AP Calculus AB: 2024

Part B (AB or BC): Graphing calculator not allowed
Question 3 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

The depth of seawater at a location can be modeled by the function H that satisfies the differential equation

ci,—];] = %(H —1)cos (%), where H(t) is measured in feet and ¢ is measured in hours after noon (¢ = 0). It is

known that H(0) = 4.

Model Solution Scoring

(a) A portion of the slope field for the differential equation is provided. Sketch the solution curve,
¥ = H(t), through the point (0, 4).

y Solution curve 1 point
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Scoring notes:
e The solution curve must pass through the point (0, 4), extend to at least # = 4.5, and have no
obvious conflicts with the given slope lines.

e Only portions of the solution curve within the given slope field are considered.

Total for part (a) 1 point
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(b)

For 0 < ¢ < 5, it can be shown that H(z) > 1. Find the value of ¢, for 0 < ¢ < 5, at which H has a

critical point. Determine whether the critical point corresponds to a relative minimum, a relative
maximum, or neither a relative minimum nor a relative maximum of the depth of seawater at the
location. Justify your answer.

Because H(t) > 1, then at _, implies cos(i) = 0. Considers sign of 1 point
dt 2 dH
dt
This implies that # = 7 is a critical point. Identifies ¢ = 7 1 point
For 0 <t < 7, i >0 andfor 7 <t <5, i < 0. Therefore, .Ans'wer \,Vlth 1 point
dt dt justification
t = & is the location of a relative maximum value of H.
Scoring notes:
, . . dH _ . dH dH A t
e The first point is earned for considering a 0, 7 > 0, I <0, cos( 2) =0, cos( 2) > 0,

t
—|<0.
or cos(z) <

e The second point is earned for identifying ¢ = 7, with or without supporting work. A response

may consider H =1 or ¢t =1 as potential critical points without penalty.

e The third point cannot be earned without the first point. The third point is earned only for a correct
justification and a correct answer of “relative maximum.”

e The justification can be shown by determining the sign of a;—i] (or cos(%) ) at a single value in

0 <t < 7 and at a single value in 7 < ¢t < 5. Itis not necessary to state that ar does not change

dt

sign on these intervals.
e The third point can also be earned by using the Second Derivative Test. For example:
d’H _ 1 ( 1 (z)) (z) | dH
_:_H_l —— =] + .=,
2~ = D(=gsin( 7))+ cos{ 3 )57
d*H

) <0

t=rx
Therefore, t = 7 i1s the location of a relative maximum value of H.

Total for part (b) 3 points
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(©)

Use separation of variables to find y = H(¢), the particular solution to the differential equation

dH 1., FATN— y B

7 2(H l)cos(z) with initial condition H(0) = 4.
dH__ 1 (1

7= 707

dH  [1 t
ﬁ—J2COS(2)dZ
= ln|H—l|:sin(%)+C

ln|4—1|=sin(g)+C = C=In3

Because H(0) =4, H >1,s0o |H-1|=H —1.

ln(H - 1) = Sln(%) + ln 3
H-1= esin(t/2)+1n3 _ 3esin(t/2)

Scoring notes:

Separation of
variables

One antiderivative

Second antiderivative

Constant of
integration and uses
initial condition

Solves for H

e A response with no separation of variables earns 0 out of 5 points.

e A response that presents fl_;i—H = In(H —1) without absolute value symbols earns that

-1
antiderivative point.

e A response with no constant of integration can earn at most the first 3 points.

1 point

1 point
1 point

1 point

1 point

e A response is eligible for the fourth point only if it has earned the first point and at least 1 of the 2

antiderivative points.

e An eligible response earns the fourth point by correctly including the constant of integration in an

equation and substituting 0 for ¢ and 4 for H.

e A response is eligible for the fifth point only if it has earned the first 4 points.

e A response earns the fifth point only for an answer of H(¢) =1+ 3¢0/2) or a mathematically

equivalent expression for H(t) suchas H(t)=1+e

sin(z/2)+In3

e A response does not need to argue that | — 1| = H — 1 in order to earn the fifth point.

e Special case: A response that presents an incorrect separation of variables of

1 dH

—+——— = COS (%) dt does not earn the first point or the fifth point but is eligible for the 2

2 H-1

antiderivative points. If the response earns at least 1 of the 2 antiderivative points, then the response

is eligible for the fourth point.

Total for part (c)

5 points

Total for question 3

9 points
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Part B (AB or BC): Graphing calculator not allowed
Question 4 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

y
/
34
14
(-6.05). K \
f f f f f f f f t f X
6 -5-4-32-10 1 2 4 6 7
-7 (6,-1)
24
Graph of f

The graph of the differentiable function f, shown for —6 < x < 7, has a horizontal tangent at x = -2 and is
linear for 0 < x < 7. Let R be the region in the second quadrant bounded by the graph of f, the vertical line
x = —6, and the x- and y-axes. Region R has area 12.

