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Question 1

(@)

(b)

(d

5
jo E(1) dt =153.457690

To the nearest whole number, 153 fish enter the lake from midnight
to 5 AM.

15 ~
ﬂjo L(t) df = 6.059038

The average number of fish that leave the lake per hour from
midnight to 5 A.M. is 6.059 fish per hour.

The rate of change in the number of fish in the lake at time 7 is
given by E(t) — L(?).

E(t)-L(t) =0 = = 620356

E(t) - L(t) > 0 for 0 <t < 6.20356, and E(t)— L(¢) < 0 for
6.20356 < ¢ < 8. Therefore the greatest number of fish in the lake is
at time ¢ = 6.204 (or 6.203).

__OR—
Let A(¢) be the change in the number of fish in the lake from

midnight to ¢ hours after midnight.

A(t) = I;(E(.s) — L(s)) ds
A(t)=E(t)-L(t)=0 = t=C =6.20356

| 4@
0
135.01492
80.91998

o O o~

Therefore the greatest number of fish in the lake is at time
t = 6.204 (or 6.203).

E'(5) - L'(5) = -10.7228 < 0

Because E'(5) — L'(5) < 0, the rate of change in the number of fish
is decreasing at time ¢ = 5.

¥

1 : integral

1 : answer

1 : integral
1 : answer

1:sets E(1)—L(t)=0
1 : answer
1 : justification

1 : considers E'(5) and L'(5)
1 : answer with explanation
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Question 2

(@

(b

~

©

(d

vp is differentiable = vp is continuous on 0.3 <7 < 2.8.
vp(2.8) —vp(0.3) 5555 _

2.8-03 T25 0

By the Mean Value Theorem, there is a value ¢, 0.3 < ¢ < 2.8, such that
vp'(c) =0.

vp is differentiable = vp is continuous on 0.3 <t < 2.8.

By the Extreme Value Theorem, v,, has a minimum on [0.3, 2.8].

vp(0.3) =55 > =29 = vp(1.7) and vp(1.7) = =29 < 55 = vp(2.8).
Thus vp has a minimum on the interval (0.3, 2.8).

Because v is differentiable, v (¢) must equal 0 at this minimum.

f”vp(t) = 0'3(‘}1)(0) +2VP(O.3)] + 1_4( vp(0.3) er VP(1‘7))
0
+ L](Mj

_ 0+55 55 +(-29) 20 + 55)
—0.3( 5 )+1.4[ 5 )4—1‘1( 5

=40.75

vQ(t) =60 = t=4=1.866181ort = B =3.519174
vo(t) 2 60 for A<t<B

[ vg0)] e = 106.108754

The distance traveled by particle O during the interval 4 <7 < B is
106.109 (or 106.108) meters.

From part (b), the position of particle P at time ¢ = 2.8 is
2.8
xp(2.8) = jo vp(t) dt ~ 40.75.

2.8
xp(2.8) = x(0) + jo vo(t) dt = =90 +135.937653 = 45.937653

Therefore at time ¢ = 2.8, particles P and Q are approximately
45.937653 — 40.75 = 5.188 (or 5.187) meters apart.

1:vp(2.8) —vp(03) =0
2 : 4 1 :justification, using
Mean Value Theorem

—__ OR—

1:vp(0.3) > vp(1.7)
and vp(1.7) < vp(2.8)
1 : justification, using
Extreme Value Theorem

1 : answer, using trapezoidal sum

1 : interval
3: < 1: definite integral
1 : distance

2.8
1: IO vol(t) dt
1 : position of particle O
1 : answer
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Question 3

(@) J‘lf(x) dx = J.:zf(x) dx + Jif(x) dx
= 7= f:j_f(x) dx+2+ (9 - 97”)

= J.:jf(x)dx:7—(ll—97”):97”—4

®) [ 1)+ 4yde=2f f(x)dv+ [T4ds

=2(/(5) - f(3) +4(5-3)
=2(0-(3-+5))+8
=2(-3+5)+8=2+25

__ OR—

j;(Zf'(x) +4)dv = [2f(x) + x5
=(2/(5)+20)-(2/(3) +12)
=(2:0+20)-(2(3-+5) +12)
=2+25

(©) g'(x)=f(x)=0:x=—1,x:%,x=5

x g(x)
-2 0
1
-1 5
1 _1
2 4
o
5 _2T
11 7

On the interval =2 < x < 5, the absolute maximum value

of g is g(5)=11—97”.

