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2. Differentiation: Definition and Fundamental Properties Starter Quiz - O —sinz

BRI .
0 sinz
8. The derivative of f - g equals f'- ¢
AP Calculus AB Name: Score:

O True O False

1. Find the average rate of change of f(z) = 2% on [1, 3]. 9. The Quotient Rule numerator for f s
. ;5

o fyg
2. Which expression is the limit definition of f’(z)?
O flg—rg
O lim, floth = fl@) r_
hes0 . O fg—1ry
— ! !
0 f(ﬂHh]i F@) ien h—o QO flg+fg
| ) | ety i FE )~ @)
O limyo (f(z + k) — f(2)) 10. You can compute f’(z) by setting h = 0 directly in T
O f(z+h)— f(z) O True 0 False

3. A table gives f(1.9) = 4.2 and f(2.1) = 5.8. Use the symmetric difference quotient to estimate

1'@).

4. Which implication is true?
O continuous at ¢ = differentiable at ¢
O differentiable at ¢ = continuous at ¢
O discontinuous at ¢ = differentiable at ¢

O neither implies anything

d . .
. What is —[z°]?
Wha H’dm[xl

ot

O 5z*
a z*
O 528
O 4a°

d
. What is —[12]7
6. V alsdz[ ]

d
7. What is %[Sin x]?
O cosz

0O —cosx

AP Calculus AB - Starter quiz i/l @ @ AP Calculus AB - Starter quiz BHi/NI @




2. Differentiation: Definition and Fundamental Properties Answers - &5

AP Calculus AB
1. 4

9-1 8 |

3-1 2

. z+h)— f(z
9. Timy,, L ETH =@

h

The derivative is the limit of the difference quotient as h — 0.
3. 8

58-42 1.6

— == =8.

2(0.1) 0.2

4. differentiable at ¢ = continuous at ¢
Differentiable forces continuous; the reverse is false.

5. bt

Bring down 5, reduce exponent: 5z°~1 = 54,

6.0
The derivative of any constant is 0.

7. cosx

L sinz] = cos .
dx

8. False
Itis f'g+ fg', not f'g'.
9. flg—fd
Numerator is f'g — fg’, over g°.
10. False

That gives H: you must take the limit after simplifying.

AP Calculus AB - Starter quiz i/l @ @

AP CALCULUS AB « EXERCISE SHEET

2.1 Average and Instantaneous Rates

of Change

Name: Class: Date: Total: 9 marks

KEY WORDS instantaneous [l o difference quotient 225 « derivative {3:4f « slope 7

Objective

Build the skills to answer exam questions on average and instantaneous rates of

change at a point.
You must be able to:

« form the difference quotient 2:fj for the average rate of change
¢ describe the instantaneous rate as its limit

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Average and instantaneous rates
fla+h) - f(@
h '
The instantaneous rate at a is the tangent slope, obtained as h — 0.

Average rate over [a,a + h] is the secant slope

B Example
B4+h)?2*-9

_ 2 _ 3
flx)y=2*ata=3: W

=6+h—>6ash—0.

2 Practice

2.1 State the difference quotient for the average rate over [a,a + hj.

2.2 State what happens to it as h — 0.

AP Calculus AB « 2.1 Average and Instantaneo s of Change

®



‘(24 h) — f(2 i

2.3 For f(x) = 2%, compute w and simplify. 2] Solutions

pq Jlath) ()

h
2.2 it approaches the instantaneous rate of change (the derivative).
24+ h)?2—4 4h+h?
2.3(+]) =T asn
L
3 Exam-style questions 3.1 B.
3.1 The average rate of change over [a,a + h] is [1] 3.2 B.
3+h)2-9
« A f(a)h 3.3 () (3402 () BFEZ9 6y o6
fla+h) = f(a) h
e B 7 <7
h

« C f(a)
« Dh
3.2 The instantaneous rate is the average rate as 1]
e Ah—
e Bh—0
« Ch=1
e Da—0
3.3 f(x) =2%at a=3.
(a) Write f(3+ h). 1]
(b) Form the difference quotient. [1]
(c) State its limit as h — 0. [1]
AP Calculus AB e 2.1 Average and Instantaneco s of Change @ AP Calculus AB o 2.1 Average and Instantaneo s of Change




Name: () AP Calculus AB: 2024 Name: () AP Calculus AB: 2022

t
0 3 7 10 12
(mintutes) 0 3 7 12 (days)
(1)
C(1) ) —6.1|—50|—44|-38|-35
(degrees Celsius) 100} 85 69 33 (centimeters per day)

1. The temperature of coffee in a cup at time # minutes is modeled by a decreasing differentiable function C, 4. An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it

where C(f) is measured in degrees Celsius. For 0 < 7 < 12, selected values of C() are given in the table decreases in size. The radius of the base of the cone is given by a twice-differentiable function r, where r(z) is
shown. measured in centimeters and ¢ is measured in days. The table above gives selected values of #’(), the rate of
change of the radius, over the time interval 0 < ¢ < 12.

(a) Approximate C’(5) using the average rate of change of C over the interval 3 < 7 < 7. Show the work that

leads to your answer and include units of measure. (a) Approximate r”(8.5) using the average rate of change of r” over the interval 7 < ¢ < 10. Show the
computations that lead to your answer, and indicate units of measure.

