Medical physics
A-Level Physics

Ultrasound

Piezo-electric effect

A piezo-electric EH, crystal changes shape a little when a p.d. is put across it, and
the reverse: it makes an electromotive force HZfj# (e.m.f.) across itself when its
shape is changed. Quartz and PZT are common examples. Two linked effects:

apply a p.d. | crystal changes shape

squeeze it »| an e.m.f. appears

Applying a p.d. deforms the crystal; squeezing it makes a p.d.

o apply a p.d. — the crystal changes shape (used to make vibrations).

o change the shape (a wave squeezes it) — an e.m.f. appears (used to detect
vibrations).

Piezo-electric transducer
A transducer g2 uses this effect to both make and detect ultrasound # .

o an alternating p.d. (a few MHz) makes the crystal vibrate at the same frequency,
sending out longitudinal 2L} waves above 20 kHz (1-10 MHz for medical imag-
ing).

o the same crystal then detects: returning ultrasound makes it vibrate and produce
an e.m.f.

Generating ultrasound (three marks). (1) An alternating p.d. is applied across
the crystal. (2) The crystal changes shape, expanding and contracting at the fre-
quency of the p.d., so it vibrates. (3) The p.d. is chosen at the crystal’s resonant
frequency, so the vibration is large and the crystal’s faces push on the tissue, sending
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out a longitudinal wave of that frequency. Detecting ultrasound (two marks).
The returning wave’s pressure variations change the shape of the crystal; a chang-
ing shape generates an e.m.f. across it, alternating at the frequency of the wave,
which is amplified and recorded. The same crystal is used for both, switched between
transmitting and receiving.

So one transducer is both emitter and detector, switching between sending and listen-
ing.

earthed metal case backing material
I

| plastic cover

and lens
coaxial piezo-electric
cable crystal
\

electrodes

A piezo-electric transducer both sends and detects ultrasound using a vibrating crystal

Pulse-echo imaging
To see inside the body (pulse-echo fikifi[a] imaging):

the transducer sends a short pulse into the body.
at each tissue boundary, part of the pulse is reflected and part goes on.
the transducer detects each reflected pulse.

the time delay gives the depth: d = ct/2 (there and back). The echo’s amplitude
gives the strength of the reflection.

Ll O e

Worked example. An ultrasound pulse returns to the transducer 60 us after it was
sent. The speed of sound in the tissue is 1500 m s~!. Find the depth of the reflecting
boundary.

t
The pulse travels there and back, so d = %:

de 1500 x 60 x 1076
- 2

1. sweeping across the body builds a 2-D image.

=0.045 m (= 4.5 cm).
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A real ultrasound image — the fan shape comes from the transducer sweeping across
the body. Ewvery bright speck is an echo from a boundary between tissues, and its depth
was worked out from the echo’s time delay, exactly as in the worked example above

A coupling gel #4757 is put between the transducer and the skin to push out the
air; without it almost all the ultrasound would reflect at the skin—air boundary and
never enter the body.
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An A-scan shows the transmitted pulse and the echoes from each tissue boundary

”Outline the use of ultrasound to obtain diagnostic information” (four
marks). (1) A pulse of ultrasound is sent into the body by the transducer, which is
coupled to the skin with gel. (2) At each boundary between tissues part of the pulse
is reflected; the reflected pulse returns to the transducer and is detected. (3) The

A-Level Physics o 24 Medical physics @

time delay between emission and echo, with the speed of sound, gives the depth
of the boundary (d = ¢t/2). (4) The intensity of the echo, set by the change in
acoustic impedance at the boundary, shows what kind of boundary it is. Sweeping
the transducer, or using an array, builds up an image.

Why pulses, and why megahertz. The transducer sends a short pulse and then
listens: the echo from every boundary must arrive before the next pulse leaves, oth-
erwise echoes from different pulses could not be told apart, and the crystal cannot
transmit and receive at the same moment. The frequency is a compromise: a higher
frequency means a shorter wavelength and so finer detail (resolution 73 #%), but
it is attenuated more strongly, so a deep organ needs a lower frequency than a shal-
low one. Typical medical scanning uses 1-15 MHz, wavelengths of a fraction of a
millimetre in tissue.

