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1. Pure Mathematics 1 Starter Quiz - TEHEj/ME]

A-Level Mathematics Name: Score:

1. For x? + 4x + 1 = 0, what is the discriminant b? — 4ac?

2. If f(x) = x? and g(x) = x + 1, what is fg(2) = f(g(2))?

3. What is the gradient of the line through (2, 3) and (6, 11)7

4. 7 radians equals how many degrees?

5. What is the exact value of sin 30°7

D

. The graph of y = f7!(x) is the reflection of y = f(x) in the line:
Oy=x
L] the x-axis
] the y-axis
Uy=-=x
7. At a stationary point, if the second derivative f’(x) > 0, the point is a:
L) minimum
) maximum

[J point of inflection
L] root
8. Why does an indefinite integral include "4 C”?
[J many curves share the same derivative, differing by a constant
0O C is always zero
[J it marks the limits

[ it is the area

9. If b2 — 4ac < 0, the quadratic equation has:

[J no real roots
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10.

[J one repeated root
J two distinct roots

L] three roots
Only a one-one function has an inverse function.

O True O False
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1. Pure Mathematics 1 Answers - £%

A-Level Mathematics

1. 12

b? — dac = 4% — 4(1)(1) = 16 — 4 = 12 (> 0, so two distinct real roots).
2.9

g(2) = 3, then f(3) = 32 = 9.
3. 2

m=(11-3)/(6-2) =8/4=2.

4. 180

By definition, 7 radians = 180°.

5. 0.5
sin 30° = 1/2 = 0.5.
6. y =x
An inverse reflects the original graph in the line y = x; a point (a, b) becomes (b, a).

7. minimum

f” > 0 means the curve bends upward — a minimum; f’ < 0 gives a maximum.

8. many curves share the same derivative, differing by a constant

Differentiating a constant gives 0, so the original could have had any constant — hence + C.

9. no real roots

A negative discriminant means the parabola never crosses the x-axis — no real roots.

10. True
If two inputs gave the same output, the reverse rule would be ambiguous so only one-one functions are
invertible.

A-Level Mathematics - Starter quiz ai/ Ml @ @



A-LEVEL MATHEMATICS « EXERCISE SHEET

1.1 Quadratics

Name: —~ Class: . Date: - Total: 16 marks

KEY WORDS quadratic Xz ¢ quadratic equation X Jyfi ¢ discriminant JI| 5| ¢ simultaneous equations §f 3/

« real roots 52

Objective

Build the skills to answer exam questions on quadratics — K3, — completing the
square, the discriminant ¥ 5|, solving equations and inequalities, and simultaneous
equations.

You must be able to:

o write az? + br + ¢ in completed-square form a(x + p)* + ¢
e use b? — 4ac to decide the number of real roots

« solve quadratic equations and inequalities

e solve a linear—quadratic pair by substitution

1 Worked examples

B Completing the square & the discriminant
Write 222 — 122 + 5 as a(z + p)? + g.

202 — 12245 = 2(2? — 62) +5 = 2((x — 3)2 = 9) + 5 = 2(x — 3)2 — 13,

A-Level Mathematics ¢ 1.1 Quadratics @
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b? —4ac>0 b? —4ac=0 b? —4ac<0
two distinct roots one repeated root no real roots

-

—b+Vb%-4ac (
2a

ax?+bx+c=0 = x= real roots need b2 — 4ac = 0)

The sign of b*> — 4ac decides how many times the parabola meets the x-axis

Translations Stretches
- y=flx) -y =f(X)
- y=f(x)+a = y=af(x)
— y=f[x+a) — y =flax)

f(x) + a moves up - f(x+ a) moves left - af(x) stretch y - flax) compress x ifa>1

Completing the square shifts and stretches the parabola

Find the values of k for which z? + kz + 9 = 0 has two distinct real roots.

Two distinct roots need v* —4ac > 0: k> —36 >0 = (k—6)(k+6) > 0=k < —6 or
k> 6.

A-Level Mathematics ¢ 1.1 Quadratics @
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2 Practice

2.1 Express 22 + 8z + 3 in the form (z + p)? + q. 2]

2.2 State the condition on the discriminant for a quadratic to have no real roots. 1]

3 Exam-style questions

3.1 The equation 222 — 4z + ¢ = 0 has a repeated root. The value of c is: 1]

« AO
« B1
« C2
« D4

3.2 Express 322 + 12z + 7 in the form a(z + b)? + ¢ and hence write down the least value
of the expression. [4]

3.3 Find the set of values of k for which the line y = ko —2 meets the curve y = % —3x+2

at two distinct points. [4]
3.4 Solve the simultaneous equations y = 2z — 1 and 22 + y* = 2. [4]
A-Level Mathematics ¢ 1.1 Quadratics @
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Solutions

2.1 (z +4)* —13.

2.2 b? — 4ac < 0.

3.1 C. Repeated root needs > —4ac =0: 16 —8c =0 = c = 2.
3.23(2*+42)+7=3((x+2)? —4)+7 = 3(x+2)*—5; least value = —5 (when x = —2).

