A-LEVEL PHYSICS « EXERCISE SHEET

3.3.1 Elastic collisions and
momentum in two dimensions

Name: ~ Class: — Date: Total: 37 marks
KEY WORDS elastic collision « relative speed « component

« conservation of momentum « kinetic energy

Objective

Answer the harder momentum questions: elastic collisions solved with the relative-
speed rule, and conservation of momentum in two dimensions . Syllabus 3.3,

learning outcomes 2 and 3.

You must be able to:

o recall the two facts about an elastic collision, and use the relative-speed rule with
conservation of momentum to find two unknown velocities

e resolve a momentum into two perpendicular components , and apply
conservation of momentum along each direction on its own

e combine two perpendicular momenta into a magnitude and a direction, and find the
missing fragment of an explosion

e decide whether a collision in two dimensions is elastic, using the full speed of each
object

1 Key knowledge and worked examples

B Key knowledge: elastic collisions

Quantity or rule Before collision After collision
Total momentum miuy + Moty miv1 + Movs

Total kinetic energy  §(miuf + mou3) 2 (myv + mav3)
Relative speed Approach: u; — ugy Separation: vy — vy

(head-on only)

In each row, before = after for an elastic collision. Choose one positive direction
and use signed velocities: u before, v after.

With negligible external impulse, total momentum is conserved in all collisions. Total
kinetic energy is conserved only in an elastic collision.
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« relative speed: objects moving towards each other, add the speeds; moving the
same way, subtract them

¢ to find two unknown velocities, use momentum and the relative-speed rule: two
equations with no squares, quicker than the energy equation

¢ equal masses, one at rest, head-on and elastic: the two exchange velocities

« the relative-speed rule works only along the line of the collision; to test a collision
in two dimensions, compare the total kinetic energy before and after

B Key knowledge: momentum in two dimensions

Momentum is a vector, so it is conserved along each of two perpendicular directions
separately.

Step Do this

1 choose axes x along the incoming object, y across it: the total
y-momentum before is then zero

2 resolve a momentum p at angle 6 to the z-axis has components p cos 6
along = and psin 6 along y

3 two equations  total before = total after, once along x and once along y; label
each equation with its axis

4 recombine p = /P +p2 and 0 = tan"'(p,/p,); give the direction with its
sense, such as ”36° south of east”

o an explosion from rest: the momenta of the fragments add to zero as vectors, so
the last fragment cancels the resultant of all the others

o kinetic energy is a scalar: always use the full speed, never a component

B Worked example: an elastic head-on collision
Ball A (0.20 kg) moves right at 6.0 T and meets ball B (0.30 kg) moving left at
s

2.0 E. The collision is elastic. Find both velocities afterwards.
S

—> + 6.0 Insfl 2.0 msfl
O -G
0.20 kg 0.30 kg

m m
1. Signs — right positive: up = +6.0 —, ug = —2.0 —.

s s
2. Momentum — conservation of momentum, maus + mgug = mava + Mpvp:

0.20 X 6.0+ 0.30 x (—2.0) =0.20vs + 0.30vp, so 0.60 =0.20vs + 0.30vp

3. Relative speeds — elastic, so approach = separation, us — ug = vg — va: 6.0 —
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(—2.0) = 8.0, s0 vp = vp + 8.0.
4. Solve — substitute into step 2: 0.60 = 0.20wp + 0.30 (vs + 8.0) = 0.50 vy + 2.4,
S0 vpg = —3.6 o (A moves left at 3.6 9) and vg = +4.4 o (B moves right).
s s s

5. Check — the total Ey = %mv2 must be the same before and after:
Ehetore = mauj + tmpuf, = $(0.20)(6.0)* + 1(0.30)(2.0)* = 4.2 J

Eapier = 3mavi + $mpvf = 3(0.20)(3.6)* + 1(0.30)(4.4)> = 4.2 J

B Worked example: a glancing collision

m
before y (north) v =3.0 ~
my
after
u =502 40°
O 3 O UII x (east)
my =0.20 kg my = 0.30 kg 0 |
at rest Yy
ma :
V2

A 0.20 kg ball moving east at 5.0 B strikes a stationary 0.30 kg ball. Afterwards the
s
0.20 kg ball moves at 3.0 Moot 40° north of east. Find the velocity of the 0.30 kg

S
ball, and test the collision.