(b) Use a left Riemann sum with the three subintervals indicated by the data in the table to approximate the ®

=

Is there a time ¢, 0 < ¢ < 3, for which r’(f) = —6 ? Justify your answer.

12 12
value of J C(t) dt. Interpret the meaning of € _[ C(7) dt in the context of the problem.
0 1270 (c) Use aright Riemann sum with the four subintervals indicated in the table to approximate the value of

—24.55¢001 12
(c) For 12 < 1 < 20, the rate of change of the temperature of the coffee is modeled by C’(r) = ———, IO

'(t) dt.
, (1)

where C’(7) is measured in degrees Celsius per minute. Find the temperature of the coffee at time 7 = 20. d

=

The height of the cone decreases at a rate of 2 centimeters per day. At time = 3 days, the radius is

Show the setup for your calculations. 100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with

B 0.2455e0'0”(100 —1) respect to time, in cubic centimeters per day, at time ¢ = 3 days. (The volume V of a cone with radius r

(d) For the model defined in part (c), it can be shown that C”(z) 3 .For 12 <t < 20,

' . . 1 >
and height 7 is V = gf[r h.)

determine whether the temperature of the coffee is changing at a decreasing rate or at an increasing rate.

Give a reason for your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.




Name: () AP Calculus AB: 2018 Name: () AP Calculus AB: 2018

5. Let f be the function defined by f(x) = e*cos x.

t (a) Find the average rate of change of f on the interval 0 < x < 7.
(years) 2 3 5 7 10
3
H() 15| 2 6 11| 15 (b) What is the slope of the line tangent to the graph of f at x = S ?
(meters) 2

(c) Find the absolute minimum value of f on the interval 0 < x < 27. Justify your answer.
4. The height of a tree at time 7 is given by a twice-differentiable function H, where H(t) is measured in meters

and ¢ is measured in years. Selected values of H(f) are given in the table above. . . . T o .
(d) Let g be a differentiable function such that g(a) = 0. The graph of g’, the derivative of g, is shown

(a) Use the data in the table to estimate H’(6). Using correct units, interpret the meaning of H’(6) in the

X
context of the problem. below. Find the value of lim & or state that it does not exist. Justify your answer.
xorf2 & x)
(b) Explain why there must be at least one time ¢, for 2 < 7 < 10, such that H'(r) = 2. y
(c) Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the 5
average height of the tree over the time interval 2 < ¢ < 10. N
1 >N
(d) The height of the tree, i ters, can also be modeled by the function G, given by G(x) 100x here / ™ 2 x
i ree, in meters, can nction G, given x) = —— , wher
g y J Y 1+x o/ z ” 3z
-1 2 ‘ 2
x is the diameter of the base of the tree, in meters. When the tree is 50 meters tall, the diameter of the [ ‘ [
Graph of g’

base of the tree is increasing at a rate of 0.03 meter per year. According to this model, what is the rate of

change of the height of the tree with respect to time, in meters per year, at the time when the tree is

50 meters tall?




AP Calculus AB: 2015

2,4

0

2
2. Let f and g be the functions defined by f(x) =1+ x +¢* > and g(x) = x* —6.5x> + 6x +2. Let R and §
be the two regions enclosed by the graphs of f and g shown in the figure above.

(a) Find the sum of the areas of regions R and S.

(b) Region S is the base of a solid whose cross sections perpendicular to the x-axis are squares. Find the
volume of the solid.

(c) Let h be the vertical distance between the graphs of f and g in region S. Find the rate at which A changes
with respect to x when x = 1.8.

END OF PART A OF SECTION II

AP Calculus AB: 2014

CALCULUS AB
SECTION II, Part A
Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

1. Grass clippings are placed in a bin, where they decompose. For 0 < ¢ < 30, the amount of grass clippings
remaining in the bin is modeled by A(r) = 6.687(0.931)', where A(r) is measured in pounds and # is measured
in days.

(a) Find the average rate of change of A(f) over the interval 0 < 7 < 30. Indicate units of measure.

(b) Find the value of A’(15). Using correct units, interpret the meaning of the value in the context of the
problem.

(c) Find the time ¢ for which the amount of grass clippings in the bin is equal to the average amount of grass
clippings in the bin over the interval 0 < ¢ < 30.
(d) For ¢ > 30, L(t), the linear approximation to A at ¢ = 30, is a better model for the amount of grass

clippings remaining in the bin. Use L(f) to predict the time at which there will be 0.5 pound of grass
clippings remaining in the bin. Show the work that leads to your answer.

t
R 0 2 5 8 12
(minutes)
vy (1)
0 100 40 -120 | -150
(meters / minute)

4. Train A runs back and forth on an east-west section of railroad track. Train A’s velocity, measured in meters
per minute, is given by a differentiable function v (), where time 7 is measured in minutes. Selected values for
v, (1) are given in the table above.

(a) Find the average acceleration of train A over the interval 2 < ¢ < 8.

(b) Do the data in the table support the conclusion that train A’s velocity is =100 meters per minute at some
time ¢ with 5 <t < 8 ? Give a reason for your answer.

(c) Attime ¢ = 2, train A’s position is 300 meters east of the Origin Station, and the train is moving to the east.
Write an expression involving an integral that gives the position of train A, in meters from the Origin
Station, at time ¢ = 12. Use a trapezoidal sum with three subintervals indicated by the table to approximate
the position of the train at time 7 = 12.

