particular solution to the differential equation with the initial condition ( )0 1.f =  

     (a) 

 
 

1 : solution curve  
 

 

(b) 
( ) ( ), 0, 1

cos 0 22
x y

dy
dx =

= =  

An equation for the tangent line is 2 1.y x= +  
( ) ( )2 0.2 1 1.40.2f ≈ + =  

 

 

{ 1 : tangent line equation
2 : 

 1 : approximation
 

 

 

(c) ( )3 cos

cos3
ln 3 sin
ln 2 sin 0 ln 2
ln 3 sin ln 2

dy y xdx
dy x dxy

y x C
C C

y x

= −

=
−

− − = +
− = + ⇒ = −
− − = −

∫ ∫
  

Because ( )0 1,y =  3,y <  so 3 3y y− = −  
sin

sin3 2
3 2 x

xy
y e

e

−

−=

=

−

−
 

Note: this solution is valid for all real numbers. 

 

 1 : separation of variables
 2 : antiderivatives

6 :  1 : constant of integration
 1 : uses initial condition
 1 : solves for y









 

 
Note:  max 3 6  [1-2-0-0-0] if no 

constant of integration 
 
Note: 0 6  if no separation of variables 
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