Exercise walk-through

Connecting Differentiability and
Continuity: Determining When
Derivatives Do and Do Not Exist

AP Calculus AB



Differentiable = continuous (not the reverse)

If fis differentiable at a point, then fis continuous there. A continuous function
can still fail to be differentiable:

continuous, not differentiable continuous, not differentiable

3 - fix) =¥x
_ corner:
fix) = |X|l right slopes/

disagree

vertical tangent:
slope is infinite

f differentiable at a = f continuous at a; converse fails at
corners and vertical tangents

Use the contrapositive: if fis not continuous at a, it is not differentiable at a.



The notations, and the tangent line

d

the notations d—y f(x), ¥y — all naming the same object
x
: L dy . .
which to use Leibniz o when the variables matter; Lagrange f (x) when the function does
x

d?
the second derivative —2 or f" (x)

dx?
the tangent line give it as y — fla) = f(a)(x — a)
why that form it needs no rearrangement and no risk of an arithmetic slip in the intercept
the check substitute x = a: the equation must give y = f(a)

Writing the tangent in point—slope form is a marked convention, not a preference. Converting
it to y = mx+ c adds a step and an opportunity to lose a mark.



Differentiability is the stronger condition

the relationship differentiable = continuous

why a derivative is a limit that cannot exist where the function jumps
the converse is false a continuous function can fail to be differentiable

a corner |x| at x = 0 — the left and right slopes differ

a cusp x2/3 at x = 0 — the slopes go to 400 and —oo

a vertical tangent x1/3 at x = 0 — the slope is infinite, so no finite derivative

On a justification question, say which direction of the implication you are using. “It is contin-
uous, therefore differentiable” is the error the question is set to catch.



AP Calculus AB

Exercises 2.1:2.3

2.1 State the implication between differentiability and continuity.

2.2 State whether continuity implies differentiability.

2.3 Give an example of a continuous but non-differentiable point.



AP Calculus AB

Exercises 2.1:2.3

2.1 State the implication between differentiability and continuity.

2.1

o differentiable at ¢ = continuous at a

2.2 State whether continuity implies differentiability.

2.2

e 1o (continuity does not imply differentiability)

2.3 Give an example of a continuous but non-differentiable point.

2.3

e f(z)=|z|at z =0 (a corner)



AP Calculus AB

Exercises 3.1-3.2

3.1 If f is differentiable at a, then f is

[j A discontinuous

B continuous at a
C linear
D constant

3.2 f(x) =|z] at 2 =0 is

[j A differentiable
B continuous but not differentiable

C discontinuous
D undefined



AP Calculus AB

Exercises 3.1-3.2

3.1 If f is differentiable at a, then f is

[j A discontinuous

B continuous at a
C linear
D constant

3.1B

e continuous at a.

3.2 f(x) =|z] at 2 =0 is

[j A differentiable
B continuous but not differentiable

C discontinuous
D undefined

3.2B

e continuous but not differentiable.



AP Calculus AB

Exercise 3.3 (a)

3.3 Continuous functions can fail to be differentiable at certain features.

(a) Name the feature at a sharp point.



AP Calculus AB

Exercise 3.3 (a)

3.3 Continuous functions can fail to be differentiable at certain features.

(a) Name the feature at a sharp point.

(a)

® a corner



AP Calculus AB

Exercise 3.3 (b)

3.3 Continuous functions can fail to be differentiable at certain features.

(b) Name the feature with an infinite slope.



AP Calculus AB

Exercise 3.3 (b)

3.3 Continuous functions can fail to be differentiable at certain features.

(b) Name the feature with an infinite slope.

(b)

e a vertical tangent



AP Calculus AB

Exercise 3.3 (¢)

3.3 Continuous functions can fail to be differentiable at certain features.

(c) State whether |z| is differentiable at 0.



AP Calculus AB

Exercise 3.3 (¢)

3.3 Continuous functions can fail to be differentiable at certain features.

(c) State whether |z| is differentiable at 0.

(c)

e 110