10" =3f'(x) 10" =3/7(1)
@ IVILHJ f(x)—arctanx ~ f(1) - arctan 1
10-3-2 4

“T—arctanl 71_2

N

Ve = [y e [ (o)
3: 1: f2f(x) dx

1 : answer

5 1 : Fundamental Theorem of Calculus
1 : answer

1:g'(x) = f(x)
3: 4 1:identifies x = —1 as a candidate
1 : answer with justification

1 : answer
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Question 5

(@

(®)

©

V=ar’h=x(1y’h = zh {
" 2:
arl raw = ( f) -= cublc feet per second
&h_ 1 .ﬁz_L‘(_L ):L
a2 20h  dt 20Vh 10 200
2 3:
1

Because dh _ > 0 for & > 0, the rate of change of the

a2 200
height is increasing when the height of the water is 3 feet.

dh 1
—=——dt
JZ
f**d 4.

2f:fmz+c
2f77 0+C = C=2V5

Note:
2f:fmz+26

h(t) = (—%t + \/3)2

Note:

1:

dv. _ _dh

=T
dt dt
: answer with units

. d (_L )z_;
“dh\ 10 20vh
_d%h 1 dh

Ca? 200 di
: answer with explanation

: separation of variables

1 : antiderivatives

: constant of integration
and uses initial condition

s h(t)
0/4 if no separation of variables

max 2/4 [1-1-0-0] if no constant
of integration

(a) j (x) - g(x)) dx = Lz((6—2(x—l) )- ( 2+3cos(% )))dx
=[(Gx—%(x—1)3)—(—2x+%sin(%x))}:z 4.
((1277) ( 4+0)) (( %)f(om))
12— % +4 7§ - %
The area of R is 4—34
) [ = "L ax 2.
= [ln x+3)]zé =In5-In3
The volume of the solid is In 5 — In 3.
© ”Lf((s ~ g(x))* ~ (6~ h(x))?) dx 3
®

: integrand
: antiderivative of 3cos (% x)

: antiderivative of

remaining terms

L answer

: integral
: answer

: limits and constant
: form of integrand
: integrand
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Question 6

(@ H(2)= 3

NS}

(b) d@'(x) = 9x%h(x) + 3K (x)

(d

=

d(2)=9-22h(2) +3-2°K'(2) = 36 -4 + 24% =160

Because # is differentiable, / is continuous, so Iirri h(x) =h(2) = 4.
X—>

2 2
Also, lim A(x) = lim —~ 743,50 lim —% 743:4
2 =) 2= (%)

i (42 _ S 3\ _
Because ;;rr%(x - 4) = 0, we must also have lg(l (f(x)) ) =0.

Thus lim f(x) = 1.
x—2
Because [ is differentiable, f is continuous, so f(2) = lim2 f(x)=1.
X—>

Also, because [ is twice differentiable, /" is continuous, so
lim f'(x) = f'(2) exists.
x—2

Using L’Hospital’s Rule,

m_ X =4y 2x _ 4 4

me 3= m T iy a2 oy
1-(f(x)) 3(/() /(%) 317 -S(2)

Thus £(2) = —1.

Because g and # are differentiable, g and /4 are continuous, so
lim g(x) = g(2) = 4 and lim i(x) = h(2) = 4.
x—2 x—2

Because g(x) < k(x) < A(x) for 1 < x < 3, it follows from the squeeze
theorem that lim k(x) = 4.
x—2

Also, 4 = g(2) < k(2) < h(2) = 4, so k(2) = 4.

