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Chain Rule, Implicit & Inverse
Inverse functions

Derivatives of inverse functions

If g is the inverse
function of f (so
f(g(x)) = x):

g′(x) = 1

f′
(
g(x)

) .
Slopes at matching points
are reciprocals – the
graphs are mirror images in
y = x. x

y

y = x

(a, b)

(b, a) y = f(x)
y = f 1(x)



Chain Rule, Implicit & Inverse
Inverse functions

Worked example – inverse from a point

f(2) = 5 and f′(2) = 3; g is the inverse of f
(2, 5) lies on f, so (5, 2) lies on g. Then

g′(5) = 1

f′(2) =
1

3
.

Swap the coordinates first, then take the re-
ciprocal of f′ at the original x.

on f: (2, 5)

on g: (5, 2)

swap



Chain Rule, Implicit & Inverse
Inverse functions

Inverse trigonometric derivatives

The same idea gives the inverse trigonometric functions you must know:

d
dx arcsin x

=
1√

1− x2

d
dx arctan x

=
1

1 + x2

d
dxarcsec x

=
1

|x|
√

x2 − 1

Chain them when the input is a function: d
dx arctan(3x) = 3

1 + 9x2 .



AP Calculus AB
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AP CALCULUS AB • EXERCISE SHEET

3.3 Differentiating Inverse Functions

Name: Class: Date: Total: 9 marks

KEY WORDS reciprocal倒数 • inverse function反函数

Objective
Build the skills to answer exam questions on differentiating inverse functions.

You must be able to:

• apply (f−1)′(a) =
1

f ′(f−1(a))

1 Key knowledge and worked examples
Study these first. Each one shows the method for a question type used later.

Derivative of an inverse

(f−1)′(a) =
1

f ′(f−1(a))
.

The slope of the inverse function 反函数 is the reciprocal of the slope of f at the
corresponding point.

Example

If f(2) = 5 and f ′(2) = 4, then (f−1)′(5) =
1

f ′(2)
=

1

4
.

2 Practice
2.1 State the inverse-derivative formula. [1]

2.2 If f ′(2) = 4 and f(2) = 5, find (f−1)′(5). [2]
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3 Exam-style questions
3.1 (f−1)′(a) equals [1]

A f ′(a)

B 1

f ′(f−1(a))

C f ′(f−1(a))

D 1

a

3.2 The slope of f−1 is the ______ of the slope of f . [1]

A same
B reciprocal
C negative
D square

3.3 f(3) = 7, f ′(3) = 2.

(a) Find f−1(7). [1]

(b) Apply the formula. [1]

(c) Find (f−1)′(7). [1]
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Solutions
Each answer shows the steps, then the result.

2.1

• (f−1)′(a) =
1

f ′(f−1(a))

2.2

• f−1(5) = 2, so (f−1)′(5) =
1

f ′(2)
=

1

4

2.3

• they are reciprocals of each other

3.1 B

• 1

f ′(f−1(a))
.

3.2 B

• reciprocal.

3.3

(a)

• 3

(b)

• 1

f ′(3)

(c)

• 1

2
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Solutions
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(b)
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2
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2.3 State the relationship between the two slopes. [1]

3 Exam-style questions
3.1 (f−1)′(a) equals [1]

A f ′(a)
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D 1

a

3.2 The slope of f−1 is the ______ of the slope of f . [1]

A same
B reciprocal
C negative
D square

3.3 f(3) = 7, f ′(3) = 2.

(a) Find f−1(7). [1]

(b) Apply the formula. [1]

(c) Find (f−1)′(7). [1]

AP Calculus AB • 3.3 Differentiating Inverse Functions 2

Solutions
Each answer shows the steps, then the result.

2.1

• (f−1)′(a) =
1

f ′(f−1(a))

2.2

• f−1(5) = 2, so (f−1)′(5) =
1

f ′(2)
=

1

4

2.3

• they are reciprocals of each other

3.1 B

• 1

f ′(f−1(a))
.