3.3 set equal: 22 —3z+2 = kxr —2 = 22— (3+k)z+4 = 0; two points need b? — 4ac > 0:
B+k)?*—16>0; (k+7)(k—1)>0; k< —Tor k> 1.

3.4 substitute: 2?4+ (22 —1)? =2=52> -4 —1=0; Gz +1)(z —1) =0=> 2 = —%
orz=1;y=2x—1gives (1,1) and (—%, —g)
A-Level Mathematics ¢ 1.1 Quadratics @



Name: ( )A-Level Mathematics: 9709 Mathematics November 2025 Question Paper 11

1

Find the set of values of the constant & for which the quadratic equation
3k’ + (k+8)x+3=0
has two distinct real roots. [4]
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4 (a) Express1— 6x—x” in the form a— (x+ b)z, where a and b are constants. [3]

(b) The graph of y = x? is transformed to the graph of y = 1 —6x—x> by a reflection followed by a

translation of ' Give details of the reflection and determine the values of m and ». [3]



Name: ( )A-Level Mathematics: 9709 Mathematics November 2025 Question Paper 12

1 (a) Express 9x? —36x+8 in the form px+ q)2 +r, where p, ¢ and r are constants. [2]

(b) Hence find the set of values of the constant k& for which the equation 9x% —36x+8 = k has no
real roots. [1]



Name: ( )— A-Level Mathematics: 9709 Mathematics June 2025 Question Paper 12

2

Find the coordinates of the points of intersection of the curve and the line with equations

2xy+5° =24 and 2x+y+4=0. [4]



Name: ( )— A-Level Mathematics: 9709 Mathematics June 2025 Question Paper 12

11 (a) Express x* +4x+2 in the form (x+ a)2 + b, where a and b are integers. [2]

The functions fand g are defined as follows.
f(x) = x* +4x+2 for x <-2
gx)=—x—4 for x =22

(b) (i) Find an expression for f - (x). [3]



Name: (
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(ii) Find an expression for (gf )_1 (x). [4]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.



A-LEVEL MATHEMATICS « EXERCISE SHEET

1.2 Functions

Name: -~ Class: . Date: Total: 12 marks

KEY WORDS functions pR%{  transformations 54 ¢ domain i Y1l « composition % 5 « inverse function JZ pPR%L

Objective

Build the skills to answer exam questions on functions pK%{ — domain and range,
composition & £, inverse functions 7 pR%{, and transformations 254t of graphs.

You must be able to:

o find the range of a function and a composite fg
« find an inverse f~! and state its domain
o describe and apply graph transformations

1 Worked examples

B Inverse & composition
f(x)=(x+3)*>—12 for z > 0. Find f'(z).

y=(@2+3)?-12= (2+3) =y+12=>0=/y+12-3.

So f~1(z) = Vo + 12 — 3 (positive root, since z > 0).

A-Level Mathematics o 1.2 Functions @



(a, b) ,'

g (b, a)
— y=f(x)

7 —~1]
~/ inverse = reflection in y=x - domain of f~! = range of f (x)

>

X

The graph of y = f~Y(x) is the reflection of y = f(x) in the line y = x

Translations Stretches
— y=flx) = y=f(x)
— y=flx)+a - y=af(x)
-y =flax)

— y=f(x+a)

f(x) + @ moves up - f(x +a) moves left - af(x) stretchy - flax) compress xifa>1

y = f(x) + a slides it up; y = f(x + a) slides it left; y = a f(x) stretches it in the
y-direction

A-Level Mathematics o 1.2 Functions



2 Practice

2.1 f(z) =2z —5 and g(z) = 2. Find fg(3). 2]

2.2 Describe the single transformation mapping y = f(z) to y = f(z) — 4. 1]

3 Exam-style questions
3.1 f(x) =3 —2x. Then f~!(x) is: [1]

3—x
2
. Bm—3
2
C2x-3
. D3+x
2

e A

3.2 The function f is defined by f(z) = 22 — 6x + 5 for x > 3.

(a) Express f(x) in completed-square form and state the range of f. k

w

(b) Find f~!(z) and state its domain. k

w

3.3 The graph of y = f(z) is transformed to y = 2f(z + 1). Describe the two transfor-
mations, in the correct order. 2]

A-Level Mathematics o 1.2 Functions @



Solutions

2.1 9(3)=19; f(9) =2(9) —5=13.

2.2 a translation down by 4.

3—x
5

3.2 (a) 22 — 62 +5 = (x — 3)2 — 4; for z > 3, range is f(z) > —4.
b)y=(r—-3)?-4=2=3+Vr+4— f () =3+ +4; domain v > —4.

3.3 translation left by 1 (x — x + 1); then a stretch in the y-direction, scale factor 2.

