Exercise walk-through

Connecting Infinite Limits and
Vertical Asymptotes

AP Calculus AB



Limits & Continuity

- Asymptotes

Infinite limits and vertical asymptotes

Where a non-zero number is divided by something approaching 0, the graph hugs the
line x = ¢ — a vertical asymptote

Always check each side: the two sides can shoot opposite ways.



Limits & Continuity

- Asymptotes

End behaviour, from the leading terms

At infinity only the relative magnitudes matter: exponentials

Relati i . . .
£lativenasiitudes beat any polynomial, and a polynomial beats any logarithm.

When numerator and denominator have the same degree, the
Equal degrees limit is the ratio of the leading coefficients — and that ratio is
the horizontal asymptote.

Numerator smaller: the limit is 0. Numerator larger: it grows
Unequal degrees without bound, and polynomial division gives the slant asymp-
tote.

That long-run behavior — the end behavior — is what a limit at

Naming it e
infinity reports.

Divide every term by the highest power in the denominator. Every rational end-behaviour limit
falls out of that one step.



Infinite limits and vertical asymptotes, in detail

as x -> ¢ from the right,
f -> +infinity

as x -> ¢ from the left,
f -> -infinity

vertical asymptote x = c when lim f(x) = o or |lim f(x) = £
X—=C

x-ct

Where a non-zero number is divided by something approaching 0, the graph hugs
the line x = ¢ — a vertical asymptote



Limits & Continuity

- Asymptotes

Limits at infinity and horizontal asymptotes

Let the input grow: end behaviour as x — Foo. If outputs settle toward L,
then y = L is a horizontal asymptote

Far out, an exponential beats any polynomial, and a polynomial beats any logarithm.



Limits & Continuity

- Asymptotes

Limits at infinity and horizontal asymptotes, in detail

horizontal asymptote y =1L

—

as x -> +infinity,
f(x) -> L

horizontal asymptote y =L when lim f(x)=L (finite)

X—xoo

Let the input grow and watch the end behaviour . if the outputs settle
towards L, then y = L is a horizontal asymptote



AP Calculus AB

Exercises 2.1:2.3

2.1 State what an infinite limit at a indicates.

1
2.2 For f(x) = —, state the vertical asymptote.
T

2.3 State where a rational function has a vertical asymptote.



AP Calculus AB

Exercises 2.1:2.3

2.1 State what an infinite limit at a indicates.

2.1

o the graph has a vertical asymptote there

1
2.2 For f(x) = —, state the vertical asymptote.
T

2.3 State where a rational function has a vertical asymptote.

2.3

e where the denominator is 0 but the numerator is not



AP Calculus AB

Exercises 3.1-3.2

3.1 If lim, , f(z) = 00, then z = a is a

D A horizontal asymptote
B vertical asymptote
C hole
D root

1
3.2 f(z) = s has a vertical asymptote at

Az=0
Bx=2
Cy=2

Dax=-2



AP Calculus AB

Exercises 3.1-3.2

3.1 If lim, , f(z) = 00, then z = a is a

D A horizontal asymptote
B vertical asymptote
C hole
D root

3.1B

o vertical asymptote.

D Ax=0

Bxr=2
Cy=2
Dx=-2

1
3.2 f(z) = s has a vertical asymptote at



AP Calculus AB

Exercise 3.3 (a)

1
r—5

(a) Where is the denominator 07

3.3 f(x) =



AP Calculus AB

Exercise 3.3 (a)

1
3.3 = :
fla) = —
(a) Where is the denominator 07
(a)



AP Calculus AB

Exercise 3.3 (b)

1
xr—5

3.3 f(z) =

(b) State the vertical asymptote.



AP Calculus AB

Exercise 3.3 (b)

1
xr—5

3.3 f(z) =

(b) State the vertical asymptote.



AP Calculus AB

Exercise 3.3 (¢)

1
r—5

3.3 f(z) =

(c) State the behaviour of lim,_,5+ f(x).



AP Calculus AB

Exercise 3.3 (¢)

1
r—5

3.3 f(z) =

(c) State the behaviour of lim,_,5+ f(x).

(c)

e +00



AP Calculus AB

Exercise 3.4

3.4 For g(x) = (x +1)/(z — 3), (a) find each one-sided limit as x — 3. 2]

(b) Name the vertical asymptote and justify the signs using numerator and denomina-
tor. 2]



AP Calculus AB

Exercise 3.4

3.4 For g(x) = (x +1)/(z — 3), (a) find each one-sided limit as x — 3. 2]

(b) Name the vertical asymptote and justify the signs using numerator and denomina-
tor. 2]
3.4

(a) Left —oo, right 4-o0c.

(b) The asymptote is z = 3; the numerator approaches positive 4 while the denominator
changes from small negative to small positive.