(d) A second train, train B, travels north from the Origin Station. At time ¢ the velocity of train B is given by

Vg (t) =512 + 60t + 25, and at time ¢ = 2 the train is 400 meters north of the station. Find the rate, in
meters per minute, at which the distance between train A and train B is changing at time ¢ = 2.




AP CALCULUS AB « EXERCISE SHEET

2.2 Defining the Derivative and Its No-
tation

Name: Class: Date: Total: 9 marks

KEY WORDS derivative %47 « notations il « slope#}:% o tangent line )£k
« instantaneous [

Objective

Build the skills to answer exam questions on defining the derivative and using
derivative notation.

You must be able to:
« write the limit definition of the derivative F:%{

d
« use the notations f’(x) and d—y
"

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B The derivative

f(z) = lim M

h—0 h

is the instantaneous rate of change — the slope of the tangent line 4JJ2k. Notations:
dy d
! _ _
7@, 2 ra)

2 Practice

2.1 Write the limit definition of the derivative. 1]

2.2 State two notations for the derivative.

AP Calculus AB o 2.2 Defining the Derivative & Notation @

©)

2.3 State what f'(z) measures geometrically.

3 Exam-style questions

3.1 The derivative f'(z) is defined as
- A f@)/x
« B limhﬁo

flx+h) - f(z)
h

« Cfla)w
« D 7]0(1)[)):5(0) only

d
3.2 d—y is another notation for the
z

¢ A integral
o B derivative
¢ C limit only
e D area

3.3 Answer each.
(a) f'(a) is the slope of the line.
(b) Name the quantity f'(x).

d
(c) State what Y Leads as.
dx

AP Calculus AB o 2.2 Defining the Derivative & Notation



Solutions

2.1 /() = limy o L =T

h
dy d
2.2 any t ff -, — .
any two of f'(z), 5, —[/()
2.3 the slope of the tangent line to the graph of f at x.
3.1 B.
3.2 B.

3.3 (a) tangent. (b) the derivative (instantaneous rate of change). (c) the rate of change
of y with respect to z.

AP Calculus AB o 2.2 Defining the Derivative & Notation @

@

AP CALCULUS AB « EXERCISE SHEET

2.3 Estimating a Derivative at a Point

Name: Class: Date: Total: 9 marks

KEY WORDS table %% e difference quotient 2 o derivative {34 o slope #}:%

Objective
Build the skills to answer exam questions on estimating derivatives at a point.
You must be able to:

o estimate f’(a) from a table FA% of values using a small-h difference quotient

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Estimating a derivative

Estimate f’(a) with a small-h difference quotient from table values:

fl(a) =~ flat hf)z — [(a) or flath) ;hf(a —h) (symmetric).

B Example
f(2)=5, f(2.1)=54: f'(2) ~ 54—5

=4.
0.1

2 Practice

2.1 State a formula to estimate f’(a) from a table. 1]

2.2 If f(2) =5 and f(2.1) = 5.4, estimate f'(2). 2]

AP Calculus AB « 2.3 Estimating a Derivative int @



2.3 State why a smaller i generally gives a better estimate. 1] Solutions
h) —
2.1 f'(a) = M for small h.
)
54—-5 04
. .2 =—=4

3 Exam-style questions 21-2 0.1
3.1 A derivative at a point can be estimated from a table using a 2.3 a smaller interval is closer to the tangent slope (the limit).
o A single value 3.1B.
« B difference quotient with small h 3.2 B.
. . 0.6

C maximum 3.3 (2) 0.6. (b) 0.2. (¢) -2 = 3.
« D mean 0.2
3.2 The symmetric difference quotient is 1]
(LU0

g flath)—fla=h)

2h
o @
h

e D f(a+h)- f(a—h)
3.3 f(3) =10, f(3.2) = 10.6.
(a) Find Af. [1]
(b) Find Az. 1
(c) Estimate f'(3). 1
AP Calculus AB « 2.3 Estimating a Derivative int @ AP Calculus AB « 2.3 Estimating a Derivative int




AP Calculus AB: 2026

1. Male birds of a certain species arrive at a nesting area over a thirty-day period. The rate at
which the male birds arrive at the nesting area at time ¢ days is modeled by a differentiable
function M, where M(¢) is measured in number of birds per day. Selected values of M(¢) are
shown in the table.

t (days) 0|5 |10|15|20| 25|30

M(t) (birdsperday) | 2 | 7 |16 | 6 | 5| 2 | 0

(Note: Your calculator should be in radian mode.)

Part A

Approximate M’(7.5) using the average rate of change of M over the interval 5 < ¢ < 10. Show
the work that leads to your answer, and indicate units of measure.

Part B
i. Use a midpoint Riemann sum with the three subintervals [0, 10], [10,20], and [20,30] to

30
approximate J;) M(t)dt. Show the work that leads to your answer.

30
ii. Interpret the meaning of fo M(¢t)dt in the context of the problem.

Part C

The rate at which female birds of the same species arrive at the same nesting area, in birds per
day, is modeled by the function F defined as follows.