1. Along z (east) — momentum along x is conserved, myu; = myv; cos 40° + mavy,
with ball 1 the 0.20 kg ball:

myuy — mqvy cos40°  0.20 x 5.0 — 0.20 x 3.0 cos 40° m
= =180 —
mo 0.30 S

2. Along y (north) — the total before is zero, so 0 = myv; sin40° + maov,:

_my sin40° _0.20 x 3.0 sin 40°
ma - 0.30

3. Recombine — Pythagoras for ball 2’s speed vy, tan~! for the angle:

v = fo2 40} = VISP #1297 = 2.2

Ve =

'Uy:

=120 2 (south)
s

_ _1 M _ 1 1.29
0 = tan o tan 180

4. Elastic? — the total Ey, = %va, with the full speeds:

= 36° south of east

Eyetore = %mIU% = %(020)(50)2 =251]

EBagter = m1v} + 2mavs = 1(0.20)(3.0)* + $(0.30)(2.2)> = 1.6 J

Kinetic energy is lost, so the collision is inelastic.
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B Worked example: a firework in three pieces

A stationary firework explodes into three pieces that move in a horizontal plane:
0.20 kg at 3.0 E east and 0.10 kg at 4.0 E north. The third piece has a mass of
0.10 ke. i i

Initially at rest o) mg = 0.1(r]nkg
Vg = 4.0 —
S

. north
After explosion

west east my = 0.20 kg

v = 3.0 ;

m = 0.10 kg, speed v

1. The total stays zero — conservation of momentum from rest, so the third piece
cancels the momentum p = mv of the other two along each axis:

Deast = M1v1 = 0.20 x 3.0 =0.60 N s

Pruorth = V2 = 0.10 x 4.0=0.40 N s

2. Magnitude — the third piece’s momentum has the size of their resultant
(Pythagoras), and p = mu:

P =4/ D2t + Doy = V0.60% +0.402 = 0.72 N s

p 072 Ns m
V="—=—="72 —
m  0.10 kg S
3. Direction — opposite to the resultant of the other two: 6 = tan™! Prorth - _
Deast
0.40
tan~™! = 34° south of west.

0.60

2 Practice
Now use the methods above.

2.1 State two things that are true of an elastic collision, apart from the conservation of
momentum. 2]

elastic collision
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2.2 Ball A moves right at 3.0 % and ball B moves left at 5.0 % They collide head-on

and elastically. Afterwards B moves right at 1.0 o Use the relative-speed rule to find
S -

the velocity of A after the collision. 2]
Before 3.0 ? 5.0 ?
—> —®
L0 =
After A: va ®——

2.3 A momentum of 6.0 kg m s~ is directed at 30° above the horizontal. Calculate its

horizontal and vertical components. 2]

Yy 6.0Ns

2.4 Two pieces of clay collide and stick together. Just before the collision one has mo-
mentum 4.0 N s due east and the other 3.0 N s due north. Calculate the magnitude and
the direction of the momentum of the combined lump. 3]

Before the collision

p1=4.0Ns -
@ n collision
east
north
’ p2=30Ns
pieces of clay @

2.5 After a collision, a 0.50 kg ball has momentum components 1.2 N s east and 0.90 N s
north. Calculate its speed, and state why its kinetic energy must be found from this
speed and not from a component. 3]

Momentum components

pny =0.90 N s
north

pe=12Ns
O—» east

0.50 kg
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3 Exam-style questions

3.1 Two balls of equal mass move towards each other along a straight line, one at speed
2v and the other at speed v. They collide head-on and elastically. What happens after
the collision? 1]

before: equal masses

D A Both balls move at speed 1.5v.

B Each ball moves back the way it came, the first
at speed v and the second at speed 2v. O 2v v O
C The first ball stops and the second moves back at m m
speed 3v.

D Each ball moves back the way it came, the first

at speed 2v and the second at speed v.

3.2 A stationary object explodes into three fragments that move in a horizontal plane.
One fragment has momentum 6.0 N s due east and another has momentum 8.0 N s due
north. What is the momentum of the third fragment? 1]

A 2.0 N s due south-west !
After the explosion
B 10 N s, directed south of west fragment 2
C 14 N s, directed south of west 8.0 N s north
D 10 N s, directed north of east
fragment 1
— >
6.0 N s east

fragment 3: p3
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3.3 A ball P of mass 0.40 kg moving at 5.0 m collides head-on and elastically with a
S
stationary ball Q of mass 0.60 kg.

(a) State the two conditions, other than the conservation of momentum, that an elastic
collision satisfies. 2]

(b) Use conservation of momentum and the relative-speed rule to determine the veloc-
ities of P and Q after the collision. [4]

before
5.0 m at rest
oO— O
P: 0.40 kg Q: 0.60 kg

(c) Calculate the percentage of the initial kinetic energy of P that is transferred to Q. [2]
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3.4 On a horizontal frictionless surface, a puck A of mass 0.25 kg moving due east at
40 2 strikes a stationary puck B of mass 0.50 kg. After the collision, A moves at 2.0 m
s

S
at 60° north of east.