Specific acoustic impedance

The specific acoustic impedance B [H# of a medium is

Z = pc,
where p is the density % & and c the speed of sound. Unit: kg m~2 s7!. Bone has
large Z; air has small Z; soft tissue is in between.

Worked example. Find the specific acoustic impedance of soft tissue. (Density
1060 kg m ™, speed of sound 1540 m s~ '.)

Z = pc=1060 x 1540 =~ 1.6 x 10® kg m™2 s L.

The definition (two marks). The specific acoustic impedance of a medium is the
product of its density and the speed of sound in it. Both quantities must be named;
"how hard sound finds it to pass” scores nothing. Because Z combines density and
speed, two media with very different densities can still have similar Z (water and soft
tissue), and it is Z, not density alone, that decides how much sound reflects.

Reflection at a boundary

At a boundary between media of impedance Z; and Z,, the intensity reflection
coefficient 35 i 24 (fraction reflected) is

In _ (72~ 2Y
Iy \Zi+2,)
o very different impedances: almost all is reflected (skin/air — hence the gel).
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o very similar impedances: almost nothing is reflected, so the boundary cannot be
seen.

¢ best for imaging: different enough to give an echo, but not so different that nothing
passes on.

medium 1 (Z1) medium 2 (Z2)

incident I transmitted

\ /

\

reflected I

In (ZleQ

2
— = =—F — a bigger impedance difference gives a bigger echo
Io Zy + Zs )

At a boundary, part of the pulse reflects and part transmits — a bigger impedance
difference gives a bigger echo

Worked example (why gel). Air: density 1.29 kg m~®, speed of sound 343 m s~ !.

Gel: Z = 1.50 x 10% kg m™2 s~ Soft tissue: Z = 1.63 x 10 kg m~? s~'. Find the
intensity reflection coefficient at an air-tissue boundary and at a gel-tissue boundary.

442 — 1.63 x 106

— _ -2 -1 : : .
Zair =1.29x343 = 442 kg m s, Air-tissue: (m

2
> = 0.9989: 99.9%

150 — 163\
1.50 + 1.63> B
0.0017: only 0.2% reflects. So the gel, whose impedance is close to that of skin, replaces
the air layer that would otherwise reflect nearly everything, and almost all of the pulse
enters the body (and the echoes can get back out again by the same route).

of the intensity reflects and only 0.1% enters the body. Gel-tissue: <

Worked example. Water: density 1000 kg m >, speed 1480 m s~'. Glass: density
2500 kg m ™, speed 5600 m s~!. What fraction of the intensity is reflected at a water—
glass boundary?

1.48 — 14.0\?
Zater = 1.48 X 10%, Zgpoee = 1.40 x 107 kg m~? s7*. Coefficient = ( ) =

1.48 4+ 14.0

0.65: two-thirds reflected, one-third transmitted. Working in units of 10% keeps the
arithmetic clean, since the ratio is what matters. A steel implant in tissue (Zsteel =
4.7 x 107) gives 0.87: nearly all the pulse reflects from its surface, so nothing behind
it can be imaged, but the implant itself shows up very brightly.
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Attenuation
As ultrasound goes through tissue, its intensity falls with distance:
1= .[067#E7

where p is the attenuation coefficient )8 £ %1 (unit m~!). The same form applies
to X-rays.

larger u = steeper fall - half-value thickness

intensity /

soft tissue (small )

bone (large u)

»
»

thickness x
Intensity falls exponentially with thickness; a larger attenuation coefficient (bone)
falls off faster
boundary, coefficient o

in: Ip — Ipe M at the boundary (1 — o) goes on

> [----o - >

<
<«

back: alpe " reflected, then attenuated aga
transducer

=

tissue 1, thickness x, coefficient p tissue 2

echo received: I = alpe 2%  (two passes through the tissue, one reflection)

One echo, three factors: attenuation in, reflection, attenuation out. The tissue is
crossed twice, so the exponent doubles

A-Level Physics o 24 Medical physics @



Worked example (an echo’s intensity). A pulse of intensity Iy passes through
4.0 cm of tissue with attenuation coefficient 0.50 cm™! to a boundary whose intensity
reflection coefficient is 0.010. Find the intensity of the echo returning to the transducer,
as a fraction of Ij.