0 for0<tr<15
F(1)=1g + 16 sin (45(1 + 15)) for 15 <1 < 45

How many female birds of this species arrive at the nesting area from ¢ = 15 to ¢ = 45? Show the
setup for your calculations, and round your answer to the nearest integer.

PartD

On the interval 15 < ¢ < 30, the difference in the rates at which male and female birds

of this species arrive at the nesting area can be modeled by the differentiable function
D(t)= M(t)— F(t), where Fis the function defined in part C. Is there a time ¢ in the interval
15 < ¢t < 20 when D(t) = 0? Justify your answer.

AP Calculus AB: 2025

3. A student starts reading a book at time 7 = 0 minutes and continues reading for the next 10
minutes. The rate at which the student reads is modeled by the differentiable function R, where
R(t) is measured in words per minute. Selected values of R(#) are given in the table shown.

t (minutes) 0 2 8 10

R(t) (words per minute) | 90 | 100 | 150 | 162

A. Approximate R'(1 ) using the average rate of change of R over the interval 0 < ¢ < 2. Show
the work that leads to your answer. Indicate units of measure.

B. Must there be a value c, for 0 < ¢ < 10, such that R(c) = 1557 Justify your answer.

C. Use a trapezoidal sum with the three subintervals indicated by the data in the table to
approximate the value of fom R( t )dt. Show the work that leads to your answer.

D. A teacher also starts reading at time 7 = 0 minutes and continues reading for the next 10
minutes. The rate at which the teacher reads is modeled by the function W defined by
w(t)= —%12 + 8¢+ 100, where W(¢) is measured in words per minute. Based on the model,
how many words has the teacher read by the end of the 10 minutes? Show the work that

leads to your answer.



1.

Name: () AP Calculus AB: 2021

r

(centimeters) 0 1 2 25 4

illi o : 1 2 6 10 18
(milligrams per square centimeter)

The density of a bacteria population in a circular petri dish at a distance r centimeters from the center of the
dish is given by an increasing, differentiable function f, where f(r) is measured in milligrams per square
centimeter. Values of f(r) for selected values of r are given in the table above.

(a) Use the data in the table to estimate f’(2.25). Using correct units, interpret the meaning of your answer
in the context of this problem.

(b) The total mass, in milligrams, of bacteria in the petri dish is given by the integral expression
4 4
2z J.O rf(r) dr. Approximate the value of 27 -[0 rf(r) dr using a right Riemann sum with the four

subintervals indicated by the data in the table.

(c) Is the approximation found in part (b) an overestimate or underestimate of the total mass of bacteria in the
petri dish? Explain your reasoning.

(d) The density of bacteria in the petri dish, for 1 < r < 4, is modeled by the function g defined by
gr)=2-— l6(cos(l.57ﬁ))3. For what value of k, 1 < k < 4, is g(k) equal to the average value of g(r)

on the interval 1 <r <4 7?

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.

Name: () AP Calculus AB: 2019

6. Functions f, g, and h are twice-differentiable functions with g(2) = h(2) = 4. The line y = 4 + g(x —2)is

tangent to both the graph of g at x = 2 and the graph of & at x = 2.
(a) Find #'(2).

(b) Let a be the function given by a(x) = 3x3h(x). Write an expression for a’(x). Find a’(2).

x2

4
(c) The function h satisfies h(x) = T for x # 2. It is known that lim %(x) can be evaluated using
— X x—>2

L’Hospital’s Rule. Use lim &(x) to find f(2) and f”(2). Show the work that leads to your answers.

x—2

(d) It is known that g(x) < h(x) for 1 < x < 3. Let k be a function satisfying g(x) < k(x) < h(x) for
1 <x < 3.Is k continuous at x = 2 ? Justify your answer.

STOP
END OF EXAM



AP Calculus AB: 2016

CALCULUS AB
SECTION 11, Part A
Time—30 minutes
Number of problems—2

A graphing calculator is required for these problems.

t
(hours)
R(r)
(liters / hour)

1340 1190 950 740 700

1. Water is pumped into a tank at a rate modeled by W(t) = 2000(37'2 J0 liters per hour for 0 < ¢ < 8, where ¢
is measured in hours. Water is removed from the tank at a rate modeled by R(z) liters per hour, where R is
differentiable and decreasing on 0 < ¢ < 8. Selected values of R(¢) are shown in the table above. At time
t = 0, there are 50,000 liters of water in the tank.

(a) Estimate R’(2). Show the work that leads to your answer. Indicate units of measure.

(b) Use a left Riemann sum with the four subintervals indicated by the table to estimate the total amount of
water removed from the tank during the 8 hours. Is this an overestimate or an underestimate of the total
amount of water removed? Give a reason for your answer.

(c) Use your answer from part (b) to find an estimate of the total amount of water in the tank, to the nearest
liter, at the end of 8 hours.

(d) For 0 <t <8, is there a time ¢ when the rate at which water is pumped into the tank is the same as the rate
at which water is removed from the tank? Explain why or why not.

AP Calculus AB: 2015

CALCULUS AB
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

t

(minutes)
v(t)

(meters per minute)

0 200 | 240 | -220 | 150

3. Johanna jogs along a straight path. For 0 < ¢ < 40, Johanna’s velocity is given by a differentiable function v.

Selected values of v(r), where ¢ is measured in minutes and v(¢) is measured in meters per minute, are given in
the table above.