Model Solution Scoring

@ The function g is defined by g(x) = jo £(t) dt. Find the values of g(=6), g(4), and g(6).

g(-6) = Io_6f(t) dt = —j'_oéf(t) dr = —12 g(-6) 1 point
g(4)=J.:f(t)dt=%.4.2:4 g(4) 1 point
1 2(6) 1 point

6 1
g(6)=Iof(t)dt=§-4-2—§-2-l:3
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Scoring notes:

e Supporting work is not required for any of these values. However, any supporting work that is
shown must be correct to earn the corresponding point.

e Special case: A response that explicitly presents g(x) = .[x() f(¢) dt does not earn the first point it

would have otherwise earned. The response is eligible for all subsequent points for correct answers,
or for consistent answers with supporting work.

-6 4 6
o Note: j_é f(t)dt =0, I_Gf(t)dt = 16, I_éf(t) dt =15

e Labeled values may be presented in any order. Unlabeled values are read from left to right and
from top to bottom as g(—6), g(4), and g(6), respectively. A response that presents only 1 or 2

values must label them to earn any points.

Total for part (a) 3 points

(b)

For the function g defined in part (a), find all values of x in the interval 0 < x < 6 at which the graph

of g has a critical point. Give a reason for your answer.

g'(x) = f(x) Fundamental 1 point
Theorem of Calculus

g(x)=f(x)=0 = x=4 Answer with reason 1 point

Therefore, the graph of g has a critical point at x = 4.

Scoring notes:

e The first point is earned for explicitly making the connection g’ = f in this part.

o A response that writes g"” = f' earns the first point but can only earn the second point by

reasoning from f = 0.

e A response that does not earn the first point is eligible to earn the second point with an implied
application of the FTC (e.g., “Because g'(4) = 0, x = 4 is acritical point”).

e A response that reports any additional critical points in 0 < x < 6 does not earn the second point.

o Any presented critical point outside the interval 0 < x < 6 will not affect scoring.

Total for part (b) 2 points
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(©)

The function 4 is defined by A(x) = jx6f'(t) dt. Find the values of A(6), 4'(6), and A"(6). Show
the work that leads to your answers.

Uses Fundamental 1 point
Theorem of Calculus

W6)= [ 1ty di = £(6) = f(~6) = ~1-05 = 1.5

h(6) with supporting 1 point

work
K(x) = f(x), so K'(6) = f(6) = _%_ H'(6) 1 point
h'(x) = f"(x), so '(6) = f"(6) = 0. h'(6) 1 point

Scoring notes:
e Labeled values may be presented in any order.

e Unlabeled values are read from left to right and from top to bottom as 4(6), 4'(6), and A"(6),

respectively. A response that presents only 1 or 2 values must label them in order to earn any
points.

e Aresponse of 4(6) = —1.5 does not earn either of the first 2 points. A response of

h(6) = f(6) — f(—6) earns the first point but not yet the second point.
e Aresponse of 4(6) = —1- 0.5 is the minimum work required to earn both of the first 2 points.

e To earn the third point a response must state either /'(x) = f'(x) or A'(6) = f'(6), and provide

1
an answer of —5

e The fourth point is earned for a response of 4"(6) = 0, with or without supporting work.
e A response that has one or more linkage errors does not earn the first point it would have otherwise

earned. For example, A'(x) = f'(6) = —% does not earn the third point but is eligible for the fourth

point even in the presence of another linkage error, such as 4"(x) = f"'(6) = 0.

Total for part (¢) 4 points

Total for question 4 9 points
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Part B (AB or BC): Graphing calculator not allowed
Question 3 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

A company designs spinning toys using the family of functions y = ¢xV4 — x*, where ¢ is a positive constant.

