Exercise walk-through

Gravitational field of a point
mass

A-Level Physics



Gravitational Fields

L Gravitational potential

Gravitational potential

Potential is the work done per unit mass bringing a test mass in from
infinity
W GM _
b=—=-"" [g=Ikg!
m r

Zero at infinity, so ¢ is negative everywhere else — gravity did the work for you on
the way in. ¢ is a scalar: just add them.
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L Gravitational potential

Gravitational potential, in detail

potential ¢

A

» distancer

p—-0asr-w

(negative)

¢ = —GM/r - zero at infinity - escape: KE=—m¢

The gravitational potential well: ¢ = —GM/r is negative, rising to zero at infinity
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L Gravitational potential

Link with AEp = mgAh

For small height changes near the surface, r barely changes, so AEp ~ mgAh.

For large changes (a satellite moving to a higher orbit) use —GMm/r at each radius and
take the difference:
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L Gravitational potential

Potential energy and escape

A mass m sitting where the potential is ¢:

Ep = mp = — GMm mgAh is only the small-height
r shortcut, where r hardly changes.
Raising a satellite from r; to r: Over orbital distances you must
difference —GMm/r at each ra-
1 1 :
AEp = GMm(— — —) > 0 dius.
n rn

To escape, the kinetic energy must match

the well’s depth: Escape needs no rocket left over:

reach Vesc and you coast to infin-

GMm 2GM ity, arriving with zero speed.
= Vesc —

M2, =
esc r r

N[ —



Gravitational Fields

L Gravitational potential

The energy of two point masses

The gravitational potential energy of two point
GMm

r

Potential energy masses is Ep = — — negative, because the zero is placed

at infinity.

G = 6.67 x 10711 N m? kg—?2 is the universal gravitational
The constant constant — the same everywhere, which is what
“universal” asserts.

GMm

Escape needs %mv2 >

, SO Vesc = \/2GM/r — independent

Escape speed
of the escaping mass.

The minus sign is not decoration: it says work must be done to separate the masses, and it is
what makes a bound orbit have negative total energy.



A-Level Physics

Exercises 2.1:2.3

2.1 Write the equation for the gravitational field strength g due to a point mass. [1]

2.2 State how g varies with distance r from a point mass. ]

2.3 At the Earth’s surface ¢ = 9.8 N kg™ '. Find g at a distance of 2R from the centre (a
height R above the surface). 2]



A-Level Physics

Exercises 2.1:2.3

2.1 Write the equation for the gravitational field strength g due to a point mass. ]
2.1

e g=GM/r?

2.2 State how g varies with distance r from a point mass. ]
2.2

e g ox 1/r? (inverse-square)

2.3 At the Earth’s surface ¢ = 9.8 N kg™ '. Find g at a distance of 2R from the centre (a
height R above the surface). 2]

2.3

o at 2R, g is 1/2% = 1/4 of the surface value

o Gsurface o 9.8 N kgil
o2 4

=245 N kg !



A-Level Physics

Exercises 2.4-3.1

2.4 Explain why ¢ is nearly constant near the Earth’s surface.

3.1 At twice the distance from a point mass, g becomes:
D A twice as large

B half as large

C one quarter as large

D four times as large



A-Level Physics

Exercises 2.4-3.1

2.4 Explain why ¢ is nearly constant near the Earth’s surface. 1]

24

o a small height change is tiny compared with the Earth’s radius, so r (and hence
g < 1/r?) barely changes

3.1 At twice the distance from a point mass, g becomes: 1]
D A twice as large

B half as large

C one quarter as large

D four times as large

3.1C

e goc1/r? soat 2R the field is one quarter



A-Level Physics

Exercises 3.2:3.3

3.2 The Moon has mass 7.3 x 10*2 kg and radius 1.7 x 10° m. Calculate g at its surface.
(G =6.67x10"1) 3]

3.3 Derive g = from Newton’s law of gravitation and g = F'/m. 2]

r2



A-Level Physics

Exercises 3.2:3.3

3.2 The Moon has mass 7.3 x 10*2 kg and radius 1.7 x 10° m. Calculate g at its surface.

(G =6.67x10"1) 3]
3.2
e g=GM/R?