3
1A y=3—-2r=>z2= Qy,soffl(a:):

A-Level Mathematics o 1.2 Functions
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4 (a) Express1— 6x—x” in the form a— (x+ b)z, where a and b are constants. [3]

(b) The graph of y = x? is transformed to the graph of y = 1 —6x—x> by a reflection followed by a

translation of ' Give details of the reflection and determine the values of m and ». [3]
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6  Functions f and g are defined by

f(x) = (x+3)> =12 for x>0,

g(x)=2x—5 for x € R.
(a) State the range of f. [1]
(b) Find an expression for -l (x). [2]
(¢) Solve the equation gf(x) = 69 [4]
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3 (a) The graph of y = f(x) is transformed to the graph of y = f(3x) +2.

Describe fully the two transformations which have been combined to give the resulting graph.

[3]

(b) A different graph has equation y = g(x). This graph is stretched by scale factor 3 in the y-direction
and then reflected in the y-axis.

Write down the equation of the transformed graph in terms of the function g. [2]
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9  The function f is defined by f(x) = = 5+ - 3 for x > 2.
(Bx—6)" (3x—06)

(a) Find an expression for f'(x) and hence determine whether f is an increasing function, a decreasing
function or neither. [4]
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The function g is defined by g(x) = 4x—3 for x > a.

(¢) Find the range of g in terms of the constant a. [1]



Name: ( )— A-Level Mathematics: 9709 Mathematics June 2025 Question Paper 11

10 The functions f and g are defined by
f(x) =vx for x >0,
gx)=3vx+2-5 forx=-2.

(a) Describe fully a sequence of transformations which transforms the graph of y = f(x) to the graph
of y = g(x). You should make clear the order in which the transformations are applied. [5]

The diagram shows the graph of y = g(x).

(b) On the diagram sketch the graph of y = g* atogether with any relevant mirror line. [2]
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(¢) Find an expression for g~ (x). [2]

The function h is defined by
h(x)=x—2 forx=0.

(¢) Find the value of g~ 'h(4). [1]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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The diagram shows the graphs with equations y = f(x) and y = g(x).

Describe fully a sequence of two transformations which transforms the graph of y = f(x) to the graph
of y = g(x). Make clear the order in which the transformations should be applied. [4]
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11 (a) Express x* +4x+2 in the form (x+ a)2 + b, where a and b are integers. [2]

The functions fand g are defined as follows.
f(x) = x* +4x+2 for x <-2
gx)=—x—4 for x =22

(b) (i) Find an expression for f - (x). [3]



Name: (
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(ii) Find an expression for (gf )_1 (x). [4]



Name: ( )— A-Level Mathematics: 9709 Mathematics June 2025 Question Paper 12

Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.



A-LEVEL MATHEMATICS « EXERCISE SHEET

1.3 Coordinate geometry

Name: —~ Class: . Date: - Total: 16 marks

KEY WORDS circle [ii] « tangent JJ4% o straight line {2k o gradient 3% ¢ perpendicular T [

Objective

Build the skills to answer exam questions on coordinate geometry ALFR L 1] — gradi-
ents, the equation of a straight line F £k, parallel/perpendicular lines, and the equation
of a circle [7.

You must be able to:

o find the gradient, midpoint and equation of a line
« use the perpendicular-gradient rule (m;ms = —1)
o find a circle’s centre and radius; use the tangent-radius right angle

1 Worked examples

B Circle and tangent

centre (a,b) tangent

A tangent touches the circle once and meets the radius at a right angle

P(1,1) and Q(7,11) are ends of a diameter. Find the circle’s equation.

Centre = midpoint = (4,6); radius = 1162+ 102 = 1136 = V34, So (z —4)* +
(y—6)? = 34.

Perpendicular: a line of gradient 2 has perpendicular gradient —%.

A-Level Mathematics o 1.3 Coordinate geometr: @



2 Practice

2.1 Find the gradient of the line joining (2, —1) and (6, 7).

2.2 Write the centre and radius of (z — 3)% + (y + 2)? = 25.

3 Exam-style questions

3.1 The line through (0,4) perpendicular to y = %x + 1 has gradient:

c Al
. B3

C —
e D —

wik W

3.2 A circle has equation 22 4+ y? — 62 + 10y — 2 = 0.

(a) Find its centre and radius.

(b) Show that the point (3, 1) lies on the circle.

3.3 The points A(1,2) and B(5,10) are given.
(a) Find the equation of the perpendicular bisector of AB.

A-Level Mathematics o 1.3 Coordinate geometr:
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(b) The perpendicular bisector meets the x-axis at C'. Find the coordinates of C'. 2]

A-Level Mathematics o 1.3 Coordinate geometr: @



Solutions

— (-1
2.1m= 7—() = 8 =2.
6—2 4
2.2 centre (3, —2); radius 5.
3.1 C. Perpendicular gradient = —1 =+ % = —3.

3.2 (a) complete the square: (z—3)2—9+(y+5)?—25—2 =0 = (z—3)*+(y+5)? = 36;
centre (3, —5), radius 6.