(a) Use the data in the table to estimate the value of v'(16).
40
(b) Using correct units, explain the meaning of the definite integral '[0 |v(t)| dt in the context of the problem.

Approximate the value of J.:()\ v(#)| dt using a right Riemann sum with the four subintervals indicated in the
table.
(c) Bob is riding his bicycle along the same path. For 0 < 7 < 10, Bob’s velocity is modeled by
B(r) = £* — 61> + 300, where 7 is measured in minutes and B(r) is measured in meters per minute.
Find Bob’s acceleration at time ¢ = 5.

(d) Based on the model B from part (c), find Bob’s average velocity during the interval 0 < ¢ < 10.




AP CALCULUS AB « EXERCISE SHEET

2.4 When Does a Derivative Exist?

Name: Class: Date: Total: 9 marks

KEY WORDS differentiable 1[5 « continuous j#4% « continuity j£2:: o differentiability 1] 3/
71Nk
o corner J2 ki

Objective
Build the skills to answer exam questions on differentiability and continuity.
You must be able to:

« use that differentiability 7] 5 implies continuity FE£EM4: (but not the reverse)
« identify where a continuous function fails to be differentiable

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Differentiability and continuity

If f is differentiable at a, then f is continuous at a. The converse fails: f can be
continuous yet not differentiable — at a corner, cusp, or vertical tangent.

B Example

f(z) = |x| is continuous at 0 but has a corner there, so it is not differentiable at 0.

2 Practice

2.1 State the implication between differentiability and continuity. 1]

2.2 State whether continuity implies differentiability. 1]

[

2.3 Give an example of a continuous but non-differentiable point.

AP Calculus AB « 2.4 When Does a Derivative @

@

3 Exam-style questions
3.1 If f is differentiable at a, then f is

e A discontinuous

« B continuous at a
e C linear

o D constant

3.2 f(z)=|z| at 2 =0is

o A differentiable

« B continuous but not differentiable
¢ C discontinuous

¢ D undefined

3.3 Continuous functions can fail to be differentiable at certain features.
(a) Name the feature at a sharp point.
(b) Name the feature with an infinite slope.

(c) State whether |z| is differentiable at 0.

AP Calculus AB o 2.4 When Does a Derivative



Solutions

2.1 differentiable at a = continuous at a.

2.2 no (continuity does not imply differentiability).

2.3 f(z) = |z| at = 0 (a corner).
3.1 B.
3.2 B.

3.3 (a) a corner. (b) a vertical tangent. (c) no.

AP Calculus AB ¢ 2.4 When Does a Derivative

Name: AP Calculus AB: 2017

CALCULUS AB
SECTION II, Part B
Time—1 hour

Number of questions—4

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.

y
(-6,2) (3.2
1+
— 5 + f——N— X
Graph of f’

3. The function f is differentiable on the closed interval [—6, 5] and satisfies f(—2) = 7. The graph of f’, the
derivative of f, consists of a semicircle and three line segments, as shown in the figure above.

(a) Find the values of f(—6) and f(5).
(b) On what intervals is f increasing? Justify your answer.
(c) Find the absolute minimum value of f on the closed interval [—6, 5]. Justify your answer.

(d) Foreachof f”(—5) and f”(3), find the value or explain why it does not exist.




AP CALCULUS AB « EXERCISE SHEET

2.5 The Power Rule

Name: Class: Date: Total: 9 marks

KEY WORDS power rule 774

Objective
Build the skills to answer exam questions on applying the power rule.

You must be able to:

d
« differentiate a power of x with the power rule FEA ) d—[x"] =nz"!
x

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B The power rule

d
a[m”] =nag" L.
Special cases: i[Jc] =1and i[(] = 0 for a constant ¢
p ses: —[z] = 4= .
B Example
i[13] = 322
dx '

2 Practice

2.1 State the power rule.

2.2 Differentiate 2°.

AP Calculus AB o 2.5 The Power Rule

2.3 Differentiate 2 and z.

3 Exam-style questions

3.1 L2 equal
. dr I| equals

« A xn—l

« B nxn—l

¢« Cna™
CE"+1

n+1

1
3.2 % [7%] equals

o A 428
« B3

o Cdg?®
« D324

3.3 Differentiate each.

(a) 5.
(b) .
(c) 7 (a constant).

AP Calculus AB o 2.5 The Power Rule

©)
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2. The shaded region R is bounded by the graphs of the functions fand g, where f(x) =x}—2x
and g(x)=x+sin(zx), as shown in the figure.

Solutions

y
d n] n—1 _
2.1 E[T | =nam L nl y=g(x)
2.2 5z,
2.3 i[2] — 9 i[] -1 3+ 3,3)
3 ] =20 ] = 1. i
3.1 B. =)
3.2 A. 4 p
3.3 (a) 62°. (b) 1. (¢) 0. A : : N
1 2 3
T-1
T2

(Note: Your calculator should be in radian mode.)

A. Find the area of R. Show the setup for your calculations.

B. Region R is the base of a solid. For this solid, at each x the cross section perpendicular to the
x-axis is a rectangle with height x and base in region R. Find the volume of the solid. Show
the setup for your calculations.

C. Write, but do not evaluate, an integral expression for the volume of the solid generated when
the region R is rotated about the horizontal line y = —2.