3.2 B

• reciprocal.

3.3

(a)

• 3

(b)

• 1

f ′(3)

(c)

• 1

2

AP Calculus AB • 3.3 Differentiating Inverse Functions 3



AP Calculus AB

Exercise 3.1
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Exercise 3.2

2.3 State the relationship between the two slopes. [1]

3 Exam-style questions
3.1 (f−1)′(a) equals [1]

A f ′(a)

B 1

f ′(f−1(a))

C f ′(f−1(a))

D 1

a

3.2 The slope of f−1 is the ______ of the slope of f . [1]

A same
B reciprocal
C negative
D square

3.3 f(3) = 7, f ′(3) = 2.

(a) Find f−1(7). [1]

(b) Apply the formula. [1]

(c) Find (f−1)′(7). [1]
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AP Calculus AB

Exercise 3.3 (a)

2.3 State the relationship between the two slopes. [1]

3 Exam-style questions
3.1 (f−1)′(a) equals [1]

A f ′(a)

B 1

f ′(f−1(a))

C f ′(f−1(a))

D 1

a

3.2 The slope of f−1 is the ______ of the slope of f . [1]

A same
B reciprocal
C negative
D square

3.3 f(3) = 7, f ′(3) = 2.

(a) Find f−1(7). [1]

(b) Apply the formula. [1]

(c) Find (f−1)′(7). [1]
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Exercise 3.3 (a)
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a
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Solutions
Each answer shows the steps, then the result.

2.1

• (f−1)′(a) =
1

f ′(f−1(a))

2.2

• f−1(5) = 2, so (f−1)′(5) =
1

f ′(2)
=

1

4

2.3

• they are reciprocals of each other

3.1 B

• 1

f ′(f−1(a))
.

3.2 B

• reciprocal.

3.3

(a)

• 3

(b)

• 1

f ′(3)

(c)

• 1

2
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Exercise 3.3 (b)

2.3 State the relationship between the two slopes. [1]

3 Exam-style questions
3.1 (f−1)′(a) equals [1]

A f ′(a)

B 1

f ′(f−1(a))

C f ′(f−1(a))

D 1

a

3.2 The slope of f−1 is the ______ of the slope of f . [1]

A same
B reciprocal
C negative
D square

3.3 f(3) = 7, f ′(3) = 2.

(a) Find f−1(7). [1]

(b) Apply the formula. [1]

(c) Find (f−1)′(7). [1]
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Exercise 3.3 (b)

2.3 State the relationship between the two slopes. [1]

3 Exam-style questions
3.1 (f−1)′(a) equals [1]

A f ′(a)
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Solutions
Each answer shows the steps, then the result.

2.1

• (f−1)′(a) =
1

f ′(f−1(a))

2.2

• f−1(5) = 2, so (f−1)′(5) =
1

f ′(2)
=

1

4

2.3

• they are reciprocals of each other

3.1 B

• 1

f ′(f−1(a))
.

3.2 B

• reciprocal.

3.3

(a)

• 3

(b)

• 1

f ′(3)

(c)

• 1

2
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Exercise 3.3 (c)

2.3 State the relationship between the two slopes. [1]

3 Exam-style questions
3.1 (f−1)′(a) equals [1]

A f ′(a)

B 1

f ′(f−1(a))

C f ′(f−1(a))

D 1

a
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(b) Apply the formula. [1]

(c) Find (f−1)′(7). [1]
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Exercise 3.3 (c)
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Solutions
Each answer shows the steps, then the result.

2.1

• (f−1)′(a) =
1

f ′(f−1(a))

2.2

• f−1(5) = 2, so (f−1)′(5) =
1

f ′(2)
=

1

4

2.3

• they are reciprocals of each other

3.1 B

• 1

f ′(f−1(a))
.

3.2 B

• reciprocal.

3.3

(a)

• 3
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• 1

f ′(3)

(c)

• 1

2
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