(b) substitute (3,1): (3 —3)?+ (14 5)* = 0+ 36 = 36 = 6%; this equals 72, so (3,1) lies
on the circle. 10— 2

3.3 (a) midpoint (3,6); gradient AB = =T = 2, so bisector gradient = —%; y—6=

—2(z=-3)=>y=—3z+ 2
(b) set y =0: 0= —12 + 2 = z =15, so C(15,0).

A-Level Mathematics o 1.3 Coordinate geometr: @
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Name: ( )A-Level Mathematics: 9709 Mathematics November 2025 Question Paper 11

10 A circle has equation x*+ yz +4y—21 = 0 and a straight line has equation 2x+y—8 = 0.
The line intersects the circle at two points.

(a) Find the coordinates of these two points of intersection. [4]
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(b) The circle has centre C and the two points of intersection are denoted by 4 and B.

Find the area of the triangle ABC. [3]
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7  The coordinates of the points P and Q are (1, 1) and (7, 11) respectively. The line segment PQ forms a
diameter of a circle.

(a) Find the equation of the circle. [4]
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(¢) The other point on the circle with x-coordinate 7 is R.

Find the coordinates of the point of intersection of the tangent at QO with the tangent at R. [4]
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6 The equation of a curve is 2x* —kxy+2 = 0 and the equation of a line is y = px+3, where k and p are
constants.

(a) Giventhat £ =2 and p = 11, find the coordinates of the points of intersection of the curve and the
line. [4]
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(b) Given instead that p =4, find the set of values of & for which the curve and the line do not
intersect. [5]
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8  The circle with equation x* +y* —6x+ 10y —27 = 0 intersects the line x =—2 at the points P and Q.

Find the area of the triangle formed by the tangents to the circle at P and Q, and the line x =—2.  [§]
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The diagram shows the circle with equation x*+)* —14x+8y+36 = 0 and the line y =—2. The line
intersects the circle at the points A and B. The centre of the circle is C.

(a) Find the coordinates of A, B and C. [3]
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(b) Find the angle ACB in radians. Give your answer correct to 3 significant figures. [2]

(¢) The chord 4B divides the circle into two segments.

Find the area of the larger segment. [4]



A-LEVEL MATHEMATICS « EXERCISE SHEET

1.4 Circular measure

Name: —~ Class: . Date: - Total: 13 marks

KEY WORDS radian [ « sector i/ o arc length jI({< o sector area HJEA T o segment = I

Objective

Build the skills to answer exam questions on circular measure 5/ ] — radians 5
J&, arc length <, sector area fFFF A fH and the area of a segment 5 E.

You must be able to:

o convert between degrees and radians
e use s =rfand A= %7“28 (with # in radians)

 find a segment area as sector minus triangle
1 Worked examples

B Sector and segment

The shaded segment is the part of the sector between the chord and the arc

For a sector (angle 0 in radians): s = rf, A = $r?0. Segment = 3r?0 — 1r?sinf =
1r2( — sin0).

2

A sector has 1 =6, = 27. Arc = 6- 27 = 47; arca = 3(36) 37 = 127

A-Level Mathematics ¢ 1.4 Circular measure @



2 Practice

2.1 Convert 120° to radians (exact). 1]

2.2 A sector has r =5 cm and # = 0.8 rad. Find its arc length. 1]

3 Exam-style questions

3.1 The area of a sector with r =4 and 0 = £ is: 1]

w)
O
3

3.2 A sector OAB has centre O, radius 10 cm and angle AOB = 1.2 radians.

(a) Find the perimeter of the sector. 3]

(b) Find the area of the segment between the chord AB and the arc. 3]

3.3 A sector has perimeter 20 cm and area 16 cm?. Show that the radius r satisfies
r?2 —10r 4+ 16 = 0, and hence find the two possible radii. [4]

A-Level Mathematics o 1.4 Circular measure @
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Solutions

2.1 120 x = 2T,
180 3
22s5=r0=5x08=4cm.
1 T Am
3.1B. A=}(16); = =
3.2 (a) arc = 10 x 1.2 = 12; perimeter = 12 + 10 + 10 = 32 cm.
(b) segment = 1(102)(1.2 — sin 1.2) = 50(1.2 — 0.9320) = 50(0.2680) = 13.4 cm?.

2

32 32

3.3 perimeter: 2r + 76 = 20; area: 1120 = 16 = rf = —. Substitute: 2r + — = 20 =
r r

2r2 —20r +32=0=r?—10r + 16 = 0. Factorise (r —2)(r —8)=0=r=2orr = 8.

A-Level Mathematics o 1.4 Circular measure @
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rcm %n rad rem
0

The diagram shows a sector of a circle with centre O and radius »cm. The shaded region is bounded by
the chord 4B and the arc AB. The size of angle AOB is %n radians.

(a) Show that the area of the shaded region is approximately 0.6147 cm?. [2]
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It is given that the radius of the circle is increasing at a rate of 0.4cms ™.

