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AP Calculus AB: 2024

Part B (AB): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Consider the curve defined by the equation X+ 3y + 2y2 = 48. It can be shown that L -2 .
dx  3+4y
Model Solution Scoring

(a) There is a point on the curve near (2, 4) with x-coordinate 3. Use the line tangent to the curve at

(2, 4) to approximate the y -coordinate of this point.

dy o =2(2) 4 Slope of tangent line 1 point
Al eay 3+4(4) 19
yad- % (3-2)= % Approximation 1 point

Scoring notes:

e Aresponse earns the first point for finding 2 = —i, even if this is not labeled or
i - 19
used as the slope of a tangent line.
e A response that does not explicitly find the value of b but uses a slope of 4 ina
&l(x, yy=(2, 4) 19

linear approximation also earns the first point.

e A response that declares b
Tl =2 9)
the first point but is eligible for the second point for a linear approximation at x = 3 through the

point (2, 4) with a slope of the declared value.

equal to any nonzero value other than —% does not earn

o The second point cannot be earned with a linear approximation using a slope other than

dy

_4 if that slope has not been declared to be the value of i

19 (r)=(2.4)

e The second point cannot be earned for an approximation at any value of x other than 3.

e A response does not have to write the tangent line equation but must clearly demonstrate its use at
x =3 in finding the requested approximation in order to earn both points.

e The minimal work required to earn both points is 4 — %(3 -2).

Tatal far nart (a) 7 nainte

(b)

Is the horizontal line y =1 tangent to the curve? Give a reason for your answer.

dy _ 2x _ B . dy 1 point
dx73+4y703X70 Con51dersdx70
And so, if the horizontal line y =1 is tangent to the curve, Answer with reason 1 point

the point of tangency must be (0, 1).

However, the point (0, 1) is not on the curve, because

0% +3-1+2:12 =5 = 48.

Therefore, the horizontal line y =1 is not tangent to the

curve.
Scoring notes:
e The first point can be earned with a response of % =0, —2x =0, or x = 0, OR by identifying
the point (0, 1).
e To earn the second point a response must provide a reason that the line y =1 is not tangent to the
curve. Merely stating ““(0, 1) does not lie on the curve” is not sufficient to earn the second point.
e Alternate solution:
If y=1, then x*> +3-1+2-1> =48 = x = +/43.
dy 2443

= #0
dx (x, »)=(+v43,1) 7

Therefore, the horizontal line y =1 is not tangent to the curve.

o A response that uses this method earns the first point by using y =1 in X+ 3y + 2y2 = 48.
o A response that fails to consider both x = +v/43 and x = —/43 does not earn the second
point.

Total for part (b) 2 points
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The curve intersects the positive x-axis at the point (448, 0). Is the line tangent to the curve at this

point vertical? Give a reason for your answer.

At the point (v48, 0), the slope of the line tangent to the Answer with reason 1 point

curve is P _ 248
dx ~ 3+4(0)

The denominator of % is 3 + 4(0), which does not equal 0.

Therefore, the line tangent to the curve at this point is not
vertical.

Scoring notes:

dy

e A response does not need to consider the numerator of
dx (x, y):(m, 0)

in order to earn this point;

considering the denominator is sufficient.
e To earn this point a response must clearly demonstrate that the slope of the tangent line at the point
(¥48,0) is defined and answer “no.”
o Such demonstrations include, but are not limited to, the following:
= 3+4(0)=0

- Ac(E8.0), Lo 20

2448
3

= When3+4y=0, y#0.

Total for part (c) 1 point
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For time ¢ > 0, a particle is moving along another curve defined by the equation y3 +2xy = 24. At
the instant the particle is at the point (4, 2), the y -coordinate of the particle’s position is decreasing at

arate of 2 units per second. At that instant, what is the rate of change of the x-coordinate of the
particle’s position with respect to time?

2 dy dy dx Attempts implicit 1 point
R differentiation
2 dy dy dx 1 point
LU L .
oa T a ta =
dy dy 1 point
—==-2 — =42
i Uses i
3(2)7(-2) + 2(4)(-2) + 2(2)% 0> % = % =10  Answer 1 point

The rate of change with respect to time in the x -coordinate
is 10 units per second.