To the boundary: e #% = ¢~ 050x40 = (135, Reflected: x0.010. Back through the
same 4.0 cm: x0.135 again. Echo: I/ly = 0.135 x 0.010 x 0.135 = 1.8 x 1074, about
0.02%. Two things the examiner checks: the tissue is crossed twice, and the reflection
coefficient multiplies the intensity at the boundary, not . This is why echoes from
deep boundaries are amplified more than shallow ones before display.

X-rays

Production
X-rays come from an X-ray tube X §f£k4%:

1. a heated cathode [{#}% emits electrons by thermionic emission #H, 1% 5.

2. a high p.d. (tens to hundreds of kV) accelerates the electrons across a vacuum H
75 to a metal target #! (the anode PH#%, often tungsten 43).

3. the electrons hit the target and slow sharply. Most of their kinetic energy #ljfiE
becomes heat; a small part is emitted as X-ray photons Y47 (Bremsstrahlung
BEER ST, “braking radiation”). Some electrons knock out inner electrons of the
metal atoms, and the refilling emits characteristic 45fiF X-ray lines.

high-voltage supply

[

Ve N

heated filament al 4

metal anode

(cathogle, —) electrons
NN~
low-voltage U target
supply 7 (tungsten)
(heats filament)

evacuated tube (vacuum) S )

In an X-ray tube electrons from the heated cathode are accelerated onto a metal target
anode

“Explain how X-rays are produced” (four marks). (1) Electrons are emitted
from a heated filament (cathode) by thermionic emission. (2) They are accelerated
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through a high potential difference (tens of kV) across an evacuated tube towards
a metal target (the anode). (3) They decelerate rapidly when they strike the target,
and (4) the kinetic energy lost is emitted as X-ray photons (with most of it becoming
heat in the target, which is why the anode is cooled or rotated).

Controlling the beam. The intensity (energy per unit area per second) is set
by the number of electrons hitting the target per second, so it is controlled by
the filament current (a hotter filament emits more electrons); the hardness i i,
meaning the penetrating power, is set by the photon energies, so it is controlled by
the accelerating p.d.: a larger p.d. gives higher-energy, shorter-wavelength, more
penetrating X-rays. A metal filter removes the softest X-rays, which would be absorbed
in the patient’s skin without reaching the detector.

Worked example (heating of the target). In a tube run at 75 kV the electron
beam current is 30 mA and 99% of the electrons’ energy becomes heat in a tung-
sten target of mass 15 g (specific heat capacity 134 J kg™* K™!). Find the rate of
temperature rise if no heat were lost.

Power delivered = IV = 0.030 x 75000 = 2250 W; heating power = 0.99 x 2250 =
2230 W. Then mc A8/At = 2230, so AG/At = 2230/(0.015 x 134) = 1.1 x 10* K s7".
A target would melt within seconds, which is why exposures are short and anodes
rotate to spread the heat.

Minimum wavelength
The most energy one X-ray photon can have is the full kinetic energy of one accelerated

electron, lost in a single event. For accelerating p.d. V, the KE is eV, so

hc

I max — /‘/7 )\min = ;-
v f, e o

This is the short-wavelength cut-off. The continuous Bremsstrahlung spectrum tails
off above A, with sharp characteristic peaks set by the target metal.
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continuous spectrum peaks
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\
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Ao wavelength, A

X-ray: continuous bremsstrahlung + characteristic peaks

A typical X-ray spectrum — a continuous Bremsstrahlung curve cut off at g, with
sharp characteristic peaks

Worked example (minimum wavelength). Electrons are accelerated through
75 kV. Find the maximum photon energy and the minimum wavelength of the X-rays.

Maximum energy = eV = 75 keV = 75000 x 1.60 x 107 = 1.2 x 107 J (or
0.075 MeV). Then Apin = he/(eV) = (6.63 x 10734)(3.00 x 10%)/(1.2 x 1071) =
1.7 x 107" m. The maximum photon momentum is p = E/c = 4.0 x 1072 N s.
Doubling the p.d. halves the minimum wavelength.

Explaining the shape of the spectrum. The spectrum is continuous because
each electron may lose any fraction of its energy in one or several decelerations, so
photons of every energy up to the maximum are produced. It has a sharp cut-off at
Amin because a photon cannot carry more energy than one electron has, eV, and that
happens only when an electron loses all its energy in a single event. The peaks are
characteristic of the target metal: an incoming electron knocks an inner electron out
of a target atom, and an outer electron falls into the vacancy, emitting a photon whose
energy is the difference between the two levels (Topic 22).