(b) (i) Find the rate of increase of the area of the shaded region at the instant when r = 20.
Give your answer correct to 2 significant figures. [3]

(ii) Find the rate of increase of the length of the arc 4B. Give your answer correct to 2 significant
figures. [3]
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10

The diagram shows a circle with centre 4 and radius » passing through points B, C and D. A larger
circle of radius s has centre C and passes through B and D. The length BD is also s.

(a) Show that s = v3r. [2]
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(b) Find an expression for the area of the shaded region. Give your answer in the form (a+ bn)rz,
where a and b are constants to be found. [7]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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C

rcm

o rad

B rem 4

The diagram shows a sector ABC of a circle with centre 4 and radius »cm. The angle BAC is a radians,
where 0 < a < %n’.

(a) It is given that the area of the triangle 4BC is 4 cm?” and the area of the sector ABC is 8 cm®.

Find the exact area of the shaded segment. [4]
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(b) Itis given instead that the length of the chord BC is %rcm but the area of the triangle ABC is still

4cm?.

Find the area of the shaded segment. Give your answer correct to 3 significant figures. [4]



A-LEVEL MATHEMATICS « EXERCISE SHEET

1.5 Trigonometry

Name: -~ Class: . Date: Total: 12 marks

KEY WORDS trigonometric equation —ffj Jj f& o sine [[-5% o function ({4 « identity [HZ$50 o trigonometry —ffj=#

Objective

Build the skills to answer exam questions on trigonometry —fj2% — exact values, the
identities [HZE3, and solving trigonometric equations = /7% in a given interval.

You must be able to:

« recall exact values of sin, cos, tan for 30°,45°, 60°

in 6
SV and sin2 6 +cos?0 =1

e use tanf =
CoS

« solve equations (including quadratics in a trig function) over an interval
1 Worked examples

B Solving a trig equation

- sSinB —écose — tan6

:- —

-1 A
sin, cos: period :360", amp 1 - tan: period 180°, asymptotes: at90° +180°k
. I R |
T T T 1
0 90° 180° 270° 360°
angle 6

sin and cos stay between —1 and 1; tan shoots off at 90° and 270°

Solve 6sinf =1+ for —180° < 0 < 180°.

Sin
x sinf: 6sin*f —sinf —2 = 0 = (3sinf — 2)(2sinf + 1) = 0. sinf = 2 = 0 =
A-Level Mathematics o 1.5 Trigonometry @



41.8°,138.2°; sinf = —1 = 6 = —30°, —150°.

2 Practice

2.1 Write down the exact value of cos 30°.

sin
2.2 Use an identity to write

as a single function.
oS

3 Exam-style questions

3.1 The number of solutions of sinf = 0.4 for 0° < 6 < 360° is:

e« AO
« B1
« C2
« D4

3.2 Solve 3cos? + 2sinf — 3 = 0 for 0° < 6 < 360°.

3.3 Solve 2sin2x = 1 for 0° < z < 180°.

A-Level Mathematics o 1.5 Trigonometry



Solutions

21 V3
2

2.2 tan6.
3.1 C. The sine curve gives two solutions in one full turn for 0 < 0.4 < 1.

3.2 use cos’f = 1 —sin?@: 3(1 — sin?0) + 2sinf — 3 = 0 = —3sin?d + 2sinfd = 0;
sinf(3sinf — 2) - (=1) = 0 = sinf = 0 or sinf = 2; sind = 0 = 6 = 0°,180°,360°;
sinf = 2 = 0 = 41.8°,138.2°.

3.3 sin2x = %; for 0° < 22 < 360°, 2z = 30°,150°; x = 15°,75°.

A-Level Mathematics o 1.5 Trigonometry @
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5 (a) Show that tan"6—1=-—""-". [3]
cos 0
(b) Hence solve the equation cos?6(tan*6—1) = 7 for 0° < 6 < 180°. [4]
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6 (a) Sketch the graph of y = 3sinx+2 for 0 < x < 2m. [2]
y
A
T T T T T T T T >
0 T T 2n om X

(b) Determine the number of solutions in the interval 0 < x < 21 of each of the following equations.
(i) 3sinx+2=x [1]



Name: ( )A-Level Mathematics: 9709 Mathematics November 2025 Question Paper 12

(¢) Solve the equation 3sinx+2 = 5cos’x— 1 for 0 < x < 27. [5]
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for —180° < 6 < 180°. [4]

1  Solve the equation 6sin@ = 1 +—=
sin@
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5  The equation of a curve is y =4 cos2x+3 for 0 < x < 2m.

(a) State the greatest and least possible values of y. [2]
(b) Sketch the curve. [2]
A
T T T T T T T T >
0 %n T %n m

(¢) Hence determine the number of solutions of the equation 4cos2x+3 = 2x—1 for 0 < x < 27. [1]
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7 (a) Prove the identity

wailtv 1/ _ DIV LVUdDV T/ LVUdD vV [3]

tan’0—3 - 1 —4cos’6
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sin@cos O+ 7 cos>0 _ 5

(b) Hence solve the equation 3
1 —4cos”6 tan 6

for 0° < 6 < 180°. [4]
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1.6 Series

Name: —~ Class: . Date: - Total: 13 marks

KEY WORDS progression (%1 « geometric progression % [\ 4{%1] « arithmetic 7= « sum to infinity J555 F1

» common ratio 2\ [t

Objective

Build the skills to answer exam questions on series Z¢%{ — the binomial expansion
i@, arithmetic 22 and geometric progressions %5 [V 4%, and the sum
to infinity JLZ5A1.