Thus k is continuous at x = 2.

1 : answer

1 : form of product rule

3:41:d(x)
1:d(2)
I 1im)‘27*43 -
21— (f(x))
4:31: £(2)

1 : L’Hospital’s Rule
L: f'(2)

1 : continuous with justification
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Question 1 Question 2
(a) Jjoor(t) dt =270 5. 1 : integral (@ V(3)=-2.118 1 : answer
’ { 1 : answer

The acceleration of the particle at time ¢ = 3 is —2.118.
According to the model, 270 people enter the line for the escalator

during the time interval 0 < ¢ < 300.

300 300 . 3 3 3
(b) 20+ jo (r(t)—0.7) dt =20 + J‘O r(t)dt —0.7-300 = 80 5. { 1 : considers rate out (®) x(3) = x(0) + J'O v(t)dt = -5+ J'O v(t) dt = -1.760213 1: J'O v(t) dt
) o ) 1 : answer 3: 1 : uses initial condition
According to the model, 80 people are in line at time ¢ = 300. The position of the particle at time ¢ = 3 is —1.760. 1 : answer
(c) Based on part (b), the number of people in line at time ¢ = 300 is 80. 1 : answer
The first time ¢ that there are no people in line is 35
<0 (©) [ "v(r)dr = 2844 (or 2.843) 1 : answers
300 + — = 414.286 (or 414.285) seconds. 0 35
0.7 3. J 2 interpretations of jo v(t) dt
35 :
o A [ @)l dr = 3737 35
(d) The total number of people in line at time #, 0 < ¢ < 300, is modeled by 1 : considers #(¢) — 0.7 = 0 0 and J.o [v()] dt
20 + jtr(x) de — 071, 4 1 :identifies ¢ = 33.013 ' 3 . ' '
0 1 : answers The integral .[o v(¢) dt is the displacement of the particle over
1 : justificati : :
F(t) =07 =0 = 1, = 33.013298, 1, = 166.574719 Justiedtion the time interval 0 <7 <3.5.
- 35
¢ | People in line for escalator The integral Io |v(¢)| dt is the total distance traveled by the
0 20
4 3.803 particle over the time interval 0 < ¢ < 3.5.
t, 158.070
300 80
The number of people in line is a minimum at time 7 = 33.013 seconds, @ v(t) =x) (1) 5. ) Drsets (1) = X' (1)
when there are 4 people in line. 1 : answer

Wi) =201 = t=157054

The two particles are moving with the same velocity at time
t =1.571 (or 1.570).
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Question 3

@ f(=5) =7+ Il_sg(x) dx = f(1) - J.jsg(x) dx 1 : integral
3 19\ 25 1 : answer
o g (23
(®) I16g(x) dx = _[]3g(x) dx + j:g(x) dx 1:splitat x =3

—_

: antiderivative of 2(x — 4)

2

1 : answer
2 3= 16 ( 2)
=4+|=(x—-4 =4+ ——-(-=|=10
[3 (x=4) 1,3 37073
(c) The graph of f'is increasing and concave up on 0 < x <1 and 1 : intervals
4 < x < 6 because f'(x)=g(x)>0 and f'(x) = g(x) is 1 : reason
increasing on those intervals.
(d) The graph of f has a point of inflection at x = 4 because 1 : answer
f'(x) = g(x) changes from decreasing to increasing at x = 4. 1 : reason

Question 4

(a)

(b)

(©)

(d)

H(T)-H(5) _11-6 _5

H(60) > ———3 2 2

H'(6) is the rate at which the height of the tree is changing, in meters
per year, at time ¢ = 6 years.

H(5)-HG) _6-2 _,
5-3 2
Because H is differentiable on 3 < ¢ <5, H is continuouson 3 < ¢ < 5.