D. It can be shown that g’(x) = 1 + zcos(zx). Find the value of x, for 0 < x < 1, at which the line
tangent to the graph of fis parallel to the line tangent to the graph of g.

END OF PART A

AP Calculus AB « 2.5 The Power Rule @

®
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10sin (0.4;2

2. A particle moves along the x-axis with velocity given by v(f) = 273 fortime 0 < ¢ < 3.5.
" —t+

The particle is at position x = —5 at time ¢ = 0.
(a) Find the acceleration of the particle at time ¢ = 3.

(b) Find the position of the particle at time ¢ = 3.

3.5 3.5
(c) Evaluate J.O v(t) dr, and evaluate -(0 |v(t)| dt. Interpret the meaning of each integral in the context of

the problem.

(d) A second particle moves along the x-axis with position given by x,(¢) = > — t for 0 < ¢ < 3.5. At what
p g p g y X2

time ¢ are the two particles moving with the same velocity?

END OF PART A OF SECTION II

AP CALCULUS AB « EXERCISE SHEET

2.6 Constant, Sum, Difference, and
Constant Multiple Rules

Name: Class: Date: Total: 9 marks

KEY WORDS constant multiple 75 4{fjf « constant multiple rule 754553 ]
o sum/difference rule flI2:7:0] o derivative $47

Objective

Build the skills to answer exam questions on the constant, sum, difference, and
constant multiple rules.

You must be able to:

« apply the constant multiple rule #4070 and sum/difference rule 123k

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Basic derivative rules
d
« constant multiple: d—[c fl=cf
x
d
o sum / difference: d—[f +gl=f*4g;
d
. tant: —|[c| = 0.
constant: —— ]

B Example

d ., .
%[4205 —2z] = 1227 — 2.

2 Practice

2.1 State the sum rule. 1

AP Calculus AB « 2.6 Constant, Sum, Differenc Constant Multiple Rules @



2.2 Differentiate 322.

2.3 Differentiate z* + .

3 Exam-style questions

d
3.1 7 [52?] equals

e Az

« B 10z
e C 522
« D 1022

3.2 %[f + g] equals

. Af/.g/
. B f‘/+g/
. C f/_g/
« D fg

3.3y =42% — 22,

(a) Differentiate 42°.
(b) Differentiate —2zx.
(c) State y'.

AP Calculus AB e 2.6 Constant, Sum, Differenc Constant Multiple Rules

@

Solutions

2.1 %[f+g] =f+d.

2.2 6.

2.3 322 + 1.

3.1B.

3.2B.

3.3 (a) 1222, (b) —2. (c) ¥ = 1227 — 2.

AP Calculus AB « 2.6 Constant, Sum, Differenc

Constant Multiple Rules
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4. Let fbe a twice-differentiable function on the closed interval [—4,4] with f(2) = 3. The graph of
f, the derivative of f, is shown.

(4,5)

5 J 10
(-4,-0.5) 1l

(_31 _1)
Graph of f’

Part A

For x > 0, the function g is defined by g(x) = f(x) — In x. Find g’'(2). Show the work that leads to
your answer.

Part B

Find all values of x on the open interval 0 < x < 3 at which the graph of fhas a point of
inflection. Give a reason for your answer.

Part C

For —4 < x < 4, on what open intervals, if any, is the graph of fboth increasing and concave
down? Give a reason for your answer.

Part D

For —4 < x < 4, find the value of x at which fhas an absolute minimum and the value of x at
which fhas an absolute maximum. Give reasons for your answers.

AP CALCULUS AB « EXERCISE SHEET

2.7 Derivatives of sin x, cos x, € X,

and In x

Name: Class: Date:

Total: 9 marks

KEY WORDS derivatives 341

Objective

Build the skills to answer exam questions on the derivatives of cosz, sinz, e*, and

Inx.

You must be able to:

« state and use these four standard derivatives 4§

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B Key derivatives

d .
—[sinz] = cosz,

dx
et = €%,
plel=e
2 Practice
d. .
2.1 State —[sinz].
dx
d
2.2 State —[e”].
il
AP Calculus AB o 2.7 Derivatives of sin x, cos

d .
—|[cosz] = —sinz,

dx

d 1
%[ln z] = =

and In x @



d d
2.3 State %[wb x] and %[ln xl.

3 Exam-style questions

3.1 Llcos ] equal
. dr COsS T| equals

e Asinx
e« B —sinz
e Ccosx
e D —cosz

d
3.2 . [Inz] equals

« Az

3.3 Differentiate each.
(a) sinx.
(b) €.

(c) cosz.

AP Calculus AB e 2.7 Derivatives of sin x, cos

and In x

Solutions
2.1 coszx.

2.2 ¢

2.3 1 feona] = —sin; -{lnr] =
. dr CoOSx| = S x; Iz nxr 71,.
3.1 B.
3.2 B.

3.3 (a) cosz. (b) e”. (¢) —sinz.

AP Calculus AB o 2.7 Derivatives of sin x, cos

and In x
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4. Let fbe a twice-differentiable function on the closed interval [—4,4] with f(2) = 3. The graph of
f, the derivative of f, is shown.

(4,5)

5 J 10
(-4,-0.5) 1l

(_31 _1)
Graph of f’

Part A

For x > 0, the function g is defined by g(x) = f(x) — In x. Find g’'(2). Show the work that leads to
your answer.