Scoring notes:

e The first point is earned for implicitly differentiating y3 + 2xy = 24 with respect to ¢ with at most
one error.

o The first point can also be earned by correctly differentiating with respect to x:

2 dy dy
— 4+ 2x—=—+2y=0.
3y i +2x i +2y=0
e The second point is earned for an equation equivalent to 3 y2 % + Zx% +2 y% =0.
.. dy dy . . .
e A response does not need to explicitly declare v -2 or v 2 in order to earn the third point;

this point may be earned by correctly substituting % =-2or % = 2 in the implicitly

differentiated equation. However, a response that uses both % =-2 and % = 2 in the implicitly

differentiated equation does not earn the third point.
e The fourth point cannot be earned without the first 3 points. The fourth point is earned only for the

value of 10 with no mistakes in supporting work.

o Note that a response that uses % = 2 and then mishandles subtracting 40 from both sides of

the equation, e.g., 3(2)* (2) +2(4)(2) + 2(2)% =0= % = %, does not earn the fourth
point.

Total for part (d) 4 points

Total for question 5 9 points
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Question 1
300 .
(a) .[o r(t)dt =270 5. 1 : integral
1 : answer
According to the model, 270 people enter the line for the escalator
AP C alculus AB during the time interval 0 < ¢ < 300.
g . Guideli () 20+ [ (r(1) = 0.7) i = 20+ [ r(r) di ~0.7-300 = 80 1 ; considers rate out
coring uldaelines 0 0 2:
1 : answer
According to the model, 80 people are in line at time 7 = 300.
(c) Based on part (b), the number of people in line at time ¢ = 300 is 80. 1 : answer
The first time ¢ that there are no people in line is
300 + g(; = 414.286 (or 414.285) seconds.
(d) The total number of people in line at time #, 0 < ¢ < 300, is modeled by 1 : considers (1) —0.7 =0
20 + J.tr(x) de — 0.7t 4 1 :identifies # = 33.013
0 1 : answers
1 : justification
r(t)—0.7=0 = # =33.013298,1, = 166.574719
t | People in line for escalator
0 20
4 3.803
t, 158.070
300 80
The number of people in line is a minimum at time ¢ = 33.013 seconds,
when there are 4 people in line.
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Question 2

@ V(3)=-2.118

The acceleration of the particle at time # = 3 is —2.118.

(b) x(3) = x(0) + f;v(z) dt =5+ j;v(t) dt = -1.760213

The position of the particle at time ¢ = 3 is —1.760.

3.5
(©) jo v(t) dt = 2.844 (or 2.843)
35
IO [v(t)| dt = 3.737
3.5
The integral .[o v(t) dt is the displacement of the particle over
the time interval 0 < ¢ < 3.5.

35
The integral J-o [v(¢)| dt is the total distance traveled by the

particle over the time interval 0 < ¢ < 3.5.

@ v(r)=2x)(r)
W) =201 = t=157054

The two particles are moving with the same velocity at time
t =1.571 (or 1.570).

1 : answer

3
1: I v(t) dt

v(0)
1 : uses initial condition
1 : answer

1 : answers

35
3. ) 2:interpretations of Jo v(t) dt

35
and J.o [v(t)| dt

5. { 1:sets v(¢) = x,'(¢)

1 : answer
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Question 3

. -5 . 1
@ f(=5)= /() + [ gx)dr = /()= [ g(x)dr

_2_ (0.3 _a_(_19)_25
-3 (9 2+1)_3 ( 2)_2

(b) Lég(x) dx = J‘fg(x) dx + J.;g(x) dx
= fz dx + J.jz(x _ 4)2 dx

a2 m_(_g)_
—4+[3(x 4) L:3—4+3 3 =10

(c) The graph of f is increasing and concave up on 0 < x <1 and
4 < x <6 because f'(x) = g(x)>0 and f'(x) = g(x)is
increasing on those intervals.

(d) The graph of f has a point of inflection at x = 4 because
f'(x) = g(x) changes from decreasing to increasing at x = 4.

: antiderivative of 2(x — 4)

: integral
: answer

csplitat x =3

2

. answer

: intervals

L reason

L answer
L reason
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Question 4

H()-H() _11-6 _5
7-5 2 2 2:

(2 H'(6)~ 1 : estimate
1 : interpretation with units
H'(6) is the rate at which the height of the tree is changing, in meters

per year, at time ¢ = 6 years.