Imaging with X-rays

X-rays pass through the patient onto a detector. Tissues that attenuate ¥ more
(bone, high Z) cast a stronger shadow and look lighter; tissues that attenuate less
(soft tissue, lung) look darker.

The contrast X} [t /& is the difference in attenuation between tissues. A contrast

medium 75 5| (e.g. a barium meal) can be given to make soft tissues stand out.
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A real chest X-ray: dense bone absorbs more X-rays and looks white; the air-filled
lungs let X-rays through and look dark

Sharpness and contrast. Sharpness i & is how well defined the edges of
structures are in the image: a small X-ray source (a small spot on the target), a
stationary patient and a detector close to the patient all improve it. Contrast is the
difference in degree of blackening (or brightness) between neighbouring regions of
the image, produced by a difference in attenuation. The two are independent: an
image can be sharp but have poor contrast, or the reverse.

X-ray beam, intensity Iy everywhere

N N

soft tissue bone
pw=0.20 cm* 4 =0.60cm™?!
3.0 cm thick 3.0 cm thick

ol

I/Ip =e %% =0.55
detector well exposed: dark

I/l =e 80 =017
little exposure: white

contrast comes from the difference in u: the two exposures differ by a factor of 3
Contrast is a difference in attenuation: bone attenuates about three times more

strongly than soft tissue per centimetre, so equal thicknesses give very different
erposures
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“Explain why X-ray images of internal structures have good contrast.” Bone
and soft tissue have very different attenuation coefficients, so equal thicknesses
transmit very different intensities and the detector is exposed very differently behind
each. Where two soft tissues have similar coefficients (the stomach and its surround-
ings), a contrast medium with a high attenuation coefficient, such as barium, is
swallowed or injected to outline one of them. Using a lower p.d. (softer X-rays) also
increases contrast, at the cost of a larger dose.

Worked example. X-rays pass through 3.0 cm of soft tissue (z = 0.20 cm™!) in
one region of the body and 3.0 cm of bone (¢ = 0.60 cm™!) in another. Compare the
transmitted intensities.

Soft tissue: I/l = e 020%30 = ¢=060 = .55 Bone: ¢ 06030 = =180 = (.17, The
soft-tissue region receives more than three times the exposure of the bone region, so
the bone appears white and the tissue dark. The ratio of exposures, e(#bone=fitissue)z
grows with thickness: contrast improves for thicker structures, but so does the total
attenuation.

Attenuation law

I = 1067“1.
Higher-energy X-rays penetrate further (smaller u); bone has a much larger p than
1
soft tissue. To find the thickness for a given fraction, take logs: © = —In 70. The

half-value thickness {HJZJE 21/ = In2/p halves the intensity (like half-life in
decay).

Worked example. X-rays pass through 3.0 cm of tissue with attenuation coefficient
4 =40 m~!. Find the fraction of the intensity that gets through.

—px —4 .02 —1.2
nx 0x0.030 _ e ~ 0.30.

I—:e =e

0
Worked example (percentage absorbed). X-rays pass through 2.8 cm of a

medium with attenuation coefficient 1.4 cm~!. What percentage of the X-ray energy
is absorbed?

Transmitted fraction e 14*28 = 7392 = (0.020, so 98% is absorbed. The question
asks for what is absorbed, not what gets through: read it twice. The half-value
thickness here is In2/p = 0.50 cm, so 2.8 cm is 5.6 half-value thicknesses and (1/2)%6 =
0.02 checks the answer.

Worked example (two layers). A beam of intensity Iy passes through 2.0 cm of
material P (¢ = 0.35 cm™!) and then 1.5 cm of material Q (¢ = 0.90 cm™!). Find the
transmitted intensity.
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The exponentials multiply: I = I,e 033720 =090x15 — J o—(070+135) — f =205 —

0.13 Ip. Add the exponents (p121 + poz2); never add the thicknesses or the coefficients.
The order of the layers makes no difference to the total transmitted intensity.

Computed tomography (CT)
A computed tomography 11EHL K Z 44 (CT) scan builds a 3-D image:

1. the tube and detectors rotate around the patient, taking many images of one thin
slice from different angles.