You must be able to:

o expand (a + b)" and find a specific term/coefficient
o use the AP and GP formulas for the nth term and the sum
o use Sy = 1L when |r| <1

—r

1 Worked examples

® Binomial & GP
First three terms of (2 — pz)°:

5 5
2° + <1> 24 (—px) + (2) 23(—px)? = 32 — 80px + S0p°x>.

A-Level Mathematics 1.6 Series @



—&— running sum S,
mm term ark

N =

Bl

I 1=

)
all— .
Sp=%—F * Se=1=onlyif|r<1

e e

Us Ue uz

ur us Uy

uy

A convergent GP (|r| < 1): the terms shrink and the running sum approaches

A GP has third term 18 and S; = 26, with » < 0. From ar? = 18 and
32 128
a(l+r+1r?) =26: 82 — 18 — 18 =0, sor:—%, a =32, and S, = T =

=~

2 Practice

2.1 Find the 10th term of the AP 3,7,11,....

2.2 State the condition on r for a GP to have a sum to infinity.

3 Exam-style questions

3.1 The coefficient of 2% in (1 + 2z)° is:

e A12
« B30
« C60
« D15

A-Level Mathematics 1.6 Series



3.2 The first term of a GP is 24 and the sum to infinity is 40.

(a) Find the common ratio. [3]

(b) Find the sum of the first three terms. 2]

3.3 An AP has first term 5 and common difference 3. The sum of the first n terms is
440. Find n. 4]

A-Level Mathematics 1.6 Series @



Solutions

2.1 ujp=a+9d =3+ 9(4) = 39.
2.2 |r| < 1.

3.1 C. (§)(2)* =15 x 4 = 60.

24
3.2(a)soo:1“ —40= T =40 = 1 -7 =067 =04
—r —r
24(1 — 0.4%)  24(0.936)
- - — 37.44.
(b) 5 1-04 0.6 3T

3.3 5, = g(2a +(n— 1)d) = 440 = g(l() +3(n — 1)) = 440; 3n% + Tn — 880 = 0;
(3n 4+ 55)(n — 16) = 0; n = 16 (reject negative).

A-Level Mathematics 1.6 Series @
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2 A geometric progression has first term a and common ratio cos6, where 0 < 6 < %7{. It is given that

the second term is 8 and the fifth term is %

(a) Find the value of 6. Give your answer correct to 3 significant figures. [3]
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3 In the expansion of
p\*
(px+3)° —(x3 +—> ,

the coefficient of x* is 216.

Find the value of the positive constant p. [5]
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9  An arithmetic progression has first term 2 and common difference d. The sum of the first » terms is
denoted by S .

(a) Itis given that (S, —1), S,, S, are the first three terms of a second arithmetic progression.

Find the value of d. [4]
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(b) Hence find the difference between the values of the 15th terms of the two arithmetic progressions.
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2 Find the term independent of x in the expansion of (2x‘ — i) . [3]
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8 The first three terms of a geometric progression are a, b and c respectively, where a, b and c are positive
constants. The first three terms of an arithmetic progression are a, b and —3c respectively.

(a) Show that a®> — 10ac+9¢* = 0. [3]

It is now given that a = 9 and c takes the smaller of its two possible values.

(b) (i) Find the sum to infinity of the geometric progression. [5]
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3 The third term of a geometric progression is 18 and the sum of the first three terms is 26. It is given that
the common ratio is negative.

(a) Find the tenth term of the progression. Give your answer correct to 3 significant figures. [5]
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5 (a) Find the first three terms, in ascending powers of x, in the expansion of each of the following

expressions.

i) Q2-px)’ [2]
4

(i) <1—%x) [2]

4
(b) Given that the coefficient of x* in the expansion of (2 — px)5<1 - %x) is 93, find the possible

values of the constant p. [3]
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3 The coefficient of x’ in the expansion of kpx‘ + ;x) is 1280.

Find the value of the constant p. [4]
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10 (a) The first, second and third terms of an arithmetic progression are 4k, k* and 8k respectively, where
k is a non-zero constant.

(i) Find the value of £. [2]
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(b) The fourth and sixth terms of a geometric progression are 36 and 6 respectively. The common
ratio of the progression is positive.

Find the sum to infinity of the progression. Give your answer in the form \/_a , where a, b and ¢
—c

are integers. [5]
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1.7 Differentiation

Name: -~ Class: . Date: Total: 15 marks

KEY WORDS stationary point 3 & ¢ normal 52k  chain rule 520740 o tangents and normals 4]k 5744k

o gradient %

Objective

Build the skills to answer exam questions on differentiation f#{ 4> — the power and
chain rule §£:7:, tangents and normals {J4k 5754k, increasing/decreasing, and
stationary points Jf /5.