H(5)-H3) 6-2 _ H(5)-H(3)
® 5-3 2 ° 5. R
"] 1: conclusion using

Because H is differentiable on 3 < ¢ <5, H is continuouson 3 <t < 5. Mean Value Theorem

By the Mean Value Theorem, there exists a value ¢, 3 < ¢ < 5, such that

H'(c) = 2.

(c) The average height of the tree over the time interval 2 < < 10 is given 5. : 1 : trapezoidal sum

1 qlo 1 : approximation
by T 2~[2 H(t) dt.

110 11542 246 o 6+11 . 11415

gL1ﬁ((:)d¢~§( o R i A P R 3)
1 263
= 5(6575) ==

The average height of the tree over the time interval 2 <7 < 10 is

@ meters
32 '
.4
@ G(x)=50 = x=1 3.0 204 (G(x)
1 : answer

d _d dx _ (1+x)100-100x-1 dx _ 100  dx
Z1(G(0) = (G(x)- 5 =

(1+x) d (1+x)? | Note: max 1/3 [1-0] if

no chain rule
d 100 3
—(G(x = -0.03 ==
df( (=) =t (1+1) 4

According to the model, the rate of change of the height of the tree with

respect to time when the tree is 50 meters tall is % meter per year.
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Question 5
(a) The average rate of change of f on the interval 0 < x < 7 is 1 : answer
S(x) - f(0) _ =" -1
7-0 T
(b) f'(x)=e"cosx—e'sinx 5. { 1: f'(x)
{37\ _ 3z)2 (37r)_ 37/2 (3i)_ 37/2 " | 1:slope
f(z)—e cos| 3 e Tsin| =) = e
. _ 37 .. a2
The slope of the line tangent to the graph of f at x = 5 is e
(© f'(x)=0= cosx—-sinx=0 = x:%,x:% 1:sets f'(x)=0
1 : identifies x = E’ x = £
M 7(x) 3: 4 4
as candidates
0 1 1 : answer with justification
z L /4
4 V2
sz __L sn/4
5 )
2T 62”
The absolute minimum value of f on 0 < x < 27 is —%eS”/“.
@ XEI,I,I/gf(x) =0 1: g is continuous at x = %
B is differentiabl R i 3. and limits equal 0
ecause g is di ;ren iable, g is continuous. 1+ applies L'Hospital's Rule
xgg}zg(x):g(E)ZO 1 : answer
By L’Hospital’s Rule, Note: max 1/3 [1-0-0] if no limit
e _ 72 notation attached to a ratio of
lim /(x) = lim f,(x) == derivatives
xo7z[2 g(x) xor/2 g (x) 2
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Question 6
(a) y [ 1:solution curve through (0, 2)
~~~——=———-t - —— = ——— 1 : solution curve through (1, 0)
2 Curves must go through the indicated
R points, follow the given slope lines, and
AN\~~~ extend to the boundary of the slope field.
NN N NN~N—~+4+—~ -/ Yavavi
AN NN~F—-~-/ /7
—r——% F—F—+>X
VNN ANANNNYNT A7 701
VAV ANANNNST A2 70
VPV VNN
L T VO O W W N 7 Ay Ay B B B |
[ T T A T W SO N 2 A B B B A |
I A T W W N 20 A A B A
T T O O N 2 A A A R A
T O VO N 2 A A B A A |
(b) dy _4 5. 1 : equation of tangent line
x| y-g0) 3

" | 1 : approximation
An equation for the line tangent to the graph of y = f(x) at

x=1 isy:%(x—l)A

£(07) = 3(0.7-1) = 04

(c) % = % x(y - 2)2 1 : separation of variables
p 2 : antiderivatives
Jiyz = f%x dx 5: ¢ 1:constant of integration
(r-2) and uses initial condition
yilzzészrc 1 : solves for y
% = % +C = C= % Note: 0/5 if no separation of variables
2
_712 = %xz +% =X 6+ 2 Note: max 3/5 [1-2-0-0] if no constant of
r- 6 integration
y=2-
X’ +2

Note: this solution is valid for —00 < x < 00,