M . 107" N m*kg ?)(7.3 x 1022 k

ng :(667>< 0 m* kg™ *)(7.3 x 10 g):1_7ng_1

R? (1.7 x 106 m)?
3.3 Derive g = = from Newton’s law of gravitation and g = F'/m. 2]
3.3

e force on a test mass m: F = GMm/T’2
o field strength g = F//m = GM /r?



A-Level Physics

Exercises 3.4-:3.5

3.4 A planet has the same mass as Earth but twice the radius. State its surface g as a
fraction of Earth’s. 1]

3.5 On the axes, sketch how the gravitational field strength ¢ of a planet varies with
distance r from its centre, for r from the surface (r = R) out to r = 4R. Mark the surface

value gp. [2]



A-Level Physics

Exercises 3.4-:3.5

3.4 A planet has the same mass as Earth but twice the radius. State its surface g as a
fraction of Earth’s. 1]

3.4
o gox1/R?% so1/4 of Earth’s

3.5 On the axes, sketch how the gravitational field strength ¢ of a planet varies with
distance r from its centre, for r from the surface (r = R) out to r = 4R. Mark the surface
value go. [2]

3.5

e a curve starting at gy at r = R and falling as an inverse square
e to go/4 at 2R, go/9 at 3R, go/16 at 4R — approaching (but never reaching) zero



A-Level Physics

Exercise 3.6 (a)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(a) State why the gravitational field strength inside a uniform sphere behaves differently
from the field outside it. [1]



A-Level Physics

Exercise 3.6 (a)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(a) State why the gravitational field strength inside a uniform sphere behaves differently
from the field outside it. [1]

7 YN T

(a) outside the sphere all its mass may be treated as concentrated at the centre, giving
g < 1/2?; inside, only the mass closer to the centre than the point contributes, so the
field falls towards zero at the centre instead of rising



A-Level Physics

Exercise 3.6 (b)

3.6 A planet of mass M and radius R has a gravitational field strength of gq at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(b) Show that the orbital speed of the satellite is v = ﬂ, and hence that it does
T

not depend on the mass of the satellite. (3]



A-Level Physics

Exercise 3.6 (b)

3.6 A planet of mass M and radius R has a gravitational field strength of gq at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.
G M

(b) Show that the orbital speed of the satellite is v = y/ ——, and hence that it does
T

not depend on the mass of the satellite. (3]

(b) the gravitational force provides the centripetal force: GMm/r? = mv?/r

o the satellite mass m appears on both sides and cancels

e v2=GM/r,sov=+/GM/r



A-Level Physics

Exercise 3.6 (c)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(c) Derive an expression for the period T of the orbit in terms of G, M and r, and state
the name of the law it expresses. 3]



A-Level Physics

Exercise 3.6 (c)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(c) Derive an expression for the period T of the orbit in terms of G, M and r, and state
the name of the law it expresses. 3]

(¢) T =27mr/v="2mr\/r/(GM)

o T? =473 /(GM)
o that is 7% < r?, Kepler’s third law



A-Level Physics

Exercise 3.6 (d)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(d) A geostationary satellite orbits the Earth once every 24 hours. Taking GM = 4.00 x
104 m3®s~2, determine the radius of its orbit. 3]



A-Level Physics

Exercise 3.6 (d)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(d) A geostationary satellite orbits the Earth once every 24 hours. Taking GM = 4.00 x
10'* m?s72, determine the radius of its orbit. 3]

(d) T = 24 x 3600 s = 86400 s

s GMT? (400 x 10" m?s~2)(86 400 s)?

" A2 A2

= 7.56 x 10%?2 m?

e r=42x10"m



A-Level Physics

Exercise 3.6 (e)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(e) State two further conditions a geostationary orbit must satisfy, beyond having the
right period. 2]
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Exercise 3.6 (e)

3.6 A planet of mass M and radius R has a gravitational field strength of gg at its surface.
A satellite of mass m orbits it in a circle of radius r, where r > R.

(e) State two further conditions a geostationary orbit must satisfy, beyond having the
right period. 2]

(e) it must orbit above the equator, in the plane of the equator

o and travel west to east, the same direction as the Earth’s rotation