The figure above shows the region in the first quadrant bounded by the x -axis and the graph of y = cxv4 — x?,

for some c¢. Each spinning toy is in the shape of the solid generated when such a region is revolved about the
x -axis. Both x and y are measured in inches.
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(@

Model Solution Scoring

Find the area of the region in the first quadrant bounded by the x -axis and the graph of y = cxv4 — x*

for ¢ = 6.
6xV4— x> =0 = x=0.x =2 Integrand 1 point

Area = .[02 6xV4 — x? dx

Let u = 4 — x2. Antiderivative 1 point

du = 2x dx = —%duzxdx

x=0=u=4-0"=4

x=2=>u=4-2>=0

2 0 0 4
I 6xV4 — x* dx = j 6(—1)«/u du = —3J. ul/z du = 3I ul/2 du
0 4 2 4 0

=4
=232 = 2.8=16
u=0
The area of the region is 16 square inches. Answer 1 point

Scoring notes:

e Units are not required for any points in this question and are not read if presented (correctly or
incorrectly) in any part of the response.

e The first point is earned for presenting cxv4 — x> or 6xv4 — x* as the integrand in a definite

integral. Limits of integration (numeric or alphanumeric) must be presented (as part of the definite
integral) but do not need to be correct in order to earn the first point.

e I[fan indefinite integral is presented with an integrand of the correct form, the first point can be
earned if the antiderivative (correct or incorrect) is eventually evaluated using the correct limits of
integration.

e The second point can be earned without the first point. The second point is earned for the
presentation of a correct antiderivative of a function of the form Axv4 — x*, for any nonzero

constant A. If the response has subsequent errors in simplification of the antiderivative or sign
errors, the response will earn the second point but will not earn the third point.

e Responses that use u -substitution and have incorrect limits of integration or do not change the
limits of integration from x- to u-values are eligible for the second point.

e The response is eligible for the third point only if it has earned the second point.

e The third point is earned only for the answer 16 or equivalent. In the case where a response only
presents an indefinite integral, the use of the correct limits of integration to evaluate the
antiderivative must be shown to earn the third point.

e The response cannot correct —16 to +16 in order to earn the third point; there is no possible
reversal here.

Total for nart (a) 3 points
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(b)

dy C(4 - 2x2) : o .
= ————+. For a particular spinning toy, the radius of the

. —_ —_ 2 —
It is known that, for y = cxm, dx /_4 _ 2

largest cross-sectional circular slice is 1.2 inches. What is the value of ¢ for this spinning toy?

The cross-sectional circular slice with the largest radius occurs Sets dy _ 0 1 point
where ¢xV4 — x* has its maximum on the interval 0 < x < 2. dx
c(4-2x°
D —( > ) =0=>x=+2
dx 4—x
x=x/§:>y=cﬁ,4—(x/§)2=2c Answer 1 point

2c=12 = ¢c=06

Scoring notes:
0(4 - 2x2)

— =0, 0rc(4—2x2)=0.
— X

e The first point is earned for setting % =0,
e Anunsupported x = v2 does not earn the first point.
e The second point can be earned without the first point but is earned only for the answer ¢ = 0.6

with supporting work.
Total for part (b) 2 points
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(©)

For another spinning toy, the volume is 27 cubic inches. What is the value of ¢ for this spinning toy?

2 2 2 F f the int d 1 point
Volume =.[ 7r(cxx/4—x2) dx = ﬂczj x2(4—x2)dx orm ot te tnfegrant pol
0 0 .. )
Limits and constant 1 point
2 2 Antiderivative 1 point
= 7ZCZJ. (4)(,'2 — x4) dx = rc? i)c3 — lx5
0 3 57 1o
el (2 _ 2) B 647c? Answer 1 point
B 3 5] 15
64mc’ 2 _ 15 _ 15
5 —27T:>C—32:>C— 3

Scoring notes:

2
The first point is earned for presenting an integrand of the form A(x\/4 - x? ) in a definite integral

with any limits of integration (numeric or alphanumeric) and any nonzero constant 4. Mishandling
the ¢ will result in the response being ineligible for the fourth point.

The second point can be earned without the first point. The second point is earned for the limits of
integration, x = 0 and x = 2, and the constant 7 ( but not for 27 ) as part of an integral with a

correct or incorrect integrand.

If an indefinite integral is presented with the correct constant 7z, the second point can be earned if

the antiderivative (correct or incorrect) is evaluated using the correct limits of integration.
2 2
A response that presents 2 = jo (cx\/4 -x? ) dx earns the first and second points.

The third point is earned for presenting a correct antiderivative of the presented integrand of the
2 2 . . .
form A(x\/4 -X ) for any nonzero A. If there are subsequent errors in simplification of the

antiderivative, linkage errors, or sign errors, the response will not earn the fourth point.

The fourth point cannot be earned without the third point. The fourth point is earned only for the
correct answer. The expression does not need to be simplified to earn the fourth point.

Total for part (¢c) 4 points

Total for question 3 9 points
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Part B (AB): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.

These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

Consider the function y = f(x) whose curve is given by the equation 2 y? —6 = ysinx for y > 0.