Part B

Find all values of x on the open interval 0 < x < 3 at which the graph of fhas a point of
inflection. Give a reason for your answer.

Part C

For —4 < x < 4, on what open intervals, if any, is the graph of fboth increasing and concave
down? Give a reason for your answer.

Part D

For —4 < x < 4, find the value of x at which fhas an absolute minimum and the value of x at
which fhas an absolute maximum. Give reasons for your answers.

AP CALCULUS AB « EXERCISE SHEE

2.8 The Product Rule

T

Name: Class: Date:

KEY WORDS product rule JEf17EN] o power rule 770 o quotient rule 74 ]

Objective

Build the skills to answer exam questions on the product rule.

You must be able to:

« differentiate a product with the product rule FefyEN (fg) = f'g+ f¢'

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B The product rule

B Example

dx

2 Practice

2.1 State the product rule.

2.2 Differentiate x e®.

(f9)) =fg+fd.

d, . . .
—[xsinz] = (1)sinz + x cosz = sinz + x cos z.

2.3 State when you need the product rule.

AP Calculus AB o 2.8 The Product Rule

Total: 9 marks



3 Exam-style questions
3.1 (fg) equals

. A flg/

« Bfg+fd

« Cfg-Jg

« Df/g

d . .
3.2 %[IZ sin z] uses the

o A power rule only
« B product rule
« C quotient rule
e D chain rule only

3.3 y=2xcosx.

(a) Identify f and g.

(b) Apply the product rule.
(c) State y'.

AP Calculus AB o 2.8 The Product Rule

Solutions

2.1 (fg) = f'g+fq"

2.2 (1)e* +ze* =e*(1+ ).

2.3 when differentiating a product of two functions of z.
3.1 B.

3.2 B.

3.3 (a) f=w, g=cosz. (b) (1)cosz + z(—sinz). (c) ¥ = cosz — xsinz.

AP Calculus AB ¢ 2.8 The Product Rule
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6. The function fis twice differentiable. The table gives values of fand its derivative f’ at selected

values of x.
X 0|2|3]| 6
fAx)|-1]3|8]5
fi(x)|=5]|4|9]|-=2

Part A

o f) L .

Find 11n% + > Or state that the limit does not exist.

Y
PartB

Let g(x) = f( f(x)). Find g’(2). Show the work that leads to your answer.

Part C

Let h be a differentiable function such that #(0) = 10 and 4'(x) = #’(3x). Find 4(2). Show the
work that leads to your answer.

PartD

Let k be the function defined by k(x) = fox 2f(1)dt.
i. Find &' (x).

ii. Find &£”(3). Show the work that leads to your answer.

STOP
END OF EXAM

Name: () AP Calculus AB: 2023

=

]
[\
IN
~

F(x) % 8] 3 | 6
g(x) 1 -3 0
gx)| 5 4 2 8

5. The functions f and g are twice differentiable. The table shown gives values of the functions and their first
derivatives at selected values of x.

(a) Let h be the function defined by i(x) = f(g(x)). Find h’(7). Show the work that leads to your answer.

(b) Let k be a differentiable function such that k’(x) = (f(x))? - g(x). Is the graph of k concave up or concave

down at the point where x = 4 ? Give a reason for your answer.

(c) Let m be the function defined by m(x) = sxd+ j;f’(t) dt. Find m(2). Show the work that leads to your

answer.

(d) Is the function m defined in part (c) increasing, decreasing, or neither at x = 2 ? Justify your answer.

Werite your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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6. Functions f, g, and h are twice-differentiable functions with g(2) = h(2) = 4. The line y = 4 + %(x —2)is

tangent to both the graph of g at x = 2 and the graph of & at x = 2.

(a) Find #'(2).

(b) Let a be the function given by a(x) = 3x3h(x). Write an expression for a’(x). Find a’(2).

2\ 2

4
\ (c) The function h satisfies h(x) = lx(ﬁ for x # 2. It is known that lim %(x) can be evaluated using
— X x—>2

4 2 o 2 4 6 L’Hospital’s Rule. Use lim A(x) to find f(2) and f”(2). Show the work that leads to your answers.

x—2
. \

(d) It is known that g(x) < h(x) for 1 < x < 3. Let k be a function satisfying g(x) < k(x) < h(x) for
1 <x < 3.Is k continuous at x = 2 ? Justify your answer.

—4

Graph of f

. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = .[;f (¢) dr.

STOP

. . e
(a) On what open intervals is the graph of G concave up? Give a reason for your answer. END OF EXAM

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P’(3).

o Gx)
(¢) Find lim -
x—>2 x° — 2x
(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a

value ¢, —4 < ¢ < 2, for which G’(c) is equal to this average rate of change? Justify your answer.

Werite your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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5. Let f be the function defined by f(x) = e*cos x.
(a) Find the average rate of change of f on the interval 0 < x < 7.
(b) What is the slope of the line tangent to the graph of f at x = 37” ?
(c) Find the absolute minimum value of f on the interval 0 < x < 27. Justify your answer.
T

(d) Let g be a differentiable function such that g( 2 ) = 0. The graph of g’, the derivative of g, is shown

x
below. Find the value of lim L; or state that it does not exist. Justify your answer.

xorf2 X
y
A
2
1 \\\
/ N 21
X
-1 2 i 2
[ T
Graph of g’

Name: () AP Calculus AB: 2017

y
x ) | &'
-5 10 -3
-4 5 -1
-3 2 4 1
-2 3 1 x
o ~

-1 1 -2

0 0 -3

Graph of h

6. Let f be the function defined by f(x) = cos(2x) + €%,

Let g be a differentiable function. The table above gives values of g and its derivative g” at selected values
of x.