2. a computer combines these into a 2-D cross-section of the slice.

3. the patient is moved along, and the next slice is imaged.

4. the slices are stacked into a 3-D image.

CT shows far more than a single X-ray, because overlapping soft tissues are separated
by the many-angle reconstruction.

tube and detectors
rotate around patient

- } X-ray tube ~

X-ray beam \\

patient
(slice)

ring of detectors

In a CT scan the X-ray tube and detectors rotate around the patient to image a slice
from many angles

“Explain how CT scanning produces a three-dimensional image” (five
marks). (1) The X-ray tube (and a ring of detectors) rotates around the patient,
so that (2) many X-ray images of one slice (section) are taken from different
angles. (3) A computer combines them to produce a two-dimensional image of that
slice. (4) The patient is moved and the process is repeated for successive slices.
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(5) The slices are combined to build a 3-D image, which can be rotated and viewed
from any angle. Purpose: to image a section of the body without the overlapping of
structures that a single X-ray suffers, revealing structures that would be hidden and
their positions in depth. The price is a much larger dose than a single X-ray.

PET scanning

Tracer

A tracer 7R is a substance with radioactive nuclei put into the body. It is taken
up more by the tissue being studied (e.g. a tumour takes up more glucose-tagged
tracer due to its high metabolism {Cif}). Its decay is detected from outside.

In positron emission tomography 1FH, T &5 W EFHi (PET), the tracer is a 1
emitter — it gives out a positron 1FH,T. A common one is fluorine-18 on a glucose
analogue (FDG).

”Explain what is meant by a tracer and how it is used” (three marks).
A tracer is a substance containing radioactive nuclei (for PET, a 8% emitter such
as fluorine-18) that is introduced into the body (injected or swallowed), usually
bound to a molecule such as glucose, and is absorbed by the tissue being studied;
the radiation it emits leaves the body and is detected, so its distribution shows where
that tissue is active. The nuclide is chosen with a short half-life, so the activity
is high during the scan and the patient’s dose afterwards is small, but not so short
that it decays before it reaches the tissue: fluorine-18 (110 minutes) and oxygen-15 (2
minutes, made and used on the spot) are typical.

Annihilation

When a particle meets its antiparticle 2} they annihilate j§ K: their mass
turns into electromagnetic energy. In PET:

« a positron travels a few mm before meeting an electron Hif-.
o they annihilate. Energy and momentum ZJji are conserved.

o since the total momentum is about zero, two photons are produced going in op-
posite directions, each 511 keV (= m.c?).
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detector ring

et + e~ annihilate

two photons, opposite directions — the coincidence fixes the line

PET: annihilation gives two 511 keV photons in opposite directions; a coincidence
fizes the line

Energy of the annihilation photons

=}

By energy conservation, the total photon energy equals the pair’s rest energy HE&:

2hf = 2m.c?, hf = mec?.

Each photon has hf = m.c? = 8.2 x 10714 J ~ 0.51 MeV, with A =~ 2.4 x 10712 m.

Explaining the annihilation (four marks). (1) The positron emitted by the tracer
travels a short distance and meets an electron in the tissue. (2) The pair annihi-
lates: their mass is converted to energy, (3) emitted as two gamma-ray photons,
since (4) momentum must be conserved: the pair had almost no momentum, so the
two photons must travel in opposite directions with equal momenta. Each photon
carries the rest energy of one particle, 0.51 MeV; a single photon could not conserve
momentum.

Worked example. Find the total energy released when a positron and an electron,
each moving slowly, annihilate, and the wavelength of each photon.

E =2m.c? = 2x9.11x1073'x(3.00x 10%)% = 1.64x 1073 J (1.02 MeV), shared equally:
8.2x 1071 J each. A = he/E = (6.63x 10)(3.00x 108)/(8.2x 10~4) = 2.4x 102 m,

a gamma ray. If instead the electron and positron each move at 4.9 x 10" m s~ in
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opposite directions, each has kinetic energy 1mv? = 1.1 x 1075 J, about 1% of its rest
energy, and the photons carry 8.3 x 1071* J each: the rest energy dominates, which is
why the annihilation photons always have very nearly the same energy.