You must be able to:

« differentiate powers and use the chain rule
o find the equations of a tangent and a normal
o find and classify stationary points (max/min) with f”(x)

1 Worked examples

B Stationary points

A-Level Mathematics o 1.7 Differentiation @



y 1
2
stationary points: % =0 - use % or first-derivative sign to classify
risiny
maximum
dy falling

=0

minimum
dy _
x=0

rising

X
. _dy 1 . I :
At a stationary point == = 0; f"(x) > 0 — minimum, f"(x) <0 — mazimum
T

y = 42%/? —  has a maximum at z = a. Find a.

d
Y 2wV 1=0=Vr=2=12=4, soa=4

dx

Chain rule: di(%c — 1)t =402z —1)*-2 =82z —1)%.
x

2 Practice
. : 4 2
2.1 Differentiate y = 32* — —. 2]
x

d
2.2 Find d_y when y = (3z + 1)°.
T

A-Level Mathematics o 1.7 Differentiation



3 Exam-style questions
3.1 The gradient of y = 23 — 2z at x = 2 is: 1]

e« A4
« B6
« C10
« D12

3.2 A curve has equation y = 2® — 622 + 9z + 1.

(a) Find the coordinates of the two stationary points. (4]

(b) Determine the nature of each stationary point. 2]

8
3.3 The curve y = — passes through P(2,4). Find the equation of the normal to the
x

curve at P. 4]

A-Level Mathematics o 1.7 Differentiation @



Solutions

dy 2
2.1 £ =1223 + =,
dx v +x2
dy 4 4
2.2 7 =5(3x+1)*-3= 1503 + 1"
x

d
3.10.d—y:3x2—2;atx:2,:12—2:10.

T
d
3.2 (a) é =322 - 1204+ 9=3z—1)(z—3)=0;2=1,3; y(1) =5, y(3) = 1, so (1,5)

d2
(b) d—z:6x—12; at x =1, = —6 < 0 — maximum; at x = 3, = 6 > 0 — minimum.
x
3.3 % _ 2.0t e =2 gradient = —2: I gradient = 33y —4=3(z —2) =y =
B3 o= xQ’a xr = 2, gradient = —2; normal gradient = 3; y = 5z Yy =
%x + 3.
A-Level Mathematics ¢ 1.7 Differentiation @



Name: ( )A-Level Mathematics: 9709 Mathematics November 2025 Question Paper 11

11

A curve passes through the point P(4, 3) and is such that

(a) Find the equation of the normal to the curve at P. Give your answer in the form y = mx+c. [3]
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(¢) Given that the curve also passes through the point (-1, ¢), find the value of ¢. [5]



Name: ( )A-Level Mathematics: 9709 Mathematics November 2025 Question Paper 11

Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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4  The equation of a curve is such that % = kx” + - , where k is a constant. The curve passes through the
X

point S (2, 20) and the gradient of the curve at S is 62—5

(a) Find the value of £. [1]

(b) The coordinates of a point 7 on the curve are (1, 7).

Find the value of 7. [5]
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>
O p b\ X

The equation of a curve is y = 4x? —x. The curve has a maximum point when x = a and crosses the
x-axis at the point with coordinates (b, 0), where b > 0. The shaded region is bounded by the curve, the
line x = a and the x-axis (see diagram).

(a) Find the value of a. [3]
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(b) Find the exact area of the shaded region. [5]
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9  The function f is defined by f(x) = = 5+ - 3 for x > 2.
(Bx—6)" (3x—06)

(a) Find an expression for f'(x) and hence determine whether f is an increasing function, a decreasing
function or neither. [4]
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The function g is defined by g(x) = 4x—3 for x > a.

(¢) Find the range of g in terms of the constant a. [1]
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A

2 The equation of a curve is such that I 4(2x—5)° —9x2. The curve passes through the point
11
al4-%)
(a) Find the gradient of the normal to the curve at the point A. [2]
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. . a2 b4
7  The equation of a curve is y = 4x~ + 2 8.

(a) Apoint P is moving along the curve in such a way that its y-coordinate is decreasing at 5 units per
second.

Find the rate at which the x-coordinate of point P is changing when x = 2. [4]
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(b) Find the coordinates of the stationary points of the curve and determine their nature. [5]
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4  Apoint P is moving along the curve with equation y = ax? — 12x in such a way that the x-coordinate of
P is increasing at a constant rate of 5 units per second.