Let & be the function whose graph, consisting of five line segments, is shown in the figure above.
(a) Find the slope of the line tangent to the graph of fat x = 7.

(b) Let k be the function defined by k(x) = h(f(x)). Find k’(x).

(c) Let m be the function defined by m(x) = g(—2x) - h(x). Find m’(2).

(d) Is there a number c in the closed interval [—5, —3] such that g’(c) = —4 ? Justify your answer.
STOP
END OF EXAM
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2.9 The Quotient Rule

Name: Class: Date: Total: 9 marks

KEY WORDS quotient rule i/

Objective
Build the skills to answer exam questions on the quotient rule.

You must be able to:

! 1 /
« differentiate a quotient with the quotient rule 7 ¥:N| <f> = fo=Jtg
g

g2

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B The quotient rule

(j)' _fa—1dg
g g
B Example

AEAOCEDEE O

dr |z +1 z+1)2  (z+1)

2 Practice

2.1 State the quotient rule.

1
2.2 Differentiate — using the quotient rule.
X

AP Calculus AB o 2.9 The Quotient Rule

®

[

2.3 State the denominator of the quotient-rule result.

3 Exam-style questions

!
3.1 <i) equals
g

f'g—fg

g2
.glotfd
92

- A

ol

'q4 9
.plY —Qfg
g

3.2 In the quotient rule, the denominator is
« A g

« B 92

« C f2

+ Dfyg

33y=

r+2
(a) Identify f and g.

(b) Apply the rule.
(c) Simplify.

AP Calculus AB « 2.9 The Quotient Rule



Solutions

2.1 <f> - 7'f/g;'fgl.
g g

2.2 with f=1,g=u: szi

22 22
2.3 ¢? (the square of the denominator).

3.1 A.

3.2 B.

(I)(z+2)—=(1)

2

33 () f=mg=at2 (b) s

AP Calculus AB o 2.9 The Quotient Rule

®

. (¢)

T2y
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x FG) | ) | elx) | g(x)
1 -6 3 2 8
2 2 -2 -3 0
3 7 6 2
6 4 5 3 -1

6. The functions f and g have continuous second derivatives. The table above gives values of the functions and
their derivatives at selected values of x.

(a) Let k(x) = f(g(x)). Write an equation for the line tangent to the graph of k at x = 3.

(b) Let h(x) = fcg)) Find h'(1).

(c) Evaluate f f7(2x) dx.

STOP

END OF EXAM
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CALCULUS AB
SECTION II, Part B
Time—60 minutes
Number of problems—4

No calculator is allowed for these problems.

(4, -4

Graph of f
3. The function f is defined on the closed interval [—5, 4]. The graph of f consists of three line segments and is

shown in the figure above. Let g be the function defined by g(x) = _[2 (1) dr.

(a) Find g(3).

(b) On what open intervals contained in =5 < x < 4 is the graph of g both increasing and concave down?
Give a reason for your answer.

(c) The function A is defined by h(x) = % Find 7’(3).

(d) The function p is defined by p(x) = f(x2 - x). Find the slope of the line tangent to the graph of p at the

point where x = —1.

AP CALCULUS AB « EXERCISE SHEET

2.10 Derivatives of tan x, cot x, sec x,
and csc x

Name: Class: Date: Total: 9 marks

KEY WORDS trigonometric functions —ffipd%{ o derivative F:4{

Objective

Build the skills to answer exam questions on the derivatives of tangent, cotangent,
secant, and cosecant.

You must be able to:

« state and use the derivatives of the four remaining trigonometric functions =£j

1 Worked examples

Study these first. Each one shows the method for a question type used later.

B More trig derivatives

d d .
%[tan z] = sec? %[cot z] = —csc’z,
—|[secx| = secxtanx —|cscx| = —cscxcot .
7 sece] » gplesca]
2 Practice
d :
2.1 State %[tan ). 1]
d
2.2 State E[sec x]. [1]
AP Calculus AB o 2.10 Derivatives of tan x, cot x, and csc x @



d d
2.3 State %[Lot z] and %[csc x].

3 Exam-style questions
3.1 i[tan x] equals
dx
o Asec’w
e B —csc’x
o Csecxtanz
e D —sinz

d
3.2 a[soc x] equals

o Asec’s

e Bsecxtanx

e« C —cscrcotzx
e Dtanz

3.3 Differentiate each.
(a) tanz.
(b) cot .

(c) cscx.

AP Calculus AB e 2.10 Derivatives of tan x, co

x, and csc x

Solutions

2.1 sec? x.

2.2 secwtanw.

2.3 %[cot z] = —csc’
3.1 A.

3.2 B.

dx

[escz] = —cscacot z.

3.3 (a) sec’x. (b) —csc?w. (¢) —cscxcot .

AP Calculus AB o 2.10 Derivatives of tan x, cot x, and csc x
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