Reconstructing the image

The two photons leave the body in opposite directions and hit detector rings around
the patient. Recording the two simultaneous arrivals (a “coincidence”) fixes the
line the annihilation happened on. Many coincidences from many angles let the com-
puter build a 3-D map of the tracer — showing tissues with high metabolic activity.
Comparing the two arrival times can refine the position along that line (time-of-flight
PET).

A finished PET image of the brain: warm colours (red, yellow) mark where the tracer
collected — the most active tissue

A-Level Physics o 24 Medical physics @

ring of gamma detectors

A: arrives first

annihilation

B: arrives At later
patient

two photons detected together: the event lies on the line AB
the time difference gives where on the line: d = ¢ At/2 from the midpoint

Locating an annihilation: two photons detected together fix the line, and the
difference in their arrival times fizes where on the line

”Explain how the gamma photons are used to form an image” (four marks).
(1) The two photons leave the body in opposite directions and are detected by the ring
of detectors. (2) Two photons arriving at (almost) the same time are taken to come
from one annihilation, which therefore lies on the line joining the two detectors. (3)
The small difference in arrival times gives the position along that line (d = ¢ At/2
from the midpoint; a 1 ns difference is 15 cm, so the timing must be very precise). (4)
A computer collects many such events and maps the concentration of tracer in the
tissue, producing an image; a higher concentration means more active tissue, such as a
tumour. Photons that arrive singly (their partner absorbed in the body) are rejected.

Definitions the examiner accepts

A definition question is marked against fixed wording. Learn these exactly, and give
one answer only.

Term Definition

piezo-electric a crystal changes shape when a p.d. is applied across it, and
effect generates an e.m.f. when its shape is changed

specific the product of the density of a medium and the speed of sound
acoustic init, Z = pc

impedance
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Term Definition

intensity the fraction of the incident intensity reflected at a boundary,

reflection (Zy — Z2)?)(Zy + Zy)?

coefficient

attenuation the constant p in I = Ihe™"; the larger it is, the faster the

coefficient intensity falls with thickness

hardness (of the penetrating power of the beam, set by the photon energies

X-rays) (the accelerating p.d.)

contrast the difference in degree of blackening between neighbouring
regions of an image

sharpness how well defined the edges of structures are in an image

CT scanning

X-ray images of one section taken from many angles are
combined by computer into a 2-D image of the slice; successive
slices give a 3-D image

tracer a substance containing radioactive nuclei that is introduced into
the body and absorbed by the tissue under study
annihilation a particle and its antiparticle interact and their mass is converted

to energy (photons), with mass—energy and momentum conserved

Exam tips

Ultrasound: pulse in, echo back; depth = ct/2 (there and back); Z = pc; re-
flection coefficient from the two impedances; gel matches impedance to the skin.
Attenuation is exponential and an echo crosses the tissue twice.

X-rays: production is heated filament, high p.d., sudden deceleration at the target;
intensity by filament current, hardness by p.d.; Apim = he/(eV); I = lye ™™ with
exponents added for layers; contrast is a difference in u.

CT: many angles, one slice, computer, successive slices, 3-D. Say all five.

PET: 8" tracer, annihilation with an electron, two 0.51 MeV photons in opposite
directions (momentum), coincidence gives the line, timing gives the position.
Know the three “explain” answers word for word: how the crystal generates and
detects, how X-rays are produced, how the photons locate the tracer.

1

Write units with every impedance (kg m~? s~!) and coefficient (cm™" or m™'), and

convert cm to m only if p is in m™!.
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Common mistakes

Forgetting the factor of 2 in the depth of a reflecting boundary, or the second pass
through the tissue in an echo’s intensity.

Defining acoustic impedance as “the resistance to sound” instead of density times
speed of sound.

Quoting the reflection coefficient for gel-skin as “zero”; it is small, and that is the
point.

Saying the p.d. controls the intensity of the X-ray beam, or that the filament
current controls the hardness; it is the other way round.

Explaining the minimum wavelength without saying that one electron gives all its
kinetic energy to a single photon.

Adding thicknesses of different materials before applying e #*; add the products
p instead.

Describing CT as “an X-ray from several angles” without the computer reconstruc-
tion, the slice, or the successive slices.

Giving one photon for annihilation, or two photons in the same direction; momen-
tum conservation demands two in opposite directions.

Confusing the tracer’s half-life reasoning: short so that the dose is small, but long
enough to reach the tissue and be scanned.
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