Model Solution Scoring
@) Show that i - _Yeosx cogx .
dx 4y —sinx
d(n 2 N_d . dy _dy . Implicit differentiation 1 point
dx(2y 6)—dx(ys1nx):>4ydx—dxsmx+ycosx
dy dy . dy . Verification 1 point
4y— - — = ——(4y - =
= 4y —osinx = ycosx = dx( y —sinx) = ycosx
dy _ ycosx

dx 4y —sinx
Scoring notes:
e The first point is earned only for correctly implicitly differentiating 2y*> — 6 = y sin x. Responses
dy

may use alternative notations for I such as y".
X

e The second point may not be earned without the first point.
e [t is sufficient to present %(4 y —sin x) = y cos x to earn the second point, provided that there are

no subsequent errors.

Total for part (a) 2 points
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(b)  Write an equation for the line tangent to the curve at the point (0, v3).

dy V3cos0 1 Answer 1 point

At the point (0, \/g), A/ —sn0 - 3

An equation for the tangent line is y = v3 + %x.

Scoring notes:

e Any correct tangent line equation will earn the point. No supporting work is required. Simplification
of the slope value is not required.

Total for part (b) 1 point

(c)

For 0 < x < 7 and y > 0, find the coordinates of the point where the line tangent to the curve is

horizontal.
dy __yeosx _ _ e dy _ 1 point
dx_4y—sinx_0 = ycosx =0 and 4y —sinx # 0 Sets dx—O
V4 V4 1 point
ycosx=0andy>0:>x=7 x =7
y=2 1 point

Whenx=%, ysinx = 2y> — 6 :>ysin%=2y2 -6

= y=2y"-6=2y"-y-6=0
= 2y+3)(y-2)=0= y=2

z

When x = 5

and y =2, 4y —sinx = 8 — 1 # 0. Therefore, the
line tangent to the curve is horizontal at the point (%, 2).

Scoring notes:

e The first point is earned by any of d—z =0, LESX 0, ycosx =0, or cosx = 0.

d. * 4y —sinx
e Ifadditional “correct” x-values are considered outside of the given domain, the response must

z
2
not considered for the second point.

commit to only x = = to earn the second point. Any presented y -values, correct or incorrect, are

z
2
third point. The third point is earned for finding y = 2. The coordinates do not have to be presented

e Entering with x = = does not earn the first point, earns the second point, and is eligible for the
as an ordered pair.

e The third point is not earned with additional points present unless the response commits to the
correct point.

Total for part (¢) 3 points
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(d) Determine whether f* has a relative minimum, a relative maximum, or neither at the point found in

part (c). Justify your answer.

2 .

22 (4y —sin x)(j—ycos x — ysin x) — (v cos x)(4z,,—y — Cos x) Considers &Y 1 point
3= = al dx?
dx’ (4y —sin x)2
2 .
When x =Z and y = 2, dyat(ﬂ 2) 1 point
? dx* 2°
%y (4 -2 - sin%)(o . cos% - 2-sin%) - (2cos %)(4 -0 — cos %)
- (4 -2 —sin 1)2
2
L0200 _2
(7) 7
f has a relative maximum at the point (Z, 2) because @ =0 Ans.wer ‘_’Vlth 1 point
2 dx justification
2
and d—; < 0.
dx
Scoring notes:
2
e The first point is earned for an attempt to use the quotient rule (or product rule) to find —Z’ ;/ )
X

2 2
The second point is earned for correctly finding Z—;} and evaluating to find that % <0 at

X X
(%, 2). The explicit value of —% or the equivalent does not need to be reported, but any reported
values must be correct in order to earn this point.
The third point can be earned without the second point by reaching a consistent conclusion based on

2
dy

the reported sign of a nonzero value of d—%} obtained utilizing i 0.

dx
Imports: A response is eligible to earn all 3 points in part (d) with a point of the form (%, k) with

k > 0, imported from part (c).
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Alternate Solution for part (d) Scoring for Alternate Solution
: . . i ign of 1 poi
For the function y = f(x) near the point (1, 2), 4y —sinx > 0 Cons1d§ S sign o point
2 4y —sin x
and y > 0.
. . 1 point
Thus, % = % changes from positive to negative at % changes from pomn
P positive to negative at
X ==
2 c=Z
2
By the First Derivative Test, f* has a relative maximum at the Conclusion 1 point

point (%, 2).

Scoring notes:

The first point for considering the sign of 4y — sin x may also be earned by stating that 4y — sin x
is not equal to zero.

The second and third points can be earned without the first point.

: d .. .
To earn the second point a response must state that d_ic) (or cos x) changes from positive to negative
V3
at x = =
2

The third point cannot be earned without the second point.

A response that concludes there is a minimum at this point does not earn the third point.

Total for part (d) 3 points

Total for question 5 9 points