(a) Find the rate at which the y-coordinate of P is changing when x = 9. Give your answer in terms of
the constant a. [3]

(b) Given that the curve has a minimum point when x = %, find the value of a. [2]
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e

9  The equation of a curve is such that — =—%. It is given that the curve has a stationary point
dx X
at (—2,19).

d
(a) Find an expression for ay [3]

(b) Find the x-coordinate of the other stationary point of the curve, and determine the nature of this
stationary point. (2]
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(¢) Find the equation of the curve. [3]

d
(d) Find the equation of the normal to the curve at the point where ay =—% and x is positive. Express

your answer in the form px+gy+r = 0, where p, ¢ and r are integers. (4]
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1.8 Integration

Name: - Class: — Date: - Total: 15 marks

KEY WORDS definite integral 5143 « volume of revolution JEFE{A{AF] o integration F1/) o region X

Objective

Build the skills to answer exam questions on integration 1/} — indefinite and definite
integrals ‘f14}, area under a curve, and volume of revolution Fei& /A& {AFH.

You must be able to:

« integrate powers and (ax + b)", finding +C' from a point
o evaluate a definite integral and find an area
« find a volume of revolution with V =7 [ y*dx

1 Worked examples

B Area and volume

A

b
fa f(x) dx = net signed area between y = f(x) and the x-axis

0 16
b's
The definite integral qu ydx is the shaded area under the curve
4 ,14
1/2 _ |8.3/2 _ 8 _ 40
/0 (42'% — 2) dx = [gx/ —%]0—5(8)—8—3.
A-Level Mathematics o 1.8 Integration @



rotate the region around the x-axis to sweep a solid

Rotating the region about the x-axis: each slice is a disc of area ny?, soV =1 [y*dx

2 Practice

2.1 Find /(6a:2 — 42 + 1) dx. 2]
21

2.2 Evaluate / — dx. 2]
1 X

A-Level Mathematics o 1.8 Integration @



3 Exam-style questions

3
3.1/ 2z dx equals: 1]
0

« AG
« B9
C 12
D 18

d
3.2 A curve has d_y = 32% — 4z and passes through (2,5). Find the equation of the
x

curve. [4]

3.3 The region R is bounded by the curve y = y/z, the z-axis and the line z = 4.

(a) Find the area of R. 3]
(b) Find the volume when R is rotated through 360° about the x-axis. 3]
A-Level Mathematics o 1.8 Integration @



Solutions

2.1 223 — 222+ 2+ C.

YR S

14

3.1B. [2%3 =09.
3.2y = /(3x2—4x) dr = 1* =227 +C; use (2,5): 5=8-8+C = C =5; y = 2°— 222 +5.

16
7

3.3 (a) /04 o2 dr = [20%°], = 2(8) =
(b) V:n/;(ﬁ)?dx:w/;xdx:n[%K:sn.

A-Level Mathematics o 1.8 Integration @
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8
A
3 P
PR :
0 T

The diagram shows the curve with equation y = %\/} and the point P with coordinates (9, %) The
shaded region is bounded by the curve and the lines x = 0 and y = %

(a) Find the area of the shaded region. [3]
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(b) The shaded region is rotated through 360° about the y-axis.
Find the exact volume of the solid produced. [4]
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11

A curve passes through the point P(4, 3) and is such that

(a) Find the equation of the normal to the curve at P. Give your answer in the form y = mx+c. [3]
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(¢) Given that the curve also passes through the point (-1, ¢), find the value of ¢. [5]
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Additional page

If you use the following page to complete the answer to any question, the question number must be clearly
shown.
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4  The equation of a curve is such that % = kx” + - , where k is a constant. The curve passes through the
X

point S (2, 20) and the gradient of the curve at S is 62—5

(a) Find the value of £. [1]

(b) The coordinates of a point 7 on the curve are (1, 7).

Find the value of 7. [5]
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>
O p b\ X

The equation of a curve is y = 4x? —x. The curve has a maximum point when x = a and crosses the
x-axis at the point with coordinates (b, 0), where b > 0. The shaded region is bounded by the curve, the
line x = a and the x-axis (see diagram).

(a) Find the value of a. [3]
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(b) Find the exact area of the shaded region. [5]
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A

2 The equation of a curve is such that I 4(2x—5)° —9x2. The curve passes through the point
11
al4-%)
(a) Find the gradient of the normal to the curve at the point A. [2]
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4
y‘ Z
0 >x

3
The diagram shows the curve with equation y = 5x2 —20x and the line with equation y = x—16.
The x-coordinates of the points of intersection of the curve and line are 1 and 16.

Find the area of the shaded region between the curve and the line. [5]
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A

[/

0 A > x

The diagram shows the curve with equation y = Ll and the line y = 6 —3x. The line and the
(5x+4)>
curve intersect at the point P which has y-coordinate 3.

Find the area of the shaded region. [6]
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e

9  The equation of a curve is such that — =—%. It is given that the curve has a stationary point
dx X
at (—2,19).

d
(a) Find an expression for ay [3]

(b) Find the x-coordinate of the other stationary point of the curve, and determine the nature of this
stationary point. (2]
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(¢) Find the equation of the curve. [3]

d
(d) Find the equation of the normal to the curve at the point where ay =—% and x is positive. Express

your answer in the form px+gy+r = 0, where p, ¢ and r are integers. (4]
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