By the Mean Value Theorem, there exists a value ¢, 3 < ¢ < 5, such that
H'(c)=2.

The average height of the tree over the time interval 2 <7 < 10 is given

by — [ H(t)d
y10_2j2 (1) dt.

110 11542 . 246 o 6+11 . 11+15
gLH(t)dt~§( o e A et R 3)
1 263
= 5(65.75) = 22

The average height of the tree over the time interval 2 < ¢ <10 is

@ meters
32 ’

G(x)=50 = x=1

d _d de _ (1+x)100-100x-1 dx _ 100 dx
a0 = 7 (G0)- G = (1+x) dt (14 x)> dt

d 100 3
4 (G(x = 003 =2
df( (=) aml o (1+1)? 4

According to the model, the rate of change of the height of the tree with

respect to time when the tree is 50 meters tall is % meter per year.

5 1 : estimate
" | 1 : interpretation with units
H(5)-H(3)
=53
2:

1 : conclusion using
Mean Value Theorem

5. 1 : trapezoidal sum
" | 1 : approximation

d
;. { 2: 46

1 : answer

Note: max 1/3 [1-0] if
no chain rule
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Question 5

(a) The average rate of change of f on the interval 0 < x < 7 is

(b)

©

(d

S(7)-1(0) _ —& 1
-0 T

f(x) =e"cosx —e'sinx
(37 _ 322 (3i)_ 3/2 (3£
f( 3 )—e cos| = e 7sin| =

The slope of the line tangent to the graph

f'(x)=0= cosx—sinx=0 = x =

x f(x)

0 1

Y Leﬂ/ét

4 V2

7 __L 5m/4

4 V2

2T 627r

The absolute minimum value of fon 0 < x < 27 is —

im0

Because g is differentiable, g is continuous.

. _ T _
- 5(2)
By L’Hospital’s Rule,
’ /2
fim L) _ gy L) e
x> /2 g(x) xor/2 g (x) 2

1 : answer
) _ 2 1 : slope
of fat x = 37” is 72
Zox=3E 1:sets f'(x)=0
4’ 4 ’

- identi _r . _5T
Y 1 : identifies x = 4,x— 7
as candidates

1 : answer with justification

Le5ﬂ/4.
2

. . n
1: g is continuous at x = 5

3. and limits equal 0
1 : applies L’Hospital’s Rule

1 : answer

Note: max 1/3 [1-0-0] if no limit
notation attached to a ratio of
derivatives
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Question 6

(a) Yy [ 1:solution curve through (0, 2)

~~—~———t ——— 1 : solution curve through (1, 0)
2 Curves must go through the indicated

R points, follow the given slope lines, and
NN\~~~ extend to the boundary of the slope field.
\\\NN\NN~~d+——~~2Jf /7
AR AN NN~1+-—--/ /7 /7
—r——% D F——F—>X
VAN ANANNANNYSNT A7 711
VAV AVANANNNST A2 70T
VYV VNN
LI T W W W WO N S/ A A Y B B I |
L T T T O WO W N /2 A A B I B B |
L T T T WO O N /2 A Y B I B A |
I L T W O O 2 A A A Y A A
I L T W O O S A A B B O

(b) Zl = 431 1 : equation of tangent line

Flx 2)=0.0) " | 1 : approximation

An equation for the line tangent to the graph of y = f(x) at

x=1 isy:%(x—l).

£(0.7) = 3(0.7-1) = =04

d)
(©) c% = %x(y - 2)2

dy :flxdx
(y-2 J3
yf2:%x2+c
1_1 -1
5_6+C3C_3
-1 12,1 _x*+2
y-2 6% 377 %

6
y=2-
2 +2

Note: this solution is valid for —00 < x < 00,

1 : separation of variables
2 : antiderivatives
5: 4 1:constant of integration
and uses initial condition
1 : solves for y

Note: 0/5 if no separation of variables

Note: max 3/5 [1-2-0-0] if no constant of
integration