(a) State the principle of conservation of momentum. 2]

(b) Calculate the magnitude and the direction of the velocity of B after the collision. [5

Before After

202
S

m
4.0 — at rest

s
®—— ®
0.25 kg 0.50 kg

east

(c) Determine whether the collision is elastic. Show your working. 3]

3.5 An object of mass 2.0 kg moving due east at 6.0 m explodes into two fragments,
s

each of mass 1.0 kg. One fragment moves at 5.0 m at 53° north of east. Calculate the

s
magnitude and the direction of the velocity of the other fragment. 5]
Before After: 1.0 kg each

5.0 =

S
m
6.0 —

S 53° east

— &
O
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Solutions
Each answer shows the steps, then the result.
2.1

o the total kinetic energy is conserved

o the relative speed of approach equals the relative speed of separation

2.2

« right positive; elastic, so up —ug = vg —va: 3.0 — (=5.0) =8.0 = 1.0 — va

e vp=-7.0 E: A moves left at 7.0 m A
S S

2.3

« horizontal: pcosf = 6.0cos30° = 5.2 kg m 57"

« vertical: psinf = 6.0sin30° = 3.0 kg m s~
24

e momentum is conserved along each axis, so the lump has 4.0 N s east and 3.0 N s
north

o Pythagoras: p = \/p2g + P2orn = V402 +3.02=5.0 N s

.30

1 Prorth —— = 37° north of east
4.0

e O = tan = tan

Peast

2.5

o Pythagoras: p = \/plas + P2orn = V1.22+0.902 = 1.5 N s

o from p =muv: v=p/m=1.5/0.50 = 3.0 m
s

o kinetic energy is a scalar that depends on the full speed, %mv2; a component gives a
value that is too small

3.1B
¢ equal masses in a head-on elastic collision exchange velocities: the first takes the

second’s velocity (v, backwards) and the second takes the first’s (2v, backwards)

e check: approach 2v 4+ v = 3v, separation v + 2v = 3v; D has the right directions but
breaks momentum, C breaks the relative-speed rule and A is a sticking-type answer
D C A
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3.2B

o from rest, the three momenta add to zero, so the third cancels 6.0 N s east and 8.0 N s
north
o D= /Pl + P2orn = V6.02 +8.02 = 10 N s, directed south of west; D is the resultant
of the other two, not its opposite, and C adds the magnitudes
D C

3.3

(a) the total kinetic energy is conserved

o the relative speed of approach equals the relative speed of separation

(b) conservation of momentum, Q at rest: mpup = mpvp + mquq Q
P

0.40 x 5.0 = 0.40vp + 0.60vg, so 2.0 = 0.40vp + 0.60vq
« clastic, so up —uq = vq —vp: 5.0 =0 = vq — vp, S0 vq = vp + 5.0

e 2.0 =0.40vp 4 0.60 vp + 3.0, so vp = —1.0 E: P moves back at 1.0 m
S S
P
e vg=4.0 I forwards Q
S

(c) Ex = 2mv? for P before and for Q after p Q
Ep = gmpup = 5 x 0.40 x 5.0 =5.0 J
Eq = imquy =3 x 0.60 x 4.0 =48 J

e the share of P’s energy that Q receives  Q P

Eq

4.8
1 =—x1 =96
o x 100% 50 x 100% %

3.4
(a) the total momentum of a system of objects is constant

o provided no resultant external force acts on the system

(b) momentum along east is conserved, maus = mava cos60° + mpv,

B
o = Mata — MavA cos 60° _ 0.25 x 4.0 — 0.25 x 2.0 cos 60° 15 m
£ mp B 0.50 T g
« along north the total before is zero, 0 = mavy sin 60° + mpv,
B
mava sin 60° 0.25 x 2.0sin 60° m
Uy = — o =— 050 =—0.87 < (south)
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« Pythagoras: v = /v +02 = V152 +0.872 = 1.7 ?

71M ., 0.87

Vg

e § = tan = tan~ = 30° south of east

(c) the total Ey = 1mv?, with the full speeds

(0.25)(4.0)* =2.0 J
Eater = 3mavi + smpogy = 1(0.25)(2.0)> + 1(0.50)(1.73)* = 1.25 J

(NI

1 2
Ebefore = §mAuA -
1

o the kinetic energy decreases, so the collision is inelastic

3.5

o momentum along east is conserved, Mu = mqv; cos 53° + mav,

. Mu —myvycos53° 2.0 x 6.0 — 1.0 x 5.0cos 53° T
= p_ = 1.0 s

» along north the total before is zero, 0 = myv; sin53° 4+ mav,

myv; sin 53° 1.0 x 5.0s8in 53° m
v, = — m2 =— 10 =—-4.0 < (south)

+ Pythagoras: v = \/v2 + 02 = v/9.0° + 4.0 = 9.8 ?

4.0
e §=tan™! M = tan~! — = 24° south of east
Vg 9.0
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